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I  BR  work  of  Lacroix,  of  whicli  a  Translation  is  now 
presented  to  die  Public,  forms  one  of  a  Geiies  of  Elemen- 
tary Treatises,  by  that  distinguished  Autlior,  on  the  dif- 
ferent branches  of  the  Pure  Mathematics.  It  may  be  con- 
aideied  aa  an  abridgement  of  his  great  work  on  the  Dif- 
ferential and  Integral  Calculus^  although  in  the  demonstra- 
doo  of  the  first  principles,  he  has  substituted  the  me- 
thod of  limita  of  D'Alcmbert,  in  the  place  of  the  more 
torrect  and  natural  method  of  Lagrange,  which  was 
adopted  in  tlie  former.;  The  first  part  of  this  Treatise, 
which  is  devoted  to  the  exposition  of  the  principles  of  the 
DiSereniial  Calculus,  was  translated  by  Mr.  Babbage.  The 
tnnslatioD  of  the  second  part,  which  treats  of  the  Integral 
Calculus,  was  executed  by  Mr.  G.  Peacock,  of  Trinity 
College,  and  by  Mr.  Herschel,  of  St.  John's  College,  in 
nearly  etixal  proportions.  The  j^ppendix  of  Lacroix,  on  the 
Calculus  of  Differences  and  Series,  has  been  replaced  by 
an  f>riginal  Treatise,  by  Mr.  Herschel,  in  which  many  im- 
portant subjects  are  included,  which  had  been  either  entirely 
omitted,  or  Tcry  imperfectly  considered  in  the  other. 


IV  ADVERTISEMENT. 

The  first  twelve  of  the  Notes  were  written  by  Mr. 
Peacock,  and  were  principally  designed  to  enable  the  Stu- 
dent to  make,  use  of  the  principle  of  Lagrange,  adopting 
those  statements  and  examples  of  our  author,  which  do  not 
involve  the  theory  of  limits.  The  others  were  written  by 
Mr.  Herschel. 

It  is  intended  to  l^ublish  a  sequel  to  tljfis  Work,  con- 
taining a  collection  of  examples  and  results  connected  with 
the  different  subjects  considered  in  it,  omitting  the  entire 
operations  by  which  they  are  deduced,  and  merely  indi- 
eating  such  steps  in  the  processes  as  cannot  be  expected  to 
be  discovered  by  an  ordinary  student.  The  work  is  already 
begun,  and  it  is  expected  to  be  ready  for  publication  in 
the  course  of  a  few  months. 


CambridgCy 

Dec.  12,  I8I6, 
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PART    I. 

DIFFERENTIAL   CALCULUS. 


Prelinumn/  Notions,   and  the  Principles  of  the 
Differentiation    of  Functions   of '  one    f^ari- 

O^fr-  ■    '..  :■  r.  [ 

1.  Xhe  subject  of  this  branch  of  Analysis  is  the 
passage  of  one  or  more  quantities  through  difTerent  states 
of  magnitiiJe,  and  the  changes  which  consequcntJf  take 
place  in  other  quantities,  whose  value  depends  on  that  of 
these  first. 

2.  In  order  to  indicate  that  a  quantity  depends  on  one 
or  several  others,  either  by  operations  of  any  kind,  or  by 
Other  relations,  which  it  is  impossible  to  assign  algebraically, 
but  whose  existence  is  determined  by  certain  conditions, 
we  call  the  first  quantity  ix  function  of  the  others.  The 
use  of  this  word  will  best  illustrate  its  signification. 

3.  Any  quantity  which  is  considered  as  changing  lit 
vilue,  or  as  being  capable  of  changing  it,  is  called  Variable. 
The  name  of  Ccnslnnt  is  applied  to  any  quantity  which  is 
•apposed  always  to  preserve  the  same  value  throughout  the 
course  of  the  calculation.  From  this  it  is  evident,  that  it 
is  the  nature  of  the  question  which  is  proposed  that  deter- 
mines what  quantities  ought  to  be  considered  as  varitble, 
and  what  as  constant. 

4.  To  illustrate  this,  we  will  subjoin  a  few  examples; 
suppose  Hstijr,  a  being  considered  »t  constant:    u  is  a 
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function  of  x  of  the  simplest  kind,  since  it  is  a  quantity 
proportionable  Co  that  variable.  If  we  suppose  that  m  be- 
comes x+kf  and  if  we  represent  by  t/  the  new  value  of  i#, 
we  shall  have  uzzax+ah,  from  which  u—ussak;  and  by 

dividing  both  sides  of  the  equation  by  h,  it  becomes 

/  .... 

—7—  s:a  ;  that  is  to  say^  the  ratio  pf  the  increment  of  th« 

fufnction  to  that  of  the  variable,  is  independent  of  their 
particular  values. 

Let  us  take  a  function  a  little  more  complicated, 
uzz€ix*i  putting  X  +h  for  x,  it  becomes  «'s=flr(x*+9&c+A*), 
and  subtracting  the  iirst  equation  from  the  second,  wo 
have  u'—usz^axh+ah*:  if  we  then  divide  both  sides  by  A, 

it  becomes  — i —  si2ax-\'ah.    Here  the  ratio  of  the  in* 

<;rement  of  the  function  to  that  of  the  variable  is  composed 
of  two  parts ;  one  of  these  is  independent  of  the  particular 
value  of  the  quantity  h  by  which  x  is  increased,  the  other 
not  so.  If  we  conceive  this  quantity  continually  to  dimi- 
nish, the  result  will  continually  approach  toiax,  and  will 
only  become  equal  to  it  by  supposing  A =6;  so  that  2 ax 

is  the  limit  of.  the  ratio  — 7—,  or.  it  is,  thf  value  towards 

which  this  ratio  tends  in  proportion  as  the  quantity  h  dimi^- 
htshesy  and  to  which  it  may  approach  as  near  as  we  choose  to 
make  it. 

It  is  easy  to  perceive,  tliat  the  difference  u'-^u  is  al- 
ways equal  to  nothing  at  the  same  time  with  h,  inasmuch 
as  it  is  to  tills  latter  quantity  only  that  the  former  owes  its 
existence ;  their  ratio  however  is  not  annihilated  :  it  is  one 
of  that  species  of  quantities  mentioned  in  N^  70.  of  the 
Elements  of  Algebra.  * 


*  *'  The  Author  here  refers  to  his  Eiemons  d'  AIgebre> 
which  form  a  part  of  his  Elementary  System  of  Aoalysis." 
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Again,   making  u=<7x',  we  have  by  the  substitution  of 
x  +  M  instead  of  x, 

Sttbtiacttng  the  first  equation  from  ihc  second,   v 


u=3a 
taking  the  ratio  of  the  increments. 


here  also  find  a  term  independent  of  the  particular 
value  of  the  increments,  and  towards  which  their  ratio  con- 
dnually  tends  while  A  diminishes;  so  that  this  ratio  has 
ftlso  1  limit. 

This  first  term,  or  tliis  limit,  is  not  peculiar  to  the 
functions  we  have  just  examined.  It  will  be  met  with  in 
crery  function. 

lie  reipeefive  ificretnenis  of  a  function  and  Us  variabli 
prtitrvt  in  vanisking  the  same  ratio  to  which  they  fiavt  gra- 
Juat/y  appraximated  ;  and  there  exists  betiveen  this  latter  and 
the  function  from  -which  it  is  derived  a  mutual  drpendanee,  luhich 
determines  one  from  the  other,  and  reciprocally.  These  asser- 
tions will  be  illustrated  and  confirmed  in  a  very  satisfactory 
manner  by  the  consideration  of  curves,  as  we  shall  see 
hereafter  (61,  62.)* 

5.  We  shall  first  make  known  the  signs,  by  which  we 
eipress  the  new  relations  which  the  preceding  notions 
establish  among  magnitudes.  To  explain  the  principles 
upon  which  they  arc  assumed,  let  us  resume  the  function 
«  =  a**,  already  considered  in  N"  4. 

lo  substituting  in  it  x-\-h  for  x,  and  subtracting  ox' 
iroia  the  result,  we  have  obtained  in  the  eipression 

u~u  =  3axV<-t-,'iflxA*  +  fl/i', 
the  developement  of  tlie  difference  of  the  two  states  of  the 
ftinctioii  w,  arranged  according  to  the  powers  of  the  quantity 


d 


•  See  Note  A. 
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h,  by  which  we  have  supposed  the  variable  *  to  be  in- 
creased ;  and  the  limit  of  the  ratio  of  the  increment  i/  — n 
and  h  only  depends  on  tlie  first  term  of  this  difference  (4,) 
This  first  term,  which  is  only  a  part  of  tlie  difference,  it 
called  the  Differealial,  and  is  denoted  by  du,  using  the  letter 
^  as  a  characteristic ;  we  have  therefore,  in  the  example 
proposed,  du  =  ia  **A. 

To  pass  from  this  to  Sa**,  which  is  the  limit  required, 

we  must  divide  by  h,  and  we  shall  thus  get  — -  —  Sax' ; 

but  when  we  consider  a  simple  variable  x  only,  a»  thii 
quantity  is  changed  into  x'^x  +/i,  we  have  .v'  —  k^Ii  ;   the  , 
difference  and  the  differential  are  here  the   same  thing  : 
consequently  we  replace  the  quantity  A  by  dx,  in  order  to 
preser^'e  uniformity  in  our  calculations,  and  there  arises 

the  first  expression  wilt  be  tlie  differential  of  n,  or  of  ai\ 
and  the  second,  which  expresses  the  limit  of  the  ratio  of  the 
simultaneous  changes  of  the  function  and  its  variable,  will 
take  the  name  of  the  DifftrenUal  Caefficifai ,  because  the  quan- 
tity which  it  expresses  is  nothing  else  than  the  multiplier 
of  the  differential  dx,  in  the  expression  for  du.  From 
hence  it  follows,  that  the  limit  of  tht  ratio  ^  the  incrementi, 
er  the  differential  eoffficientf  will  be  ehtahied  ly  dividing  the 
differential  af  the  fimetion  by  lliat  ef  the  variable  ;  and  recipro- 
cally, %ue  jluill  obtain  the  differentia/,  ly  multiplying  the  limit 
of  tht  ratio  of  tfie  increments,  or  the  differential  coefficient,  h/  the 
differential  of  the  variable. 

This  remark  is  important,  because  there  are  some 
functions  whose  differential  coefficients  can  be  found  more 
readily  than  their  differentials.  In  fact,  to  arrive  imme- 
diately at  this  last,  tue  ntiut  write  x  +  dx  instead  of  x  in  the 
proposed  function,  develope  the  result  according  to  the  povjeri  of 
d  X,  stopping  at  tJie  term  affected  by  the  first  potver  of  it,  and 
tlien  subtract  from  the  result  the  primitive  expression.     It  it 
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obvious,  that  this  method  supposes  that  we  are  acquainted 
with  some  means  of  expanding  the  proposed  function ;  this 
may  possibly  require  some  foreign  aid,  with  which  the  con- 
sider^tiion  of  hmits  most  frequently  dispenses. 

According  to  these  various  considerations,  the  differentini 
cakuluj  is  tlujinding  the  limit  of  the  ratios  of  the  simuUanteus 
iacrtmtnti  of  a  function,  and  of  tJie  variable  on  -winch  if  depends. 

6.  We  must  take  care  not  to  confound  the  dif- 
ferential with  the  difference  i**  —  ii.  iti  the  example  N°  ♦. 
the  one  it  3  <».i*A,  and  the  other 

but  when  the  tjuantily  A  is  very  small,  the  differential 
3a.i*A  forms  the  most  considerable  part  of  the  difference 
u —u,  and  the  differential  approaches  more  and  more 
nearly  to  the  difference  in  proportion  as  h  diminishes.  In 
general,  the  error  arising  from  taking  the  differential  instead 
vf  tlie  difference,  ivill  it  so  much  the  lest,  the  smaller  -we  siippost 
tht  incremint  of  the  variable  to  he.  The  same  consequence 
iBiy  also  be  draxvn  from  the  consideration  of  limits ;  for  if 
the  ratio  of  the  simultaneous  increments  ti  —  u  and  h  has 
for  its  limit  a  function  p,  it  will  continually  approach  to- 
wards it ;   and  the  equation   -—-^  =  p  will  be  so  much 

more  exact  as  the  increment  h  is  smaller,  and  on  this  hy< 
pothesis  u'  —  uspk.  * 

It  is  proper  to  remark,  tliat  when  the  result  of  the  sub- 
stitution J  +  A  is  expanded  according  to  the  powers  of  A  in 
the  form 

U  -^  ph  +  ql?  +  &c. 
the  first  term  17  is  the  primitive  value  of  the  proposed 
function,  since  it  is  to  this  term,  that  the  above  expression 


*  It  is  on  thid  priuciple,  th.tt  I.eitinitK  founded  the  DifTcTcn- 
tial  Calculus,  conuderiog  diffm-ntiak  ai  iiitlniiely  "mall  dif- 
ference*. 
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is  reduced,  when  we  make  AsO,  which  is  nothing  more 
than  supposing  that  j  has  not  changed. 

7.  It  19  easy  to  perceive,  that  two  equal  functions  hare 
equal  differentials  ;  for  whilst  two  functions  are  equal> 
whatever  may  be  the  value  of  the  variable  on  which  they 
depend,  it  must  necesHarily  happen,  that  the  respective 
changes  which  they  receive  in  consequence  of  that  which 
is  attributed  to  this  variable,  must  also  be  equal.  If  for 
example,  u  and  v  are  two  functions,  such  that  »  =  v  what- 
ever may  be  the  value  of  x,  and  that  when  x  becomes 
x+dx,  u  is  changed  into  «',  and  v  into  v,  we  shall  have 
u' s=v  :  subtracting  the  former  equation  fiom  this,  there 
win  result 

«'  —  tt  =  w'  —  V ; 
then  dividing  by  dx,   we  shall  get 


If  then  p  and  q  denote  the  limits  of  these  ratios,  we  hare 
P=q,  from  which  we  may  conclude  that  pd'  =  qdi,  and 
du=dv,  by  observing  that  according  to  N°  5.  pdx  and  qdx 
are  the  differentials  of  the  functions  u  and  v. 

The  inverse  of  this  proposition  is  not  generally  truej 
and  we  should  be  wrong  in  alErming,  that  two  equal  difTe> 
rentials  belong  to  equal  functions.  In  fact,  if  we  had 
a^bx,  and  should  subsritute  x  +  dx  for  r,  we  should  obtain 
e^bx-vbdx  ;  subtracting  a+bx  from  this,  we  should  find 
bdx  ;  a  result  in  which  there  is  no  trace  of  the  constant 
quantity  a.  The  differential  bdx  belongs  then  equally  to 
a  +A-r,  and  to  ft^  ;  and  in  general  it  belongs  to  all  the  dif- 
ferent values  presented  by  the  function  a +  ^Jr,  which  arise 
from  assigning  to  a  every  possible  value  :  from  hence  it  may 
be  seen,  that  in  differentiating  any  function  whatever,  all  the 
constant  quantities  combined  with  it  either  by  addition  or 
by  subtraction  disappear.  With  respect  to  those  which  are 
connected  with  it  either  by  mulbplication  or  division,  they 
always  remain  as  coefficients  or  divisors. 
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t.  Before  we  proceed  to  find  the  differentials  of  quatt> 
tides  by  means  of  their  limits,  it  must  be  remarked,  Ut. 
iW  tAt  limit  of  tht  pnducl  af  two  quantilies  lokich  vary  te- 
pther  a  the  product  of  their  evrre/ponding  limiti ;  Sdly,  that 
utrAmtr  of  the  quotient  of  the  tame  quantities  is  als9  tht  quitient 
y  Mfrr  limiti. 

Let  P  and  Q  be  the  two  quantities  proposed,  and  p 
and  f  ihdr  corresponding  liniiu ;  the  former  of  these  when 
coiwdcTed  in  their  general  state  may  be  represented  by 
f^%  and  q  -^  B,  a  and0  denoting  quantities  which  vanish 
at  the  same  time  after  having  passed  through  every  staga 
of  successive  diminution  (4) :  we  have  then  in  general, 

the  second  member  of  this  equation  is  reduced  to  pq,  when 
ia  order  to  take  the  limits  we  make  a=0,  0=0.  It  may 
abo  be  observed,  that  by  assigning  to  >  and  3  proper 
falaes  we  may  reduce  to  as  small  a  quantity  as  we  please 
the  difference 

PQ  -pq  =pS  +-  ?»  +  •0. 

Tl»e  quotienl  —  =  ^ — ' 

beiog  put  under  the  form 

P  -P  ^P  ■*■  «  _P 

Q.       3       ?  +  «       7 
becomes,  by  the  reduction  of  the  two  last  fractions  to  the 
tsoie  denominator, 

P   _P   ^  ?-  ~pB 

C        ?        ?  (?  +  fi)  ■ 
Tfae  nmoentor  of  the  last  fraction  of  this  result  vanishes 
vhea  •  and  B  become  nothing,  after  passing  through  every 
depee  of  diminution,  whilst  the   denominator  constantly 

Thus  the  limit  of  —  is  reduced  to'^ , 
Q.  9 
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«id  (he  difference 

may  be  rendered  as  small  as  we  please, 

9*  By  means  of  the  preceding  remarics^  we  may  obtain 
the  differential  coefEcient  of  a  function  with  respect  to  a 
capable  on  wluch  it  doed  not  iihmediately  depend.  If  for 
exaniple,  three  qtiantiri^  "v,  v^  a,  which  are  such  that  the 
first  is  a  f miction  of  thie  second^  and  this  also  is  a  fnnctiOB 
iA  the  diifd,  pass  simultaneously  to  the  new  states  of 
ttagnitode  tepr esetited  by  t/,  i/,  ^^  or  take  the  respective 
increhiehttf 

the  tatioi  of  these  increments  being 


v'-V        U'-U 


im^  x'-x^ 


and  their  limits 


V 


du 


ITu'^f*    ~d^-^* 


it  may  be  concluded  from  the  &st  of  the  preceding  re- 
marks, that  the  limit  of 

- —  X  -; —    or  of    » — - 

is  p  q,    and  that  consequently 

r.  dv  ,  dv       du    ■ 

When  the  increment  »  -  fi  is  succeasiTely  compared  te 
x'— jr,  and  to  v  —v^  andinstead  of  the  ratios 

■  ■'>■' "I   and    ■  I'j ■  - 

we  havethe  limita 

du  du 
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c  may  conclude  from  the  second  remark,  that  the  limit  of 


Fi    and   consetjueiilly,    that 


When  two  quantities  u  and  x  are  connected  together 
by  a  mutual  dependance,  we  may  indifferently  call  ii  a 
function  of  ,r,  or  j  a  function  of  u,  according  as  u  is  con- 
lidered  as  determined  by  x,  or  j  by  u.  The  differential 
coefficient  may  also  be  presented  under  each  of  these  differ- 
ent points  of  view.     If  in  the  first  case  we  have  -—=  p^ 

it  i»  evident  that  we  ought  in  the  second  to  have  — -  =  -  . 

10.  Let  us  now  apply  what  has  preceded,  to  the  finding 
of  the  differentials  of  those  functions  which  occur  in  the 
Etements  of  Algebra,  such  as  the  sums,  differences,  pro- 
ducts, quotients,  powers  and  roots  of  algebraic  quantities. 
fa  Ae  &rtt  place,  when  several  quantities  dependent  on  t, 
wfaose  differentials  \ie  know  how  to  find,  are  joined  to- 
gether bf  addition  or  subtraction,  as  in  this  example 
»4-«— tVi  if  the  substitution  of  x  -y  dr,  instead  of  x 
would  change  u  into  u  +  «,  v  into  v  +  S>  and  w  into 
w  +  y,  the  expression  «  +  v—iv  will  become 

B  +  -u-w  +  a    +  8  ~  y. 
The  change  which  it  has  undergone,   consisting  of  the 
termi  ■  +  g  —  y ,  when  compared  with  the  increment  d  x 
I  tf  dn  variable  x,  give* 
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a  quantity  whose  limit  will  be 

/?  +  y  -r, 
denoting  by  /?,  q  and  r  the  limits  of  the  respective  ratios 

tt  /?  *y 

3—,  — -  ,  and  ^  J  and  multiplying  by  dx  the  quantity 

/?  +  ^  --  r,  the  result  ispdx  +  yrfx  -  r  Jjt,  which  will 
be  the  differential  of  the  proposed  function:  hut pdx, 
qdx,  znd  rdx  are  respectively  the  differentials  of  the 
functions  u,  Vy  and  w,  and  denoting  them  bj  du,  dvy  and 
dw,  we  find 

d{u  -^r  V  —  w)=rf«  +  du  —  dw  ^ 
that  is  to  say,  the  differential  of  a  function  of  x,  composed  of 
several  terms  mcn^  he  obtained  by  taking  the  differential  of  each 
term  with  the  sign  which  belongs  to  that  term, 

11.  Secondly,  if  in  the  product  of  two  functions 
u  and  V9  u  is  changed  into  1/  +  «>  and  v  into  v  +  /?>  this 
product  becomes 

uv  +  uS  +  VOL  +  a6\ 

and  its  increment 

being  compared  with  dx^  gives  the  expression 

B  ^  a,     ^ 

a  X        ax        a  X 
Denoting,  as  before,   the  respective  limits  of  the   ratia 

— • ,   and   -—  by  p  and  q ;  and  observing  that  the  incre- 
dx  d  X 

ment  &  vanishes  at  the  same  time  with  dx  y  of  wluch  the 

quantities  u  and  v  are  in  other  respects  independent ;  it  is 

obvious  that  the  limit  of  the  term   --—  6'  is   equal   to  no- 

d  X 

thing  (8),  whilst  that  of  the  two  other  terms  is 

u  q  -^  vp  . 

From  this  we  may  conclude,  that  the  differential  of  «/  v  is 

uqdx  +  vpdx'^ 
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l>ut  qdx  and  p  dx  are  equivalent  to  dv  and  d  u :   therefore 
/i •  uv  ss  udv  -h  vdu{*). 

From  this  formula  we  learn,  that  to  obtain  the  differential 
^  the  product  of  two  fitnctionsj  we  must  multiply  each  one  by 
the  d^erential  of  the  other  and  add  together  the  two  results. 
If  we  divide  each  side  of  the  equation, 

d .uv  s=  udv -{- vdu 
by  the  original  function  u  v,  we  have 

d,uv        du    .   dv 
s  -  -  +  —  ; 

U  V  U  V 

This  easily  leads  to  the  expression  for  the  differential  of  a 
piodact  composed  of  any  number  of  factors.  For  sup- 
pose V  s  ^  / ,  there  results 

dv  ^ 

V  ts     '^   t 

and  consequently. 


d.ts  _  dt       ds 
ts    -^  T  ^T' 


d.uts    ^du         dt    ^  ds 
uts  u  t  s 


^i  in  the  same  manner  we  should  find 


d.utsr &c.  d  u 


dt       ds        dr    ^    „ 
—  +  —    +  —   +  &c. 
/  s  r 


If  we  take  away  the  denominators   from  the  equation 

d  .uts 


uts 


du        dt        ds 

—  —  +  -—  +  —  i 
uts 


we  findj.i///  =:  t  s  du  •\-usdt'{'Utds;  and  we  shall  easily 
sec,  that  whatever  maybe  the  number  of  the  factors^  the  differential 
y  the  product  will  always  be  equal  to  tlie  sum  cf  the  products 
if  the  differential  of  each  multiplied  by  all  the  others. 


*  When  a  point  is  placed  after  the  characteristic  d  it  signi- 
fi^  that  the  operation  is  to  be  performed  on  all  that  imme- 
diately follows  it ;  thus  (/ .  u  V  is  the  same  thing  as  d  (u  v) ,  and 
^•**  the  same  as  d  (j?*). 
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12.    The  differential  of  --  may  be  obtiuiled  by  making 


•*  sz  titer  ussvt,  and  from  what  precedes,  Jussvdt^tdv ; 
eliminating  the  value  of  dtf  and  substituting  instead  of  i 

the  fraction  -,  we  shall  have  dt  ^  ^ ^,    or  re- 

V  V  y 

ducing  the  fractions  to  the  Same  denominator 

.^       vdu  -  udv 
at  =  '4'  ■■■^■■; 

hence  this  rule :  to  find  the  differential  of  a  fraction^  multipfy 
the  denominator  hf  the  differential  of  the  numerator ^  suktraet 
from  this  product  that  of  the  numerator  multiplied  by  the 
differential  of  the  denominator^  and  divide  the  whole  h/  the 
square  of  the  denominator. 

When  the  numerator  of  the  proposed  fraction  is  con- 
stant, u  being  independent  of  x,  has  no  differential ;  that  is 
to  say^  du  =  0;  and  there  remains  only 

u  d  V 

■ 

13.  The  function  «*  denoting,  when  n  is  a  whole  posi- 
tive number,  the  product  of  a  number  («)  of  factors,  each 
equal  to  x,  we  may  deduce  from  No.  1 1. 

J.op*       d.xxx..^ 


X  X   X  X    m    9    9 


dx   ^  d X        d  I   ,    o 

I  =    _  +  —    +  —  +  &c. 

XXX 

the  number  of  factors  on  the  first  side  of  the  equation 
bemg  »,  the  second  will  be  composed  of  an  equal  number 

of  termsj  each  equal  to  —  5  we  have  therefore 

X 

d*9^        ndx 


x^  X      ' 


from  which  we  get  ^.o?"  =  nx'^'^dx. 


i  A 
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If  the  nsmber  n  ho  fractional)  let  it  be  repreiented  by 

- ,  and   make  x  '  =  v,   whence  j*  =  w* ;    then 

I 

tDCcesuTely  «  =  i",    anil  u  =  v ,  ^ 

the  numbers  r  and  ;  being  supposed  integral  and  ] 


We  hive  from  the  preceding, 


-T-   =  r  a     ,  and  -r-  =  j  «^' ; 

d  s  dv 


{ran  wlucb  we  find,  bf  No.  g. 
liv 


1 


T. 

iv-^ 

f  >,'■"-' 

.  ' 

i 

anllTirtniai,. 

:^v 

..-■'-fi^ 

-it        r     '.. 

^  ; -j-j"; 

>.'; 

Lr:» 

■  '  t'- 

'  J>. 

■/I   : 

iHlich  is  in  fact  1 

iJie  same  as  d . 

^=- 

ii-'j 

X,  n 

bring 

oiBiltor. 

If  die  nnntbcr  n  he  negatiTe>  we  hare  ■r~*  :=    -^  from 

which  we  find  by  the  principle  in  No.  12. 
J.x~'        —  dtx 
*^ 
anddncewehslTe  just  prored  that  </.*•  =  »w^>  dx,mi!& 
caiet  where -fl  Is  positive,  ifre  have 

rf.»**2i  ~.."     . 5-ss  —  as-"^  d». 


F 

1  ■ 

I 


^ 
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From  this  enumcTation.  we  may  concludei  that  in  order  to 
differintiate  any  j30-wer  vikatever  of  ii  variable  quantity,  "we 
mutt  multiply  it  by  its  erportent,  diminish  the  exponent  by  uniti/ 
and  multiply  the  result  by  tha  differential.of  tlie  variable.* 

It,  The  rules  delivered  in  No3.  10,  U,  12,  13,  are 
sufficient  for  differentiating  all  functions  in  which  ihe  va- 
riable is  only  involved  by  addition,  subtraction,  multipli- 
cation, division,  or  by  powers  whose  indices  are  integral 
or  fractional,  positive  or  negative.  Functions  which  re- 
sult from  algebraical  operations  are  from  that  circum- 
stance called  algebraical  functions.  We  shall  differentiate 
a  few  such,  as  exemplifications  of  these  rules. 

In  the  fiiHt  place,  let  «  =  o  +  6<^/i  -  -;   taking  the 

differential  of  each  term  of  this  function  separately,   the 
first  disappears,  because  it  is  constant  (7);  the  second  put 


gives,  (7)  by  the  application  of  the 

i_i    ,  bd-t       ,      .■  J  "^ 

"     di,   or  — :=;  the  third  or  — -  » 

collecting  together  these  results. 


:  put  this  function 


*  This  rule  might  have  been  immediately  deduced  from  the 
developement  of  the  binomial  (j; -f  di)",  sicice  that  develope-  \ 
ment  being  i" +  nj"-'rfj:4- &c.  if  we  subtract  a",  the  first  i 
■term  of  (he  difliirence  will  be  nj""'^^;  but  ii  is  more  con- 
venient not  to  pre-suppose  the  demonstration  of  the  formula  for 
the  binomial,  because  the  diflerential  calculus  furiiiahes  a  very 
general  and  a  very  simple  one. 
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into  the  form 

•  -I— A  ~* 

the  application  of  the  rule  in  No.  13.  ^1  give 
, 2  bdx         Aedx  _  ^idx 

which  becomes 

.                  %bdx         Acdx        2edx 
du  ss  ^    —.  + —  — -3— • 

15.  The  examples  in  the  preceding  No.  consist  of 
collections  of  single  terms;  but  there  are  many  functions 
which  cannot)  without  a  previous  developement,  be  re^ 
duced  to  this  form;  such  is  the  function  i/ s  (/i+i^)*» 
In  this  case  put  41  +  ^  «"  =:  z;  from  which  we  havet/  =2*; 
and  observing  that       rf  .  z*  =  /i  2*""^  ^  z  (13), 

,    „      ^        du       du    ^.dz  _ji-i  ^  2 

weshall  get        -—-  =  -p-  X  -r-  =^  « 2^  -r-: 
*  rf*       </;?       ^«  J**  . 

but  dz  MS  d(a  '\'  bx'^))sz  d  ,b  aT  s^mbxT'^  dx% 

therefore  -Jl  =  /i  (^i  +  ^  j"*)"""^  x  m  ^  a*"~^  , 

and  du  =z  ftmbd'^-^dx  {a  •\-  bx^y^K 

It  is  proper  to  remark,    that  this  method  is  nothing 
more  than  ^rst  differentiating  the  expression  for  u  relative  to 
2,  and  then  substituting   the  values  of  z  and  d  z,  in  terms  of 
X  and  d  x. 

If  we  had  u  =  \/  a  +  b  x  -^  c  Jt*,  we  should  consider 
"^  trinomial  a  +  ^  x  +  r  a*,  as  a  particular  function  z, 

^d  the  differential  of  ^  or  of  z^  being   ^  z^  d  z,    of 

</z 
2^ ,  there  would  result 

.         d.(a+bx+c^*)          bdx-^2cxdx 
du  zz  —  ■   >  =  J 
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As  we  have  frequent  occasion  to  differentiate  radicals 
of  the  second  degreei  it  is  well  to  notice  that,  according 

to  the  formula  -^ — 7s  ,  the  iifftrtnfial  of  a  taiicul  of  the 

second  degree  is  obtained  fy  dividing  that  of  the  quantity  con^ 
tinned  under  the  sign  By  double  the  radical  itself. 

16.  The  rule  given  (11)  for  differentiating  products^ 
being  applied  to  the  function 
y  =:«(«•  +  «*)  \/a*  —  «*,  leads  to 

du  =;  dJl  (a*  +  «*)   v^fl*-  **  +  X  \/ a*  -  x\  d.  («*+**) 

+  xia"  +  x*)d.\/^a*  -  a;*- 

The  two  last  terms  of  thb  expression  include  operations 
which  are  only  indicated,  but  which  may  be  easily  ef-* 
fected,  by  observing  that 

d(a^  +**)  =rf.**  =  a*rfx, 

and  we  thus  find 

du  =  {(fl*  +  I*)  \/a*  -  X-*  +  2  x*s/a*  -  a* 

_  ■t*(fl^  +  a*) 

or,  by  reducing  all  the  terms  to  the  same  denominator, 

du  zz  -^-^ - ■        • 

The  rule  for  the  differentiation  of  fractions  being  ap- 

a*  —A* 
^  "a s— 5 -iL»     gives    imme* 

diately. 


plied  to  the  function  u  s 
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vkcaee  we  deduce   . 

rf«= — ^r+7ir+k^ 

▼e  ahaU  tenninate  diese  examples  widi-  the  funcdtm 

dtfdk  mfdtm' tevenl  ftlgeh^  tobeeflRected 

nceetimlj.     To  fittilitate  the  difierentiatum»  we  may 


r^ 


^  =jr,        ^if^'-k'r  «  «,  then 


wfaidb^  bf  No.  15,  ghr^ 


also  ha^e 


dy  -d.—^  zs    -  * == TT* 

3 

and   substituting  these  values  and  also  those  of  y  and  z 
the  expression  for  du,  we  shall  find 


in 


du  = 


See  note  (B.) 


c 
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• .  »^  •.       %       .         ,    * 


On  successive  D^erentiations. 

17.  ,The  difibrential  coemcient  beihg  anewfuiicdo 
of  1*9  maf  itself  be  d^ffjpr^tiated,  and  we  maj  find  from  th 
lunit  of  the  ratio  of  its  increment  to  that  of  the  variable  4 
its  own  differential  coefficient,  wliich  will  also  be  a  f unctioi 
of  X,  By  continuing  these  difierentiations  one  after  as 
other,  we  deduqefrom  the  proposed  function  s^  series  c 
limits  or  of  differential  coefficients,  which  are'di^Hnguishe 
into  orders,  according  to  the  number  of  difierentiation 
which  have  taken  place  in  order  to  obtain  them* 

,-.  ,        du  dp  dq^   •*      i. 

If  we  make      ---=:©,      -£-  =  ^.     -r-i  =3  r,  8cc. 

dx  dx  dx 

p  will  represent  the  difflerential  coefficient  of  the  first  ordc 
of  the  propofed,  function  j  ;  represent^  that  of /?,  or  it  i 
the  differential  coefficient  of  the  second  order  of  the  pre 
posed  function;  r  is  that  of  ^,  or  the  coefficient  g 
the  third  order  of  the  proposed  function,  8cc. ;  and  i 
should  be  observed,  that  the  coefficients  ^,  r,  &c.  are  de 
duced  from  the  successive  differentials  of  d  u^  taken  a 
the  hypothesis  of  the  ipcrement  dx  being  constant.  Thes 
differentials  are  thus  written  : 

d{du)-ddu  -d^u,      d{d''u)=id}u,  &c. 

the  exponent  whiqh  accompanies  the  characteristic  ^Z  indi 
cates  the  repetition  of  an  operation,  and  not  a  power  c 
the)  letter  d^  which  is  never  considered  as  a  quantity,  bv 
merely  as  a  sign.     This  being  supposed,  the  equations 

du  dp  da  o 

dx  dx       '         dx 

will  give 

duzzpdr,    dpzzqdXf    d q  :=:  r d x,   &C« 

differentiating  again  the  first  of  these  without  supposin; 
dx  variable,    it  becomes   d'u  =  dpdxy   and  putting  fc 


r 
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/_piisralue  deduced  from  the  second,  we  Rndii'u  =  qdx^, 
whence  ;  =  t-:?*  ^^i'^erentiadiig  the  equation  </'ii  =  qd^ 
igain,  we^ljaTc  tPii  =  dq  dx*,  and  since  da  =  rdx,  there 
iHuIts  d*u  =r  dx*,  or  r  =  -J^ :    we  find  tfierefore  that 


is.     If,  for  example,  the  proposed  function  was  a  **, 
ire  should  findd.ax'  =  naa'"' i/sf^lS);  the  factors  w  a 
and  dx  being  considered  as  constant  in  the  first  differential 
na^^^dx,  it  is  sufficient  (7J  in  order  to  obtain  the  second 
iifecntial,  to  diffiirentiate  x""*  and  to  multiply  tlic  result 
byitarfj;  but  rf.  j'^'  =  (n  -  1>j'^^(/j-:  we  have  therc- 
fnte  iP.ax'=  «  (m  -  l)j  j"-^(^*'. 
In  a  similar  manner  we  should  find 
i'.a.t'  =  n{n  ~  1 )  (n  -  «)  ir  j*-»  <<^, 
d*.aX'  =  n(,n  -  l)  (n  -  8)  («  -  S)  <»*^</i*> 
&C.    &c. 
and  the  diSerential  coefficients  would  have  the  following 
nines ; 


&c.     &c. 


*  We  mutt  ren)eniber  that  the  exprenions  d  x*,  if  jr' , . .  &c. 
areeqni»aJen(to(rfjr)»,  (rfi^',  &c.  and  not  to  rf.jr^,  d.x*.  &c. 
(See  note,  page  II.) 
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It  18  obvious,  that  when  the  exponent  n  is  a  whole  posi- 
tive number,  the  function  a  «"  has  only  a  limited  nomber 
of  differentialsi  the  highest  of  which  is 

.     ^  .  ^1 4^  =  n  (if  —  1)  (n  -  9)  •  •  .  2  •  1  .  aJji^» 
This  expression  is  no  longer  capable  of  di£Rsrentiation» , 
since  it  no  longer  involves 'a  variable  quantity:  we  have 
then  for  the  last  diflFerential  coefficient 

— ^-— 1-  =  «  (n  —  1)  (ii  ^  2)  .  • .  2  •  1  .  iif 

which  is  a  constant  quantity. 

19.  This  remark  furnishes  a  very  simple  method  of 
developing  in  a  series  arranged  according  to  the  whole 
positive  powers  of  jp,  any  functicm  u  of  that  variaUe,  pro- 
vided  the  developement  can  be  effected.  If  we  assume  the 
equation 

«  =  jrf  +  B*  +  O*  +  Dx'  +  j&i*  +  &c. 
by  differentiating,  we  find 

iil=-B  +  2CjF+       SDx*  ^       4-Ejr'  +  &c. 

ax 

^=       1.2C  +  2.3Z)jr     +   3-4£**+8ur. 
ax* 

^=  1.2.S2)   +  2.8.4J5jr+&c. 

dx^  * 

&c. 

And  if  we  also  have  expressions  in  terms  of  x,  for  the 

foUowing  quantities 

du         d*u         d}u      « 

ax         ax  ax* 

then  denoting  by  17,  t/',  IT',  U"\  &c.  their  values  when 
X  =:  0,  we  shall  deduce  from  the  preceding  equations  by 
making  in  them  also  x  =  0, 

whence 

uzzU  +  ir-  +  ir'   —  '\-  IT"  — ^  +  8tc- 
u^sjTu   ^T^     1.2  1,2. S 
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ao.    If  we  take  «  =  (a  +  ,y,  we  shall  have 

5? = "  (- + '>"*>  ^.  = « (« - 1)  (« +*r*. 

"  =  «  («_l)  (»-.2)  (a  +  «)»-»,  &c. 


and  making  «  =  6, .  we  find 

&■    5i<i",   17"=  «fl»-*,  t/".=:a(«-l)a-*, 
IT"  =  «  (a  _  1)  („  _  2)  fl»-s   &c. 

wia  whence  we  have 

(«+x)-  =  a»  +  ^  a»-i  ^  +  2il^> «.-«,• 

J  1  •  ^ 

1  •  z  •  ^ 

The  principles  of  differentiation  having  been  deduced 

"^tliout  assuming  the  developement  of  {a  +  x)*,  wc  may 

coTisider  this  developement  as  proved  for  all  cases,  whether 

the  exponent  be  integral  or  fractional,  positive  or  negative* 

121.  The  same  method  leads  us  to  express,  by  means  of 
the  differential  coefficients,  the  value  which  any  function  u 
assumes  when  we  substitute  a*  +  A  instead  of  x.  In 
this  case  the  function  u  when  it  is  changed  into'  1/  by  this 
substitution,  may  be  considered  as  a  function  of  A,  and 
^^  shall  have,  from  what  has  preceded, 

•f  Uy  If,  L",  IT",  &c. 

oenote  the  values  of 

when  we  make  ^  =  0. 

It  is  evident,  that  u  becomes  //,  when  ^  =  0,  and  con- 
*^uemljr,  that   U ^u\    but,  moreover,  the  differential 
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coefficients  i^WJWi  larrC^n»^4ei^ng.A.:tf  i^  apd  «.a5 
constants  are  the  same  as  thos^  ^mch  would  be  foi^id  by 
treating  x  as  TaTiable,  and  h  a»  (;9fistant.  In  order  tq  |i;roye 
this,  let  X'^'hzzx'i  th^  function  i/'  will  be  compose^  ^  x\ 
just  in  the  same  manner  as  u\%oi  x :  we  have  thi^r^ore 
duf  ssp' dx'fp'  being  a  function  of  *',  znddx'  a=.^(jr+A). 
If  we  suppose  h  alone  to  vary,  we  shaU  uv6    - 

dxssdh,       du  =^ji,4h2X^  —  :^p[: 
If  J?  alone  be  supposed  to  vary,  we  obtain 

dx'  zz  dx9    du  -zip  dx  and    t^  '=-  p  \ 

ax       * 

therefore  —-.=:-—.    Again,  the  function  /?'  being  itself 
dh        dx  "^ 

2,  fvnp.^on  of  a:V  ^e  h^y?  alspi 

9£  —    ^'  .     whence    "-—   =  uUL. 


£/-•  u'  rf-  1/ 


fills  being  premised,  when  h:^^  \i  \^  p)f?^gp4  iR(p 
n ;  and  there  resubs 

ir  =  £ff.,    U'-^pL,     17"'  =  ^,  &c. 

This  formula  is  called  Taylors  Theorem^  from  the 
name  of  the  Engljsh  geometer,  by  whom  it  was  first 
discovered.* 


**  I  shall  add   in  this  place  another  demonstration   of  this 
formula.     Having  proved  as  above,  that 

dw 


r 


•k>l^fiSKi*nAL '  ("ALcutus. 


"  It  contains  itnplicirly  (he  deVelopement  6f  the  binomialt 
for  if  we  suppose  «  =  -i",  u  will  become  {x  +  hy,  and  We 
shall  have 

22.  The  formula  of  Taylor  shews,  that  the  various 
differential  coefficients  possess  the  remarkable  property  of 
forming,  when  they  are  respectively  divided  by  the  products ' 

1,       1;2,        I.S.a,  •&€. 
the  coefficients  of  the  powers  of  the  inerement  h,  \n  the 
complete  developement  of  the  difference 

du     h    ,   <r«     y        -.^u  _.J^       ,. 


—-  =~  ,   ifwemakei.'  =  J  +  BA  +  CA'+  &c. 

and  if  we  luppose  the  crieHlcieiHs  A,  B;  C.  &c.  ndt  («  contain 
k,  (bey  depenil  only  on  the  variable  ]-,  and  oa  the  constant 
qqantilies    which   enter   into   the  proposed    Funenon;   WL- hare 


?  +  2  CA  +  3  D/;^  +  &e. 

-h'  +  Sic. 
Mid  equating  each  ftrm  of  the»e  tv.'o  results,  we  find 

dx'       ^      sat  sat 

but  ^  =  K,  therefore 

B^i^.   ■c  =  ^''^,.D=-!—pi,^. 

Tbis  deraoaitralion  was  presented  to  me  at,  a  public  esamtnation 
4  one  or  the  principal  semiiiarJei  in  Paris. 
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This  developement^  when  we  make  h  zzdx%  becomes 
(17) 

1     ^  1.2  ^  1.2.3  ^ 

Tlu8  is  a  very  simple  formula,  and  shows  clearly  in 
what  manner  the  difference  of  u  corresponding  to  any  in- 
crement dxy  is  composed  of  the  difiertntials  of  yarious 
orders  relative  to  the  same  increment*. 


*# 


On  the  Differentiation  of  Transcendental  Functions. 

23.  Those  functions  which  are  not  comprehended  in 
the  enumeration  made  in  No.  14,  are  called  transcendents. 
The  exponential  function  i/  =  a"  is  the  most  simple  of  tins 
»8ort.  When  we  substitute  J?+i*  instead  of  *,  the  differ- 
ence becomes 

and  in  order  to  express  it  according  to  the  powers  of  dxf 
we  make  «  =i  1  +  ^>  when  it  becomes 

+  ^>^(^^-O0/.lZJ)  3'  +  8CC. 

Whence  ,  ,    „ 

-1_  }-j-*+ j-^ * 

1.2.3  "    X  «*«•  ^  , 

and  arranging  this  according  to  the  powers  of  dx, 

o^-  \=dx(t  -'^   +  ^-&c.) 

\1         2  3  / 

+  &c. 

*  See  note  (C.) 


a"^ 
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rqjlacing  b  by  its  value  a  —  I,  there  results  (5) 

>nd  making 


(" 


■  ir 


(" 


- 1)' 


1 


&c. 


»ehave  (/.a*  =  ka'di. 

This  is  the  form  of  the  difFerential  of  the  proposed 
■unction,  and  we  shall  soon  find  a  new  expression  for  the 
WpBtant  quantity  k. 
S4.   It  is  evident,  that 

</*.a-  =  kdid.a'  =  i'/fdv' 
d^.a-  =k'a'dx* 


'"*  therefore 

dx  d'' 

I     ^^l»en  »  =  0,  the  fi 
I      ^ome 

I  y=  I,      [/■  =  *, 

L^«  have,  therefore,  (19) 


=  k'a'dx'; 

-  k*a',      ^  =  h'a',  &C. 

»  and  its  differential  coefficients 


I 


^■  =  1  +i;  + 


1  .2 


1  . 2  .'3 


-  &c. 


fiS.     The  developement  of  the  function  u',  just  found, 
*I1  be  of  use  in  discovering   from  what  quantity  the  se- 
f*ei  represented  byi  derives  its  origin. 
If  we  suppose  *■  =  I,  we  find 


a  =  l  +  T   ■ 


1.2 


1  .2.  a 


+  &c. 


^s  series  not  being  convenient  for  discovering  a  by  meat]s 
of  ii  let  us  enquire  into  the  value  of  a,  when  Jt  =  I,  and 
iniodng  it  by  e,  we  shall  find 
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Adding  together  the  ten  first  terms^  we  haire 

e  =  2.7182818. 
This  being  premised,  since  this  value  of  e  oorrespond^  tb 
that  of  A  =  1,  it  follows,  that 

/*^-*-!  +  o*T:Tr8  +  **=- 

and  similarly, 

and  consequently,  ^  ss  41.    If  we  take  the  logtirifhme  m 
both  sides,  we  have 

k  log.  i  =  log.  a,  or  I  =;  ^^, 
we  have,  thertfore^ 

log.  if 

26.  We  may  now  arrive  at  the  differential  of  a  logarkb- 
mic  function.  If  we  call  a  the  base  of  the  system,  y  the 
number,  and  x  the  logarithm,  w.e  have,  from  the  principles 
of  Algebra,  the  equation  jr  a  a';  considering  jr  as  a  fane- 
tion  of  ijy  and  taking  the  differentials  of  each  member,  we 
find  iy  sa  tfkdxy  whence  we  deduce  (9) 

if  if 

1 

or  replacing  of  and  I  by  their  values  y  and  ^         ,   since  a 

log.  ^ 

is  the  base  of  the  proposed  system  of  logarithms,  we  have 

d ,  log.  y  =  -£.  log.  e. 

27.  The  number  e  frequently  occurs  in  analytical  en- 
quiries; it  is  taken  for  the  base  of  a  system  of  logarithms, 
which  we  shall  call  Naperian,  from  the  name  of  Naper 
their  inventor:^  and  which  we  shall  at  present  denote  by 


—  ■   » 


*  These  logarithms  were  known  under  the  very  improper 
name  of  natural  or  hyperbolic  logarithms. 
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the  characteristic  log/;  webaveihen  log'.  *  1=  i,  i=log.'a, 
and  the  results  in  the  preceding  articles  become 
-'  _  1  J.  ■^  log-'"     .    **  ('P^-'  ">*     ,    ■''  ('og-'  ")' 


J.s-z 


i.2 
a  (25),    J.log.-j, 


1.2.3 


■    +&C. 


(56). 


In  order  to  pass  from  the  system  whose  baae  is  e  to  that 
whose  base  is  a,  we  have^  (denoting  these  systems  \>y  the 
characteristics  log.  and  log.') 

log- J*  =  'og  '-  log-V- 
And  since  all  systems  of  logarithms  are  compared  with  the 
Niperian  system,  the  number  log.  e,  by  which  we  multipiy 
"Napeiian  logarithm  in  order  to  pass  to  the  corresponding 
iBgarithm  of  another  system,  is  called  the  modulus  of  chat 


Tbc  iegariihmic  £ffiirintial  being  of  considerable  use, 
W  must  keep  in  mind,  that  the  difftreMial  of  a  logarithm  u 
i^ual  to  thtproduct  <ff  the  modulus  of  the  system,  andtfu  differ- 
tibial  tf  the  fuancil^,  dividtd  bij  the  quantity  itielf. 

28,    If  from  this  we  would  derive  the  developement  of 
»io  terms  of  ^,  or  of  the  logarithm  in  terms  of  the  num- 
ber and  its  powers,  we  should  find,  that  the  quantities 
df        d'x     ^_ 
''       ^'     TP^'^" 
become  infinite,  when^  »  0,  and  we  may  th«nce  conclud«, 
tbu  the  logarithm  cannot  be  developed  in  the  form  of 
J  +  B^  +  Cf  +  Dy  +  &c. 
It  would  have  been  easy  to  have  shewn  this,  a  priori,  by 
otaerring  that  the  function  i  becomes  infinite,  when^  =0 
(Alg.  251),  which  does  not  take  place  in  the  formula  just 
mentioned,  which  then  reduces  itself  to  i  =  A. 

Our  result  would  be  different,  had  we  made_y  =  1  +»; 
for  ihen  we  should  find,  taking  the  Naperian  logarithms, 

'=V(i+"),  X  =  rr-  =('  ■^"'^"'^ 
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and  making  a  =  0>  we  find 

log.'(l+«)  =  «  -  J  +  ^  -.  "^t  &c. 

z  3  4 

and  for  any  base  a,  (denoting  the  logarithm  of  e,  to  diat 
base^  by  Jf)  we  haye 

29.  This  series  is  not  sufiEiciently  convergent  to  be 
employed  for  the  calcuhtion  of  logarithms^  except  when 
tf  is  a  fraction ;  but  means  have  been  discovered  for  trans* 
forming  it  into  others  which  are  applicable  with  greater  or 
less  advantage  to  difierent  cases.  It  was, first  observed, 
that  by  changing  u  into  —  u,  there  would  result 

and  subtracting  this  equation  from  the  preceding 
log.(l+i/)-log.(l-ii)=log.^[±^)=eJlf|^  +  ^+^^^ 

makincr  — tJL  =:  1  +  -  ,  whichgives  u  «= ,  and 

observing  that 
log.  (l  +^)  =  log.f*-—)  =  log.(«  +  z)  ^  log.  (I,) 

*  It  will  undoubtedly  ha?e  been  remarked^  that  the  equa* 
tion  k  ss  1  ■  ■  in  No.  25,  combined  with  the  equation  in  No. 
23,  which  is 


leads  to 


log.a  =  log.*  ^— J ij-  +  '-y-i  -&c.  j 

and  putting  0=1  +u,  we  shall  obtain  the  developement  which 
is  found  abore. 
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duK  arises 

wbeuce 

This  series,  which  affonls  the  logarithm  of  n  +  z,  when 
we  are  acquainted  with  that  of  n,  gives,  hy  supposing 

linec  log.  1=0.  This  scries  is  already  very  convergent, 
and  it  becomes  still  more  so  for  larger  numbers.  If  we 
akc  SI  =1,  we  find  log.'  2  =  0.6931472. 

The  modulus  M  may  be  obtained  by  calculating  the 
logarithm  of  the  same  number  m  the  system  we  wish  to 
adopt,  and  also  in  the  Naperian  system,  and  by  taking  the 
raiio  of  the  two  results  (27).  We  may  find  the  modulus 
of  common  logaritlims  very  readily,  by  calculating  the 
Naperian  logarithm  of  5  by  means  of  that  of  +,  (which 
may  be  deduced  from  that  of  2,  since  log.  *  =;  2  log,  2)j 
then  knowing  log.'  5  and  log.'  2,  we  have  log.'  IO  =  log.'  5 
+  log.'  2,  and  dividing  unity  which  is  the  common  loga- 
rithm of  10  by  this  latter  quantity,  we  obtain  the  required 
modulus:  we  tlius  find 

M  =  0434294482. 

This  is  the  number  by  which  we  must  multiply  Naperian 
logarithms  to  obtain  common  logarithms,  or  those  of 
Briggs. 

Reciprocally,  to  return  to  Naperian  logarithms,  we  must 
^Tide  common  logarithms  by  chis  number,  or  multiply 
tbem  by 


0.43429448-3 
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SO.  We  will  now  give  some  examples  of  the  tppUea- 
lion  of  the  rules  for  the  differentiation  of  logarithmic 
functions ;  but  for  the  sake  of  simplicity  we  shall  always  sup- 
pose them  Naperian  logarithms,  unless  the  contrary  be  par* 
ticttlarly  mentioned:  we  shall  assume  hereafter,  in  all  cases^ 
1  as  the  characteristic  of  these  bgarithms. 

1st.  Let  u in  l( f-y. ),  making      .  ss  s, 

we  have  du  '=,^,^  \  but 

.       . .  .iVr 

«\/fl*  +  X >'  .    ■  ■■, 


■».•*— ,  ■  ■  ■ '  ■  ■— ii»^i^ 


^   +  *  «        *  i. 


therefore,  J  «  =  —-4 


V* 


*\  • 


*(fl*  +  X*) 


2d.Leti.=l}i^Lilt^^'?;    make 

1  +x  +  \/l  —  *  z=  ^,    and  \/7+7  —  \/l  - j;  =:  at, 
which  gives 

but  we  find 

, ^£  dx  —dx      (  y  y— ) 


z// 


df  • 


^J:  JA'  J;^ 


.  ^*  «**'  o*        f    •: A—) 

2\^l+x      2VT-i       2VT--r*l  i 


'"2i/t^^' 


^ 
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vheace  we  obtain 

J       J               2y^I-^*       2!bVi-^»       5i,s'/l-x*   ' 

■Bd  tAjerring  that 

/  +  !'=♦,  and^a  =  2r. 

1 

a-efindatlast 

1 
J 

.»-'". 

{ 

This  example  is  remarkable,  from  the  reductions  wliich 
the  diffcrentiat  undergoes,  and  from  its  simplicity,  tonsi- 
dering  the  functions  from  which  it  is  derived  ;  the  follow- 
ing examples,  whose  results  only^  we  shall  state,  will  preseut 
no  ditEculty. 


M.  > 

=  1    J.+ 

•TV.- 

P 

J 

"~"v 

TT?' 

4th 

.;^l'^ 

>r^*. 

/T 

^^i 

1,^1,: 

^'i+j^' 

5th. 

.  =  1)^ 

H-! 

,4 

<f« 

b-     -' 

Cth.    If  we  had  u  =  (  1  x)',  making   \  x  =  z,  we 
gboold  find 

( 1  j)*  =  «",  d.v  —  n%     dz\ 

and  replaciog  s  and  d  z  hj  th«r  respective  values,  there 
would  result 

d.(\x'r=  n^xy-'i^. 

7th.  Let  w  =  1. 1  *■,  that  is  to  say,  the  logarithm  of  the 
kigaritkra  of  2 ;   putting  as  above  1  ^  =  z,  we  have 

t        J  ^* 


t 

S2  DIFFERENTIAL  CALCULUS^ 

whence  we  deduce 

du  s 


x\x 


31.  The  consideration  of  logaritWs  facilitates  Teiy 
much  the  differentiation  of  exponentials,  when  they  are 
much  complicated. 

Ist.  Let,  for  example,  tfs=z%  z  and  y  being  any  two 
functions  oi  3t\  taking  the  logarithms  of  each  member,  we 
have  1  tf  =  y  I  s,  and  then  differentiating,  we  find 

du 

—  =  J^  1  z  +  y  ^.  1  z  ( 11,  27  ),  or 


u 


du  .     ,  dz 

^   ^    dylz+  y  — 

and  thence 
du=zu\  dyl:^  •¥  y  —  ),  and  i/.  Tfzzz^  (^dy  1  z  -f  ^  — ). 

2d.  Let  wrmf'^  make  ^'=y,   and  we  find 
wrid^^  du^  a^  dy\a{9i*l)\ 

but  dy  ^  d.f  -b'  dx  1  b: 
then  du  ^  {^  i'dxlali. 

Sd.  Let  wnvf  ,  z,  /  and  /  being  functions  oi  x\  make 
f'^y\   then 

uzift  duszz^(dy  Iz  +  ^ — ); 

dy  =  f(^ds  I  t  +~); 
and  consequently 

du:=:2ff(  d  s  I  t  I  z  +   —  +  — ). 

By  means  of  these  formulas,  it  will  be  easy  to  find  the 
differential  of  any  exponential  function  whatever. 
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Slnei,  cosines,  tangents,  and  other  trigonometrical 
lines,  gonsiilered  with  respect  tc  the  arc  of  the  circle  on 
which  they  depend,  arc  also  transcendental  functions;  they 
are  commonly  called  circular  functions. 

For  the  sake   of  simplicity,   we  shall  always  suppose 
the  ndius  equal  to  unity. 

Substituting  x  +  rfr,  for  x,   in  the  function  sin  jr,  it 
becomes 

sin(r  +  rfj)  =  9\n*co%dx  +  cos  J  sin  rfj- ; 
from  which  we  find  the  difference, 

sin  (J'  +■/-<)   —  sin  .r  = 
1  X  cos  dx  +  COS  X  sin  dit  —  sin  *c 
sin  X  (cos  (/*—  1)+  cos  X  sin  dx- 

't  might  now  develope  the  second  member  of  this 
equation  according  to  the  powers  of  the  increment  (/«; 
but  we  may,  without  this,  obtain  the  limit  of  the  ratio  of 
the  increment  of  the  function  to  that  of  the  lariable  tn 
the  following  manner.  Taking  the  ratio  of  the  increments* 
we  find 
wnC»  +  (fi)-sini        .       (coa^j-l)    ,  sinrfr 


^P^i 


If  we  observe  that 
(sin  </**=!  -teas  </ j/=(I  +cos  i.r)  (i  —  cos  J  J  ) 
and  that,  consequently, 

1  -  cos  d  X   : 
we  have 
wn  (jf+</j>— sin  x_ 


=  (- 


(sin,;,)' 

1+cos 

Jx 

sill  djt 

sin, 

1  + 

cotdt 
sin  li  r 

d 

We  may  paaa  to  the  limits  of  these  quantities  by  find- 
r  what  the  two  factors  of  the  second  member  become 
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when  the  increment  dx  vani8he8(8).  In  diss  case}  tin  dxtsO, 
cos  dxzz  I,  and  the  first  factor  is  reduced  to  cos  '• 

The  factor  — constantly  tends  towards  unity:  for, 

dx 

from  the  expression  tan  ^  b  ••  we  deduce :. 

'^  cos  ^  tan  .if. 

zz  cos;^*;  and  since  cos  A  zzl^  when^^nOy  unity  will  be 

the  limit  of  the  ratio  of  the  sine  and  the  tangent^  when  the 

arc  vanishes }   but  sinc^  the  arc  is  less  than  the  tangent, 

and  greater  than  the  sine^  it  follows^  a  fortiori^  that  its  ratio 

to  the  sine  will  constantly  approximate  to  unity. 

We  find  then,  from  these  remarks^ 

^.  sin  X  ,    .  J    ^ 

— ; sscos  X.  or  a.  sm  x^  dx  cos  x. 

dx 

SS*     Having  obtained  this  differential,  the  others  nuy 
easily  be  deduced  from  it ;  for  we  have 

1st;  Cos  ;c=  sin  ^^,—  x\ ,  d.  cos  jr=  d.  sin  (^  —  x\\ 

but  from  the  preceding  article, 

J.sin(|-ar)=J(I.x)   cos(^-x) 

rr-rfjTCOS  (5-*)> 

and  since  cos  /^  -  *'\  =  sin  «,  we  Jiave 

d.  cos  X  zz  ^  d  X  sxn  X, 
£d.  Since  vers  x=l  —cos  *,  we  have 
d.  vers  xzi—d.  cos  x^dx  sin  *. 

3d.   Tan  X  =51''-? 

cos  « 

cos  X  rf.  sin  T  —  sin  X  rf.  cos  x   ,->,v 
J.  t»n  x= ^33j^j^ (12) 

J  (co8*)*+   (sinx)*  \  dx. 

(cos  xy 


im{oO»rf+imiK)*=l;  therefore 
dx 


«ll>. 

Coii  =  -U 

_        i.  tan  X 
(nn  xY 

itMI 

-dx 

Jx 

\  tan 

xY  {  cos  lY  -      { 

sin  X)' 

pntmg 

'or  tan  x  its  valu 
Secx-      ' 

Sli. 

I.mi 

rf.  C08X 

( COS  j:  ) 

dx 

(COS 

?!!L^  =(/x  tan  X  sec  x, 

jince = 

an  J 

and ^  sec  i- 

i& 

Cosec  x-~ 

i.eosecx= 


d.  gin  ■'• 

( sin  i')' 


</  X  COS  ,r 

(sin.()* 


=  -dxcot-i  cosec  4 


34.  By  the  aid  of  these  formulse,  we  may  find  the  dif- 
fanitial  of  any  expression  involving  sines,  cosinua,  tan- 
fCiits,  &c.  It  will  be  necessary,  however,  first  to  consider 
Asm  quantities  as  simple  and  uncompounded ;  and  after 
die  differential  of  the  expression  is  found  upon  this  siippo- 
BtUNi,  to  substitute  for  their  differentials  the  results  above 
vrinen.     We  shall  give  but  one  example. 


Let  . 


=  (cosf) 
,  and 


Make  cos  x  = 
J,d; 


)(31) 
,  _  (  sin  xf 


du=d.  z'^aV  (/^  I2  + 

=Ji  (cos  X  )  j  COS  X  1  cos 

S5.   Hjving  £»cussed  the  sine,  cosine,  &c.  regarded  as 
fonctiont  of  the  arc,  it  will  now  be  proper  to  consider  in 
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its  turn  the  arc,  as  a  function  of  the  sinei  cotiii6,  &c.  iqc* 
cessively,  and  to  detennine  its  diflRerential  under  these  dif- 
ferent points  of  view.  For  this  purik>se,  let  x  be  the  funcrion 
proposed,  and  u  the  variable^  on  which  that  function  de- 
pends. 1st.  The  equation  V.  sin  xss  dx  cot  i^»  giTMf  (in 
consequence  of  the  equations  sin  x=f/|  and  cos  x  ss  ^iZT^^ 

du  -zi  dx  v^i—  |^»,  and  consequently  dx  —  —^^ss.. 

This  is  the  value  of  the  differential  of  the  arc  expressed  in 
terms  of  the  sin  Xy  and  its  differential.  " *' 

If  we  would  express  the  differential  of  the  arc  by  means 
of  its  cosincji  ^'e  must  begin  from  the  equation 

d,  cos  X  ^  —  d  X  f\xi  Xy 
which  gives^  making  cos  jr  =:  </y 

du^  dx  V 1  —  i/S  OT  dx  :=,    % — : — ^  • 

In  order  to  pass  from  this  to  the  versed  sinei    make 
1/  =  I — ^,  since  cos  jt = 1  —  vers  *,  and  we  consequently  shall 

have  du  =  dy,  and  dx  =z        ^ — 


dx 
2d .    Let  tan  X =« 5  the  equation  d.  tan  x :s=  i^  gives 

d  X 

dus: rx ,  and  d    zzdu  (cos  *)*.    But  since 

(cos,  x)* 

=  tan  ar,  we  have  sin  j  =  cos  x  tan  x,  and 

COS.  u: 

(sin  x)*  =  (  COS  xf  (tan  *)*  ; 
and  substituting  1—  (cos  x)*,  for  (sin  x)*,  it  becomes 
1  =  (cos  x)*+  (cos  X  )*  (tan  j)*=  (cos  x)*  (I  +  tan  j)*; 

we  have,  therefore, 

i  1  -  _J__ 

^COSX;-    i^^t5^„^y.-   i^^», 

and  substituting  this  value  in  that  of  dx,  there  results 

,  du 

dx  zz =; 


r" 


TTTTmBrms^ 
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titoiM  ure  conclude,  that  t/ir  d'ffereHtiai  ef  thi  are  it 
tmal  ft  that  of  the  tangent  divided  by  the  square  of  the  stcant ; 
fcrVT+7  eipresses  the  secant  when  the  tangent  is  repre- 
teated  by  u. 

We  dull  conclude  tliis  article  by  the  following  exam- 

pi*.  : 

Let  )r  be  an  arc,  having  for  its  sine  the  function  S  «  V^l— v*, 
make  2  uv*!  —a*  =  z  j 


i^jtju^^^^^  andv'rrT^=l-2.- 


^ 


S6.  By  the  help  of  the  differential  expressions  just  ob- 
tiined,  we  may  derive  the  developement  of  tlie  principal 
circulir  functions. 

1st.  For  sin  x,  we  have 

i^  d'v  ^u  d*u 

■—  =  cos  X,  -—,  =  —  sin  X,  ——  =  —  cos  J,  -y—_  =  sm  x.  Sec. 

li*  dx'  dx'  d-t*  , 

and  making  x=0,  it  foUowt,  from  No.  19,  that 

[r»o,  cr=i,  tr'=o,  tr"=_i,   t/""«o,  &c. 

iritence  we  conclude,  that 


«d.   We  find  for  cos  x 
■T—  =  —  sin  X,  -r-,  =  —  cos  «,   ti  =  '•"  't 


??   =  "8  *,   &C. 

id  making  x  =  0,  we  shall  get 
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which  giTes 

■      «*  «*'  '  •- 

cos  X  as  1  —    —   +  —    8CC. 

l.«       1.2.8.4  -      5 

These  two  formulae,  whose  law  is  both  evident  and  sim- 
pie,  present  the  most  expeditious  method  of  calculating  tiiS 
sine  and  cosine j  corresponding  to  any  given  arcj  particularly 
when  this  arc  is  of  small  magni^de.  We  shall  find  ana- 
logous formulae  for  the  tangent,  and  for  other  trigonome- 
trical lines ;  but  their  law  is  not  so  simple  as  that  of  the 
preceding ;  and  they  are  much  less  convenient  in  their  ap« 
plication  than  those  relations  which  are  given  by  the  expres- 
sions for  the  talngent  and  secant,  in  terms  of  the  sine 
and  cosine.  For  this  reason  we  shall  not  stop  to  consider 
them.* 

37.  If  we  represent  by  ^  the  arc  of  a  circle^  whose  sine 
is  x^  we  have  (35) 

,  dx 

an  equation  which  will  lead  to  the  developement  of  the 
arc,  according  to  the  powers  of  the  sine ;  for,  from  this 
equation  we  deduce 

^=(1-^)    -.  +  8x*(l-*»)     « 

^y  -*  7 

j-^«  3.8  Jr(l -J**)     «  +8.5*'(l-A*)-i' 

-^=8^(1-**)    «  +2.6.9  Ar*(I-**)     5'+3.5.7a*(l-.x») 
8cc. 

•  See  Note  (D). 
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Making  j!=0,  and  observing  that,  upon  this  supposition, 
cjr  vanishes,  we  Gnd 


Let  V3  now  inquire  into  the  value  of  the  a 
"1  terms  of  its  tangent ;  we  have  (S5) 

Jy  =  T-,  whence 


!Xpr«3ted 


iJf  = 

O-i')-' 

^ 

:-  2*  (l+.-r' 

=  -2(l+»"")'  +  8  J 

(H-«") 

^- 

2**(l+«')-+8)c' 

(l  +  V)' 

=  S*(1 +»')'-  288 

»'(l+i 

'■Id  making  .r=0,  we  6nd 

■^  3  5 

The  law  here  manifests  itself  inthe  first  few  termsj 


this 


"  not  the  case  with  respect  to  the  preceding  series ;  but 
*'ncethe  successive  differentials  of  y  become  more  and  more 
«>mpliciied,  on  account  of  their  denominators,  the  me- 
^d  above  employed  is  not  the  most  proper  to  lead  to  the 
ievelopement  required.  The  integral  calculus  will  furnish 
more  convenient  methods. 

The  latter  of  these  developements  furnishes  a  remark. 
Aleeipression  for  the  arc  -,  whose  tangent  is  equal  to  unity  -, 
[  fe,  if  we  make  x=  \,  it  gives 
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liAs  series  is  not  snflclendy  conWgent  to  be  employed ; 
but  we  may  calculate  the  same  arc^  by  dividing  it  into 
several  parts ;  and  the  tangent  of  eiich  being  less  than 
unityi  we  shall  have  converging  series  for  each.     The 

Eai^ish  Geometer,  Machine  found  that  the  arc  ^  is  equal 

4 

to  four  times  the  arc,  whose  tangent  is  if  minus  the  aire, 
whose  tangent  is  —  ,  which  may  be  easily  proved  as  fol* 

m 

lows :    Let  tan  a  =  (, 

^    ^  9  tan  a  5 

l-(tanii)*        12' 

.  2  tan  2  /I  120 

tan  4  g  =  ,      ,       ^  V*  -—   TTx* 
l-(tanea)  lid 

This  last  number  is  but  a  little  greater  than  unity,  or 
the  tangent  of  ^ ,  which  shows  that  4  a  >  ^  i   making 

4 
the  difference 

4  fl  —  - ,  or  A— By  has  for  Its  tangent 

tan(J-  B  )  =  tan ^  es ^ ■_,  =-— , 

^  ^  1  +  tan  urf  tan  -8      239 

and  since  Bs:A-(A—B),  it  follows  that  ^  =  4  «  -  *| 

4 

But  taking  successively  j?  ==  4 ,  i*  5=  -^  %  we  find 


i  = 

1 

2S9        3 

1 
.(239)' 

+  £: 

1 
(239)^ 

1 

7.(239) 

1 

"^5- 

3.5'  "^ 

I 
5.5^ 

1 

"7:5^ 

+  &c. 

irhence 

.J 

VI. 5 

1 
3.5^ 

.    + 

1 

■6* 

4"i 

/"     1 

1 

1 

j+8tc. 


,(2S9y 


DIFFERENTIAL     CALCULUS.  41 

^  the  Differentiation  of  Equations  of  two 
yuriahles. 

Hitherto  we  have  only  diFerentiated  equations]  m  which 
tKe  variables  are  separatcil  ;  that  is  to  say,  in  which  the 
'unction  itself  occurs  on  one  side,  and  the  variable  on  the 
Other;  such  are  all  equations  of  the  form  X=T,  ¥  being  a 
•wiction  of  ^,  and  JTa  function  of  x.  But  the  greater  oum- 
■•er  of  equations  which  occur  in  analytical  enquiries  do  not 
Jfesent  themselves  under  this  form  :  the  variable  and  the 
function  are  frequently  mixed  or  combined  together. 

When  "c  have  an  equation  F—0,  between  .r  and  _y, 
*Uch  an  equation  determines  x  in  terms  ofy,  or_y  in  terms 
*f  * ;  50  that  one  of  these  quantities  is  a  function  of  th« 
other. 

If  we  conceive^  to  be  determined  in  terms  of  i,  and  if 
Ve  substitute  the  value  of  1/  in  the  quantity  f,  this  neces- 
sarily reduces  itself  to  an  expression,  consisting  of  func- 
tions of  X  alone  j  but  it  will  be  composed  of  terms  which 
destrgy  each  other,  independently  of  any  particular  value 
**f  -J,  since  X  must  continue  indeterminate.  It  follows, 
^l»iCrefore,  that  when  .i  receives  any  increment  whatever,  /i, 
"le  chanjre  which  j  undergoes,  must  be  such  that  the  func- 
tion y  shall  remain  equal  to  zero,  as  it  was  before.  If, 
then,  we  denote  by  F'  what  the  expression  f  apparently  be- 
comes, we  must  have  ?"'=0,  whence  we  conclude,  that 

y~F=0,  and^^^^^=0; 

'hitewr  may  be  the  increment  A ;  and  consequently,  if  the 

ttpieasion  — y —  is  susceptible  of  a  limit  P,  we  ought  to 

hxtP-ct* 

In  order  to  cooreive  this  cleailj-,   it  i.s  sufBcitiil  to  consi- 
*>  in  general,  thai  if,  in  ihu  tsprcsiion  V,  we  substitute  x+A, 
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But  since  V  is  composed  of  t,  and  of  y  considered  as 
a  fanctioh  of  x^  t^s  limit  may  be  obtained  by  differen- 
tiating Vy  taking  care  to  make  ^  and  x  vary,  according  to 
the  rvles  of  Nos.  10,  11,  12,  19^  15 ;  and,  observing  that 
Pdx  ^  dVy  we  may  conclude  from  what  has  been  said, 
that  the  equation  F's  0,  necessarily  leads  to  the  equation 

rf  r=  0, 

the  first  determining  the  value  of  ^,  and  the  second  that 
of  djf. 


instead  of  x,  and^-|-^,  instead  of  ^>  the  result  may  be  deve« 
k>ped  in  the  form 

M,  N,  P,  ii,  R,  5y  &c.  being  quantities  independent  of  4 
and  it. 

This  equalioD,  on  account  of  the  given  one,  VssO,  reduces 
itself  to 

Mh+Nk+Ph:'+Qhk+Rk''\'  SA»+&c.=0, 

and  assigns  a  relation  between  h  and  k. 

If  we  now  make  kzzwh,  it  acquires  a&ctor  h  in  all  its  terms; 
which  being  suppressed,  the  equation  becomes 

M+Nit'\'Ph+Stwh+R'K^h  +SA*+&c.=:o. 

Though  the  ratio  w  changes  as  h  diminishes,  it  does  not  vanish 
with  that  quantity;  and  we  shall  have,  for  determining  «- on  thft 
hypothesis  of  hziO,  the  equation 

M+Nw:=iO. 

The  value  of  «-,  which  results  from  this,  will  be  the  limit  of 
all  the  values  which  that  quantity  can  assume  in  consequence  of 
the  change  of  h;  it  is,  therefore,  evident,  that  if  we  denote 
this  limit  by  p,  the  equation 

M+Np  =0 

will  be  rigorously  exact. 

It  appears  from  the  process  just  gone  through,  that  the  ex- 
pression M+Np,  is  the  differential  coefficient  of  the  function 
K,  taken  on  the  hypothesis  of  ^  being  a  function  of  t. 
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Hie  following  example  will  illustnite  this.  Let  there 
be  tfae  eqnatiDii 

The  eipression  V\s,  in  this  case, ^"—2  m.r_p+i'— a'; 
md  if  we  differentiate  it,  upon  the  supposition  that  ^  is  a 
function  of  Xt  and  make  the  result  equal  to  zero,  we  shall 
End 

^dg  —  Qmxd^—Smydx  +  2rdx  =  0, 

OT,  t/dif-mxjt/—  mt/di  +  jdi=0        (1), 
if  we  suppress  the  common  factor  3 ;  and  making //^=^rfj, 
TchaYc 

(y~  m.i)j)  ~  m^-i-  T=0,  *•- 

whence 

To  obtain  p  in  termc  of  x  alonet  we  must  subsltute  in 
lliii  eipression  the  value  of  ^,  deduced  from  the  propose^ 
equition,  which  is 


tliis  gives 


If  =  mx  ±  ■/a'-x 


~X+tl 


=  M  ±  v'a«-j:^  +  »»V'. 
the  same  result  that  would  have  been  deduced  from  the 
originat  etjuation,  which  would  have  become 

S=^  mx  4^  Va^-x^  +  tii^x; 
lud  tbe  rariables  first  been  separated. 
S9.  The  etjuation 

[y~mx)p-ins+x-0, 
being  differentiated,  considering  i/  zndp  as  functions  of  x^ 
MXk  to  the  equation 

(Jy-mdx)p  +  {g—  mx)dp~mdi/  +  dx  =  0. 
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and  if  we  make 

dy-s^  pd x^         dp  :=i  q  d x^ 
we  find 

(p-m)p'\'  (^-wx) f  —  m/?  -f  1  =  0, 
an  equation  which  expresses  the  relation  which  the  dif- 

ferential  coefficient  of  the  second  order  q^  or  -r^  (17%  has 

to  that  of  the  first  order  p^  or  -j^,  and  the  variables  x 

and  y. 

By  continuing  to  differentiate  in  the  same  manner.,  we 
may  form  the  equation  on  which  the  differential  coefficient 
of  the  third  order  depends  \  and  so  on  for  others. 

j% 
40.  If  we  take  notice  that  9=  — :^  ^  and  d^  y  •=,  d  {dg)% 

0  X 

we  shall  perceive  that  the  equation 

(p-'m)p'i'  (y^mx)q''mp+  1=0, 

is  immediately  deducible  from  the  equation 

ydy-'fnxdy-mydx-^xdxzz.O        (1), 

by  differentiating  it,  (supposing  dy  to  vary  as  being  a  func- 
tion of  x),  and  then  dividing  the  whole  by  dx*.  In  fact, 
by  the  first  operation,  we  have 

dy^+yd^y-2mdxdy  -- mxd^y  ^dx^=iO    (2)  j 

and  by  the  second 

which  equation,  if  we  change  ^  into  p,  and  yJL   into  q, 

d  X  d  x^ 

agreed  with  that  before  found  for  the  determination  of  q* 

In  general,  when  we  make  the  quantities  p,  q^  &c. 
vary,  as  functions  of  x,  we  do  nothing  more  than  take  the 

differentials  of  the  equivalent  expressions  ~,     t-t;  &€• 
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4b 


,  &c. 


wfiJeh  iliflerentials  are  respectively   represented  by  ■ — -  i 
7^,  &c.      It  is,  in  short,  the  same  thing  as  considering 

the  quantities  dy,  d^y,  &c.  as  functions  of  t. 

The  equation  (1)  is  the^r/(  difftvtntial  ol  the  proposed 
equation;  the  equation (2) is  the  stond difftrential aiit^  &c. 
lod  from  the  preceding  remark  it  appears,  that  the  succes- 
sive difftrentsals  of  any  proposed  !■  R I M  IT  I V  E  equation  may  be 
Muctd  one  from  anotlur  h/  successive  differentiation,  regarding 
J,  i  y,  A*  y,  iic.  as  functions  of  s. 

We  may  derive  the  equations  which  determine  the  dif- 
ferential coefficients,  either  by  observing  that  these  coeffi- 
cients are  represented  by 

■/J 
dt' 

or  by  making  dy  =  pd  j,         d^y  =  qd  x^,  &c. 
By  these  last  substitutions,  the  differentials  disappear, 
ind  there  remain  in  the  results  only  the  functions  p,  g,  &c. 
absolutely  independent  of  the  value  of  the  increment  d  x. 
♦  1.    The  equation 

y-  2mxy  +  x^-a'=0,  (1). 

bring  of  the  second  degree,  al^rds  two  values  ofj,  in  con- 
Mquence  of  which  the  equation 

(j,~mx)di,-(mi/-^)dx  =  0         (1), 

d  u  my  -  X 

or  ^    ~    -^ • 

dx         y-mx 

pTB  for  the  differential  coefficient  -^  ,  two  values  corres- 
ponding to  those  of  the  function  y. 

If,  instead  of  resolving  the  proposed  equation  todeter- 
tnine  the  value  of  y,  we  eliminate  that  variable  between 
the  tiro  equations 
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y- 2iwj:y  +  4f»-  ii»  =  0, 

from  the  second  of  these  we  Bnd, 

x(m  dv^d x) 
dy  —  mdx 

and  sabsdtttdng  this  in  the  first,  and  making  the  ptroper 
reductions,  we  find 

(*•—«»-  nf  x")  dy*'-{2m  a*-  2iii  d'-^trfs^)  dx  dy^ 

+  (  r»  —  m^  x^  ^  d*m*)  dx*  =  0. 

The  values  of  d  y  deduced  from  this  equation  are 
the  same  as  those  which  would  be  deduced  by  differen- 
dating  those  of^.*  dividing  this  equation  by  dx*,  we  may 
immediately  deduce  the  values  of  the  differendal  coefficient. 
We  thus  find 

(x*-a^~m*  a*) 4^  -  (  2ot  x»  -2ot  a^-^n?  :r»)  ^JL , 

dr  dx 

and  disengaging  the  second  power  of  the  difierential  cq* 
efficient  from  its  multiplier,  we  have 

^it      o     ^y    j_   x^  —  n^x^-'i^m'^     ^ 
—^ 2  HI  — «-   +    s=  0. 

dx*  d  X  x*—  m*  r*  -  a* 

42.  It  is  easy  to  apply  the  preceding  method  to  much 
more  complicated  examples,  or  to  those  in  which  the  vari- 
ables rise  to  a  higher  degree. 

Take,  fOr  instance,  the  equation 

y'-^S  a  X y  +  x^  zz  0^ 
from  which,  by  differentiation,  we  obtain 

5j^  dy-S  a  xdy-^S  aydx-^Sx^dx^it^ 
or  suppressing  the  common  factor  3, 

t/^dy  -^axdy^aydx  +  a^dxzzO,        (1)^ 
and  consequently 

dx        y*  ^  a  x 
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The  fimctiOD  ^,  in  this  example,  being  given  by  means 
of  an  equation  of  the  third  degree,  ought  to  have  three 
nJues:  and  by  substituting  them  successively  in  the  ex- 

fressjon  for  -^  ,  we  should  obuin  an  equal  number  of  ra- 
llies for  this  ditTerential  coefficient.    We  may  observe,  in 
general,  that  this  coefficient  will  have  as  many  difTerent 
iilaes,  as  the  function  1/  has  in  the  original  equation  ;  and 
.  ^  same  holds  good  with  regard  to  (he  difierential  itself, 
ff  we  eliminate  ^between  the  two  equations 
y-  3aji,  +  I*  =0, 
y'dy-  a  rd^  -  aydT  +  x^  d  x  =  0.         (1), 
ibe  result  would  be  an  equation  of  the  third  degree,  with 
M^Kt  to  di/ ;  and  it  would  contain,  as  its  roots,  the  three 
nines  of  which  that  dill'erential  is  susceptible. 

Having  found  the  expression  for  dy,  or  that  of  —^  ^ 
d' 

Cnt  differential  of  the  proposed  equation 

f  dg-ax  d  y-ayd  X  +  x^  d  r  =  0,         (I), 
with  respect  to  (/ j,  j  and  t,   according  to  the  rule  esta- 
Uiibed  in  No.  40. 

Performing  these  operations,  we  have 
j^d^^azd'tz  +  ii/rif-adi/dx-  adx  di/+2  xdr^==  0; 
vkich,  by  reduction,  becomes 

if~ax)d:f+2i/iiy'*-2ad  X  dy+  2  .r  </ a'  =  0.  (2). 
This  is  the  second  differential  of  the  proposed  equation  \ 
and  if  we  combine  it  with  the  first  differential,  we  can  eli- 
minate J^,  and  the  result  will  give  the  expression  of  dy, 
nutmsof.r,  (/j,  and  y.  From  this  the  function  ^  may 
DI  eliminated,   if  required,    by    means  of  the   proposed 
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« 

Dividing  the  equation  (2)  by  dx  %  it  takes  the  foma 

and  only  contains  the  difierential  coefficients  -r-^  and  .  ^ . 

dx^        dx 

Putting,  instead  of  -J^i  its  value  ^j^""*^  '   deduced,  from 

dx  y*— «x 

equation  (1)^  we  have 

d  X*         ^xy-axj  Ky^-ax/ 

and^  reducing  a  common  denominator 

but  th6  quantity 

2  x^*—  6  /I  x^y*+  2  2*y, 
is  the  same  with 

^^y(y^-Sax^  +  x^), 

which  is  equal  to  zero^  bv  the  original  equation^  and  con- 
sequently we  have 

(y^'^'^y-J^    +  2a^xy=:0, 

d'^y    _  ^     2a^  xy 
d  a*  ""       (y'^'^axf 

By  differentiating  equation  (2),  relative  to  d^y^  dy^  y 
and  *,  we  might  derive  the  third  differential  of  the  proposed 
equation,  and  by  eliminating  d'^y  and  dy^  by  means  of  the 
equations  ( I)  and  (2),  we  might  deduce  the  value  of  d^y ; 
dividing  this  result  by  d  s^,  we  should  have  the  expression 

for  the  coefficient  —-^  .     By  continuing  this  process,  we 

d  X 

should  arrive  at  the  differential  coefficients  of  any  order 
whatever. 

43.   The  observation  in  No.  7>  respecting  the  constants 
which   disappear   by  the  differentiation   of  functionsi    is 
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t))uall^  applicable  to  equations.  If  we  had,  for  example, 
the  equation^' =11 J +  ^,  its  differential  2ifd  i/=ad  k,  being 
independetit  of  h,  would  equally  belong  to  all  those 
tqiuiions,  which  result  from  giving  to  ^  all  possible  values 
in  the  proposed  equation. 

But  we  might  also,   in  the  present  case,  arrive  at  an 
independent  of  a,  although  the  differentiation  hai 
■Uade  this  constant  disappear;   for  this  purpose  it  is 
^uSdent  to  eliminate  a  between  tlie  two  equations 

y'^ax -^-b,  2nd2  If  dt/^a  J  r, 
tnd  we  should  lind 

ji^d X  =  2xi/d X  +  i  d X. 

Although  this  latter  equation  is  not  the  direct  differen- 

tiilof  the  proposed  one ;  it  is,  however,  derived  from  it  in 

wch  a  manner,  that,  being  divided  by  dx,  it  expresses  the 

rebcion  which  ought  to  subsist  between  the  variable  x,  the 

._  „.,..,  ^ „„..  'Is  _ 

be  die  value  of  a. 

If  the  constant  which  we  eliminate  is  above   the  first 
degree  in  the  given  equation,  the  result  at  which  we  arrive 
*ill  irontain  higher  powers  than   the  first  of  dy  and  d  x. 
M  an  ezample,  let  us  take  the  equation 
y  -  2  fl  y  +  ir"  =  «'. 
ij  diferentiating,  we  have 

y  d  1/  —  a  dy  +  X  d  X  =  0  j 
iriience 


ud  substituting  this  in  the  proposed  equation,  after  having 
amnged  the  result,  according  to  powers  of  dy,  and  having 
dirided  the  whole  by  d .»%  we  shall  obtain 


(''"V); 


-4.J,. 


^ 
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Such  is  the  rehtion  which  exists  between  the  variable  T, 
the  function  >/,  and  its  dilfersntial  coefficient  --^^  ,    inde- 
pendently of  any  particular  value  of  the  constant  a. 
By  solving  the  equation 

y-  2a^  +  J^  =  a\ 
with  respect  to  a,  we  deduce 

a  =  -  1/  ±  v's^'  +  .r-, 
and  the  quantity  a  being  now  disengaged  from  the  variables 
X  and  y,  differentiation  alone  will  be  sufficient  to  make  tt 
disappear.    Thus  we  arrive  at 

By  clearing  this  equation  from  the  radical,  we  may 
convince  ourselves  that  it  ts  the  same  as  that  which  results 
from  elimination, 

44.  Any  number  of  constants  may  be  made  to  disap- 
pear by  differentiating  as  many  times  as  there  are  conswnw 
in  die  equation.    Let 

we  have 

ydy=  ~  mx  di: 
differentiating  again,  we  find, 

,     yd^t/  +  dy^  =  -  md  x^, 

and  substituting  for  m  its  value  — ■''    ^ ,  derived  from  the 
preceding  equation,  it  becomes 

dy  d  ti^  (/*  H 

V  —  —  J  — ^   —  X  V  — --  =  0, 

a  result  independent  of  the  constants  a  and  m. 

45.  Differentiation,  combined  with  elimination,  affords 
a  means  of  making  irrational  functions  disappear  from  an 
equation ;  take,  for  example, 


tSM 
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P'=i  Q, 
P  and  Q  being  any  functions  of  *■  and  1/ ;  taking  the  diffe- 
rentiat  of  this  equation,  there  arises 

nP^'d  P  =  d  Q^,  whence  nP'dP  =  P  d  Q, 
and  substituting  for  i*"  its  value,  we  obtain 

nQdP  =  PdQ, 
in  which  equation  the  quantity  f  is  ficcJ  fium  the  expo- 
nent n. 

We  should  have  arrived  at  the  same  result  by  taking 
the  logarithms  of  each  side  of  the  proposed  equation,  by 
which  means  've  obtain  successively 

^'iP_dQ. 


nlP  = 


IQ. 


indn 


-^  -'^  (-27). 
P        Q 


and  consequently  nQdP^PdQ. 

Tide  remark  will  assist  us  in  developing,  according  to 
■Ae  powers  of  t,  the  function 

(a  +iJ!  +  ex*  +  di^  +  &c.)% 
wliatever  may  be  the  exponent  a.     Foi  thia  purpose,  let 
(a  +  b  s  +  e  X*  +  Scc.)'  = 
J  +  C  X  +  C  **  +  D  j'  +  &c. 
and  taking  the  logarithms,  we  have 

nUa  +bx  +  cjT^  A-dx'  -i-  ti*  +  Sccy 
=:!(^  +  il^  +  Cj'  +  D.i'  +  Ex*  +  &c.) 
By  differentiation,  we  obtain 

«(i  +  2c  J-  +  S  </ jM-*  *  *'   +  &c.)  d  X 


a  +  &  X  +  t 


(Da*  +  4-  £ 


+  &c. 

*  +  Si.c.)dx 


A  +  B^  +  Cx'  +  i>*'  +  £i*  +  &c, 
which,  by  omitting  the  common  factor  d  r,  taking  away 
UK  deoomtnator,  and  arranging  the  terms  according  to  the 
P<»»en  of  «,  becomes 


r 
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itbA  +  iHcJ  X  +  SnJAti 

+  itieA  i' 

+  &c. 

+  n  i    Bx  +2/i<;i)i' 

+  ind  Bi' 

+  &c. 

+  «  «e,- 

+  2  »tCi 

+  &c. 

+    »  i  i)  »■ 

+  &c. 

a  B    +   2<jCx    +    SffD^* 

+   4  oil" 

+   &«. 

+      *  fix   +   2»  Ci- 

+   S*/)j' 

+    &c. 

But  since  x  ought  t 


bers  of  this  equati 
coellidents ;  that 


remain  indeterminate,  the  two  mem- 

I  must  be  identical,  by  means  of  their 

to  say,  the  coefficients  of  each  power 

of  x  must  be  respectively  equal  in  each  mtmber.     This 

consideration  already  employed  in  No.  193.  of  the  Elements 

of  Algebra,  furnishes  the  following  equations : 

nbA  =  a  B 

QncA   +  niS  =   2.aC   +  i  B 

3ndA  +  Znc  B  Jr  nbC=^aD  +2  hC  -ycM 

&c. 

whence  the  values  of  the  coefficients  B,  C,  C,  Su.  majr  be 

deduced :  the  coefficient  ji  apparently  remains  indeterminate  j 

it  may,  however,  be  found  by  making  x=0,  in  the  equation 

(  fl  +  4x  +  f  *»+  Stc.  3'  =  -*  +  -S  *  +  C*'  +  &c. 
whicli  in  thia  case  is  reduced  to 
d-  =A. 
Substituting  this  expression  in  the  preceding  equations,  we 
have 


B  = ; 


.  illnL)  C--  i 


D = , .« J  +  "J^  .--<<,  +  ':^lM=3^f, 
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whence,    (a  +  *  a-  +  c  x^  +  d a*  +  ttc-)'  = 

!  (  1.2  J 

+    &c. 

46.    The   transcendents  which  occur  in  an  equation,' 
nay  also  be  made  to  disappear  b}r  combining  it  with  its  dif- 
ferentials.    One  of  the  most  simple  of  these  functions  is 
\(,a  +  bx  +  cx-'+^c). 

"  w«  represent  its  developement  by 

J  +  Bx  +  Cx^  +  Dx'  +  iic. 
and  differentiate  the  equation 

H  1  +  ix  +cx^  +  &c.)  z=  ji  +  Bx  +  Cx*  +  &c. 
we   shall  obtain 

''-±^l^JlpLiL±^- ^  B  +  C  Cr+  8  0,-  +  8ce 
a  +  i  j  +  tjc^  +  i^j'  +  Slc. 

and  we  may  determine  the  coefScients  .4,  B,  C,  Sic.  in  the 

usual  manner. 

As  another  example,  take 

sm(fl+ii+f-'*+&c.)  =  ^+^  r  +  Ci*+&c. 

and  for  the  sake  of  brevity,  putting 

«  +  6jr  +  e**  +  rf.i'  +  &c.  ■=  u, 

A-\-  Bx+  Cx'^^  Dx'  +  &c.  =y, 

*e  have^trsin  w ;  and,  by  differentiation,  it  becomes  (/y» 

^''  Cos  u.     \\'e  may  eliminate  cos  u  by  means  of  the  equaij 

"°n,cos  u  =  v'r^(iin  «)•,.  which  gives  cos  u  =  vT 

and  've  should  then  have  di/  =  du  Vi— «*;  but  tlie  radical 

"•^^st  be  made  to  disappear  irom  this  equation.     To  avoid 

"^s  inconvenience,  we  must  differentiate  the  equation  dt/  = 

«  u  cos  s,  a  second  time ;  and  observing  that  u  is  a  function 

*"   I,  as  well  as  of  ^,  we  have 
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Ai^ 


d^y="^d^u-ydu 


u  d*  y~  di/d*u  +  ydu*=  0. 


and  putting  for  sin  u  and  <:os  u,  their  values  tf  and  — 
have 

du 

Nothing  now  remains,  but  to  substitute  for^,  rf^,  d^^t 
d  U|  iP'ut  and  du^,  their  respective  values ;  but  the  equa- 
tion 

y  =  ^+j6  J +Cl'  +  Dx* +  &C- 
gives 

dy  =  (£  +  2C*+3  XI  j*  +  &c.)^-r. 
d''y=  t2C+2.5i)j:  +  &c.}i^  j*. 
To  avoid  the  trouble  of  very  complicated  calculations, 
let  the  function  be  reduced  to  sin  [a+hx-^c^),  bymakiag 
d,  e,  Sx.  =  0.     In  this  particular  case,  ...iir-M  MjtL  j,ar  \ 

du  =  ii+Sex)dx,  ■    -^    ^      I 

d*u=:2cdx\ 

du*  =  ib'+6  i'^ £  x+]2,i c* r*-ir8  c'  i^) d i'. 
By  substituting  these  values,  the  equation 

■     du  d'  y  —  dy  d'u+yd  u^  =  0, 
becomes  divisible  by  dx',  and  arranging  it  according  to  the 
powers  of  J-,  it  talces  the  following  form  : 

»,iC+6iD)t+i2l>  Ex'+hc      -, 
+-t^C-<  +  12rZ)4-+&c.       / 
-i-t'A+6  l-'eAr+i^  f  f'^*=+&c. 

+i»  C  t'+&c. 
-  QcR-irCx-iic  D^''  -  &c. 
and  making  the  coeflicient  of  each  power  of  x  equal  t6' 
we  have  equations  for  determining  C,  D,  JE,  6;c.  "With 
regard  to  the  values  of  ji  and  Ji,  we  must  recur  to  Ae 
equations 

,  dy 
v  =  sin  u,  and  -r^  =  cos  u. 


ual  t6'  zero,     I 


When  j;=0,  we  have 


,  dif  =Bdx 
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L  from  these  values  we  get 

.^=sin  a,         3=B  cos  a.* 


Kthe  Investigation  of  the  Maxima  and  Minima 
of  Functions  ^  one  Variable. 
VI.  The  investigation  of  the  greatest  and  least  values 
-  -hich  a  given  function  admits,  forms  one  of  the  most 
"^portant  analytical  applications  of  the  Differential  Calcu- 
lus,   h  tests  on  the  following  principles. 

When  the  variable  on  which  any  proposed  function 
depends,  passes  successively  through  all  degrees  of  niagni- 
**i<Je,  the  different  values  of  this  function  may  form,  at 
first,  an  increasing,  and  then  a  decreasing  series.  In  this 
Case  one  of  these  values  must  be  greater  than  any  of  the 
whexs.  If,  on  the  contrary,  the  values  of  the  proposed 
•MJCtion  form,  at  first,  a  decreasing,  and  afterwards  an  in- 
Oeasing  aeries,  there  must  necessarily  occur  one  which  is 
*«*  than  any  of  the  others.  That  value  at  which  the  in- 
0*aje  of  the  function  ends,  is  called  the  Maximum,  and 
"U»t  at  which  the  diminution  ends,  and  the  increase  begins, 
»  called  ihe  Minimum. 

Take,  for  example,  the  function _y=  i— (*— a)".     In 
**U» equation,  when  -r=:0,  wehave^=A-<i%  and  thequan- 
"fy  (-T  —  a)*  decreasing  as  x  increases,  g  is  also  increased 
ttjitil  -we  have  j':=  a,  when  ^=  i,  which  is  a  maiimum  va- 
lue ;  but  beyond  this  term,  although  x  be  increased,  <f  di- 
and  becomes  nothing,  when  (x~ay=  b.    The 
:ss  of  the  proposed  function  is  easily  traced,  and  it 
y  be  shewn,  that  the  greatest  value  of  y  corres- 
pondt  to  X  s  d  ;  by  substituting  successively  a-^  3  and  a  -t, 
initead  of  x,  we  find,  in  both  cases,  y-^b  —  i',  or  always 
less  than  b. 


•  S.eNci 


•^m 


N 
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Again,  \eti/-=b+(x-af.  !n  this  example,  if  j:  be  equal 
to  nothing,  then  j/^h-i-a'i  afterwards,  whilst  t  increases 
the  quantity  (*— a)*  diminishes,  as  well  as  _y,  until  x  =  a 
after  this  ( j  —  u  )^  increases,  and  also  ^,  whose  minimum 
value  consequently  corresponds  to  the  supposition  x=a. 
This  may  be  easily  verified  by  substituting  n-)- j  and  a  — >, 
instead  of  *:  since  we  find  in  both  cases  y=i  +  t*,  which 
is  always  greater  than  b. 

Every  function  which  increases  or  decreases  continually, 
whilst  the  variable  on  which  it  depends  increases,  admits 
neither  of  a  maximum  nor  a  minimum,  since  each  succeed- 
ing value  is  always  greater  or  less  than  the  preceding. 

The  rssentied  character  of  a  ma^cimum  consists  in  its  being 
greater  l!ian  both  the  values  •wkich  immediately  precede  and 
follmu  it }  that  of  a  minimum,  on  the  contrary,  consiits  in  iu 
being  less  tlian  bath  these  values. 

It  is  necessary  to  say  immediately,  because  it  frequently 
happens,  (hat  a  function  admits  of  values  which  surpass 
its  maximum,  or  which  are  less  than  its  minimum,  or  that 
it  admits  of  several  maxima,  or  several  minima,  of  unequal 
magnitudes:  and  this  is  not  very  difficult  to  conceive;  for 
if,  for  example,  the  function,  after  having  increased  and 
then  diminished,  should  again  increase  indefinitely,  it  would 
at  length  exceed  the  maximum,  which  it  had  before  at- 
tained. 

If  this  second  increase,  instead  of  being  indefinite^ 
should  cease  at  a  certain  point,  a  new  maximum  would 
arise,  which  might  be  different  from  the  former.  It  is  easjr 
to  perceive  what  would  take  place  were  these  changes  re- 
peated, and  varied,  in  their  respective  extent. 

We  will  now  proceed  to  state  the  method  of  discover- 
ing the  maxima  and  minima  of  functions  of  one  variable. 


48.   Let  1/  be  any  function  whatever  of  x,  in  which  this 
variable  has  attained  thai  value  which  makes  it  a  uuiximum, 
from  what  has  been   already  observed,  it 
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follows^  that  if  we  examine  the  values  oly  corresponding 
\x^x^h^  and  jt+A,  we  ought,  (however  small  the  quantity 
imajrbe),  to  obtain  results  less  than  the  maximum^  or 
greater  than  the  minimum.  Denoting  hj  ,y  the  value  of  y, 
wliich  corresponds  to  x—hy  and  byy  that  which  corres- 
ponds to  •r-f-A,  we  shall  have,  by  Taylor's  theorem  (21) 

y^y-ial^'^^  !_    -  ^21  JL.  ^  tec 

^-^^  dx  1    ^  dx»I72^rfi»   1.2.3^*^*' 

The  powers  of  a  quantity  less  than  unity,  becoming  so 
much  the  smaller  as  the  exponent  is  increased,  it  is  easy  to 
perceive  that  it  is  always  possible  to  assume  h  so  sniall, 

that  the  term  7^  A  may  exceed  the   sum   of  all  those 

a  X 

which  follow  it ;  and  since  this  term  enters  into  the  values 

of  ^y  and  y',  with  different  signs,  it  follows  that  one  of 

these  quantities  must  be  greater  than  y,  and  the  other  less  $ 

ccmsequently  the  proposed  function  cannot  be  a  maximum 

or  a  minimum,  unless  -^  be  equal  to  nothing.^    But  if  this 

d  X 

coefficient  vanishes,  wc  must  have,  in  that  case. 


*  If  there  is  any  doubt  concerning  this  assertion,  it  will  be 
iufficient,  for  the  purpose  of  showing  its  accuracy,  to  observe, 
that  a  series  of  the  form 

Ah+  B  h^+Ch?+  &.C. 
may  be  put  into  this  form  : 

and  that  the  part 

Bh  +  Ch^  +  D  h^+kc. 

vanishes  when  /*=0;  it  may  consequently  become  less  than  the 
quantity  A,  whose  value  remains  the  same,  whatever  be  the 
value  of  /«. 

u 


^8  DIFFERENTIAL   CALCULUS. 

^     ^^JP\.%    ^  JUT  l.^.S^ 
^yandyare  both  greateri  or  both  lesSi  than  y»  according 

as  the  value  of  the  coefficient  -j-^  is  positive  or  negative : 

in  the  first  case  y  is  a  minimum,  and  in  the  second  a  maxi^ 
mum.  From  this  it  foUowSi  that  the  value  vf  x,  tuUch  is 
necessary  to  make  a  function  y  a  maximum^  or  a  minimuniy 
(for  they  are  both  given  by  the  same  equation),  ts  thai 

which  when  substituted  in  the  differential  coefficient  T^,mU 

make  it  equal  to  nothing* 

In  the  example y  ^  b^  {x^a'f,  considered  above,  we 

have  -  ^  =  —  2(x  — fl);  and  equating  this  to  zero,  we 

have  X  ^  a.  To  discover  whether  this  value  relates  to  a 
maximum  or  a  minimum,  we  must  examine  the  value  of 

fa 

- --^5    and  since  this  is  reduced  to  —2,  a  negative  quantity, 

we  may  conclude  that  the  value  x  zz  a  gives  a  maximum 
value  of  y. 

Treating  the  function 

y  =*  +  (x  -a)\ 

in  the  same  manner,  we  find  x  s=  j ;  but  in  this  case  ---^ 

d  X* 

will  be  a  positive  quantity:  this  value  of  x,  therefore^ 
must,  in  the  case  before  us,  correspond  to  a  minimum. 

49.  We  must  not,  however,  conclude,  because  —^  0, 

dx 

in  the  case  of  a  maximum  or  a  minimum,  that  the  one  o 
the  other  must  necessarily  take  place,  whenever  this  condi- 
tion is  fulfilled.     In  fact,  if  the  value  of  x,  which  makes 
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-X  equal  to  zero^  causes,  at  the  same  timei  -p^  to  vanish. 
ix    ^  rfx*  . 

and  not  j^  ^  sincei  in  that  case^  we  should  have 

^^^^  dx^    l.«.  3^rf;r*  1.2.3.4^ 
and  ttnce,  by  assigning  a  suitable  value  to  k,   the  term 

7-2  — i..-.  may  be  made  to  surpass  all  those  which  fol- 

kw  kf  there  will  no  longer  exist  between  the  quantities 
Jl*  h  y>  ^t  arrangement  of  magnitudes  which  agrees  with 
a  maximum  or  a  tnimmum  \  the  middle  term  being  greater 
than  one  of  the  eztremes,  and  less  than  the  other :  as  we 
nay  observe  in  the  function  y  zzb-^  {x-  df, 

Bnt  if  the  same  value  of  x  causes  — ^   to  vanishj  we 

d  x* 

Bare 

y  zz  y  -{ r^  +   &c. 

^       ^  //a*  1.2. 3. 4 

in  which  the  conditions  relative  to  the  maximum  and  mini' 
mum  would  be  again  fulfilled ;  and  we  may  discover  from  the 

sign  of  „  ■  ■  which  of  the  two  takes  place.  In  this  man- 
ner we  shall  find  that  the  value  J=fl  gives  a  maximum  for 
the  function  y  zzb  —  (a  — x)*,  and  a  minimum  iory  =:  A  + 
{a  -  x/. 

Without  carrying  these  considerations  any  farther,  we 
may  readily  perceive,  that  a  maximum  or  a  minimum  can 
only  take  pbce  when  the  first  of  the  differential  coefficients, 
which  does  not  vanishj  is  of  an  even  order,  this  coefficient 
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being  negatire  in  the  case  of  a  maximum^  and  positive  in 
the  case  of  a  minimum. 

As  we  shall  have  occasion  (o  return  to  this  subject,  when 
we  consider  the  theory  of  curv^»  a  few  applications  will  be 
sufficient  for  the  present.^ 

50.  Suppose-  that  it  was  required  to  divide  a  pusftthy 
into  two  such  parti i  that  the  mth  potver  of  the  one  multiplied  h^^ 
the  nth  po^wer  ef  the  oiher^  may  be  greater  than  any  other 
similar  product  formed  of  the  parts  of  the  same  quantity^    . 

If  X  be  one  of  the  parts  of  the  quantity  ay  the  other 
will  be  ^1  -  X)  and  the  product,  whose  maximum  w^  seek^ 
being  represented  byy,  we  shall  baveysx"  (a^9^f  wheooe 
we  deduce 

dx 

and  making  each  of  these  factors  equal  to  zaro^  we  shairfind 

ma  ^ 

X  r: ,  j:  =s  0,    or  =  tf . 

fw+  n 

The  first  of  these  values  corresponds  to  a  maximum  / 
for  when  we  substitute  it  in.  the  general  expression  for 

-r-^ ,  it  gives  the  negative  quantity 


the  two  others  correspond  to  minima,  when  m  and  n  are 
€ven5  as  we  may  readily  secj  if  we  examine  the  differential 
coefficients ;  or  more  simplyi  if  we  make  x  ss  ±l  i  and 
X  =^z  ±  h.  We  shall  constantly  find  a  positive  result  in 
both  casesi  whatever  be  the  sign  of  the  quantity  h :  this 
shews  that  the  proposed  function,  after  having  decreased 
to  zero,  does  not  then  become  negative^  but  immediately 
begins  to  increase. 
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6U  Let  us  consider  the. function  -denoted  hjym  the 
equation  * .      .     ■»  ■  r^ 

wlioie difierential  is  -  '^*      '  ■ 

(y--mx)dy-{fny^9c)dJt:^0,(SB)    , 

witence  "    ' 

dy       my  — jr 

dx      y-^  mx 
from  which  we  have  * 

my  —  *  =  0. 

In  order  to  obtain  the  value  of  x^  we  must  combine 
this  equation  with  the  one  proposed ;  by  this  means  we 


XX'  %  %  rk 


from  which  there  results 


ma  a 


We  must  now  examine  the  value  of  the  differential  co- 

efBcient   — ^.     The  second   differential  of  the  proposed 
dx'' 

m 

equation  gives  the  following  one  : 

{y     rnx)  ^^,   +     —        .m^^    +  l  ^U, 

and  if  we  make  -i^  =  0,  it  becomes 

dx 

(y^mx)j^i  +1=0, 

whence  we  deduce,  by  putting  for  ^  its.  value,  in  terms  of  x, 

d\y   _.        —  ni       ^ 

we  must  now  substitute  the  value  of  j,  and  we  have 
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this  result  being  negative^  shows  that  the  value  of  y»  whicli 
has  just  been  determined^  is  a  maximum. 


€f  the  Values  of  Differential  Coefficients  in  eer* 
tcan  Circumstances^  and  of  Expressums  which 
become  I  . 

52.  If  we  enquire  into  the  value  of  the  maximum  or  die 
minimum  of  the  function  ay  zz  Va^  x*  -  a*,  we  easily  de- 
duce «  -2  =  -4=^==:  9  2nd  making  x=()|  it  becomes 

ax 

With  a  little  attention^  however^  we  may  perceive  that 

«*x  —  X* 

the  numerator  and  denominator  of  the  fraction  *-?ssaas^ei 

vanish  at  the  same  time,  only  because  they  are  multiplied 
by  the  common  factor  x.    If  we  free  them  from  this  fac- 

tor>  we  shall  have  a  -~  =      iiig  i     ,  and  consequently 

a  X        Va*  _  x* 

^  =  ±  1,  when  X  =  0. 
a  X 

.  Generally,  when  we  n^ake  xtsa^  in  an  expression  of  the 

form  "^C >  i^  becomes  |-  i  nevertheless  its  real  value* 

is  either  nothing,  or  finite,  or  infinite,  according  as  iii>  «, 

iffsif,  or  m  <jn\  for  by  suppressing  the  factors  common 

Pi  X— •iiY*""'* 
to  the  numerator  and  denominator,  we  have — ^     r\     '^ 

P  P 

in  the  first  case ;  ^-^  in  the  second,  and 


Q  Q(x-a)-— 

In  the  third  ;  it  being  understood,  that  the  quantities  Pand 
<2  neither  become  evanescent  nor  infinite  by  the  supposition 
oi  xzia. 
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Wiieaner,  therefore,  an  expression  presents  itjelf 
unJer  the  farm  | ,  we  must,  tn  order  to  discover  its  real 
nine,  disengage  it  from  the  factors  which  are  common  to 
iu  numerator  and  denominator;  differentiation  will  furnish 
U)  with  the  means  by  which  this  may  be  effected. 

The  ditTerential  of  the  expression  P{x—  a),in  which 
PiaioKi  any  function  of  r  which  does  not  involve  the  fac- 
tor i—«,  being 

{  jc-<i)dP-i-  Pdit 
•ill  not  vanish  when  x  =a. 

If  we  difierentlate  twice  in  succession  the  function 
P{z-aft  we  should  find 

(i-aydP  +  2  {x-a)  Pdx, 

(^x-a)'d*P+4(x-a)dPd.v  +  l.2Pd  .v'i 
tnd  since  P  does  not  contain  i  —  a,  the  second  difFerential 
i<  reduced  to  its  last  term.  By  pursuing  this  method,  we 
Uf  easily  prove  that  all  the  differentials  of  an  expression 
«  the  form  of  P  (  r  —  o  )"  as  far  as  the  order  m  —  1  inclu- 
nrely,  vanish  on  the  supposition  of  3:=a,  whenever  m  is 
ivbole  number,  and  that  the  Mth  differential  will  be  re- 
iocedto  1.2.  3  ...  m /"i/x":  the  factor  (  t  -  o  )"  would 
&appear  therefore,  on  this  hypothesis,  after  m  diSeren- 

It  is  not  necessary  that  we  should  know  the  value  of 
Ae  exponent  m;  neither  is  it  necessary  that  the  factor 
(f-fly  should  be  apparent,  in  order  to  know  when  the 
eiprwson  P{x  —  ay  is  freed  from  it ;  it  is  sufEcient  to 
try  after  each  differentiation,  whether  the  result  vanishes 
or  not,  when  a  is  put  for  x :  \a  the  latter  case  the  opera- 
tioa  is  completed,  and  the  result  we  have  found  represents 
the  quuility  1.2  ...  mPdif.  For  example,  take  the 
function  i*  -  d  x*  —  a*  j:  +  a*,  which  vanishes  by  the  suppo- 
lition  of  x=ai  its  first  differential  vanishes  on  the  same 
fcfpotbeus,  but  its  second  differential, which  is  (6  .r— 3  a)dx* 
doa  not  vanish.     It  is,  therefore,   freed  from  the  factor 


tion 


64t  DIFFERENTIAL  CALCULUS. 

(x-^aYy  amd  since  two  differentiations  were  necessary  for 
that  purpose^  we  conclude,  that  it  is  of  the  form  P  (x  *  a)\ 
which,  may  be  easily  ascertained  by  other  means ;  for  .     . 

This  being  premised,  if  in  the  case  of  m  =rif  we  dif« 
ferentiate  both  the  numerator  and  denominator  of  the  fmc- 

•-^ — ^^-Tf  m  times  successively,  they  will  be  disen- 
gaged  from  the  factor  x^  a%  for  we  have,  when  x  =  a 

d'^Qix-ay  "^   1.2.3  .•.  mQdx^    "   C  * 

If  it  is  the  numerator  which  first  afibrds  a  result  nrfuch 
does  not  vanish,  It  is  a  proof  that  the  factor  x  —  a  is  raised 
to  a  higher  power  in  the  denominator,  and  consequently 
that  the  proposed  fraction  is  infinite ;  if,  on  the  contrary, 
the  denominator  first  afibrds  a  result,  which  does  not  vai- 
nisht  the  proposed  fraction  is  nothing.  The  rule  may, 
therefox^,  be  thus  enunciated.  To  obtain  the  true  value  of  a 
function  which  becomes  ^,  iv/ien  ive  assign  to  x  some  particular 
value,  we  must  differentiate  the  numerator  and  the  denominator^ 
until  we  find  for  one  or  for  the  other  a  result  wUch  does  mi 
vanish  :  the  proposed  function  will  be  infinite  in  the  first  case^ 
and  zero  in  the  second  ;  and  if  we  find,  at  the  same  time^  two 
results  which  do  not  vanish,  it  will  have  a  finite  value, 

A  few  examples  will  render  this  sufficiently  dear. 

J*  — 1 
53.  1st.  The  formula  which  expresses  the  sum 

of  the  /I  first  terms  of  the  geometrical  series  1,  x,  x*,  x*,  &c. 
becomes  |y  when  x  s=  1 ;  the  sum,  however,  of  the  series, 
in  this  case,  has  a  determinate  value,  and  is  equal  to  n,  as 
we  shall  also  find  from  the  preceding  rule.  In  fact,  by  dif- 
ferentiating the  numerator  and  denominator  of  the  expres- 
sion ^ — "^ — ,  we  find  — ^ — ; ,  and  putting  unity  for  x, 

X— 1  dx 

it  becomes  equal  to  n. 
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M.  The  lual  value  of  l^zl^fiil^,  in  the  case 

4tmcy  can  only  be  obtained  after  tvro  differentiations  \  for 
the  fint  gives  ^ — ^    .,  a  reault  which  becomes  -^  when 

i:z  ci  bat  by  differentiating  again^  it  becomes  -  • 

8d.  If  we  enquire  into  the  value  of ; , 

when  x=a,  we  shall  find,  after  one  diffinrentiation  of  the 
mneratqr  and  the  denominator,  that  the  former  alone  be- 
comes equal  ^o  nothing,  when  we  put  a  in  the  place  of  x ; 
fiom  which  we  learn,  that  the  value  of  the  propgsed  func* 
tkm  is  zero.  The  contrary  would  be  the  case,  for  the 
foacdmi 


a  X"  x^ 


idi.  Although  we  do  not  immediately  see  Jiow  it  is 
pottiblc  to  give  the  form  -—-> —  to  the  transcenden- 

fal  iiinetion  — — » ,  which  becomes  | ,   when  x  =z  0,  we 

X 

may  nevertheless  apply  the  rule  to  it,  and  after  having 
differentiated  its  numerator  and  denominator,  we  find 
a'la  -  yi  b :  and  putting  0  for  j ,  we  have  \  a  —  \  by 
which  is  its  true  value. 

This  result  might  be  immediately  obtained  by  substi- 
tuting the  developement  of  the  functions  a*  and  b':  for, 
there  thence  arises 

^  =Oa-\b)  +  \(,\ar-{\bf\    --L  +  &c. 

and  the  supposition  of  TzrO  reduces  the  second  member  of 
the  equation  to  its  first  term.  We  may  remark  in  this 
cperation»  that  the  factor  x  has  disappeared  by  division. 

I 
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5th.  The  function  \-"»^  +  <^Q»^    is  reduced  to  | , 

when  the  arc  x=:  *;  but  by  applying  the  rule  to  it,  we 

shall  find,  that  its  true  value  is  in  that  case  1  • 

6th.  The  reader  may  exercise  himself  on  the  functions 

a->/^ax  —  x*    '       l-x  +  lj' 

the  former  becomes  -f,  when  xr:  j,  and  the  latter  when 
jTzzl :  their  real  values  are  respectively  —1  and  —  2, 

54.  The  rule  ih  No.  52.  would  not  be  applicable  to  those 
cases,  where  the  factors  are  raised  to  fractional  powers ;  for 
since  the  successive  difierentiadons  only  abstract  'unita 
from  the  exponent  m  of  the  factor  x-Oj  they  can  never 
exhaust  that  exponent  when  it  is  a  fraction :  it  will  only 
become  negative  when  the  number  of  differentiations  sur- 
passes the  greatest  whole  number  which  it  contains  (13). 

(  a*—  «M  % 
If  we  had,  for  example,  ^ ;;•  ,    although   the  true 

{x—a)t 

9 

value  of  this  fraction,  when  xzia^  is  (  2  dj^y  we  should  ne- 
ver arrive  at  it  by  differentiation :  we  should  find^  succes- 
iivelv, 

the  first  of  tnese  results  becomes  -f,  when  ar=a,  and  the 
same  supposition  renders  infinite  the  numerators  and  deno- 
minators of  all  those  which  follow.  If  we  make  the  nega- 
tive exponents  disappear  by  transferring  into  the  denomi- 
nator those  which  appear  in  the  numerator,  and  vice  versa, 
the  new  expressions  which  result  from  this  change  will  all 
reduce  themselves  to  | . 
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55.  This  difficulty  results  from  the  differential  not 
being  of  the  form  pd  x,  in  the  case  in  which  a  particular 
Talue  of  X  causes  an  irrational  part  of  the  function  to  dis- 
appear. 

If  we  had,  for  example,  y  =  i  +  ^x  —  a,  and  if  we 
wished,  when  xzza,  to  find  the  consecutiye  value  of  y,  we 
most  put  a  +  dx,'m  the  place  of  x,  and  there  arises 

and  the  difference  will  be 

It  is  reduced  to  the  single  term  dx^,  which  is  consequently, 
die  differential  relative  to  this  case :  from  this  we  deduce 

dx  dx  d  x"^ 

an  expression  whose   denominator  alone  vanishes  when 
^1=0,  and  from  which  it  results,  that  the  differential  co- 
efficient -r^  is  infinite  for  the  particular  value  oi  x^a, 
ax 

In  the  sequel  the  consideration  of  curves  will  explain 
more  clearly  this  species  of  paradox.* 

56.  The  following  method  is  general,  exceedingly  sim- 
ple, and  comprehends  also  the  rule  in  No.  52.  It  was 
only  reserved  for  this  place,  because  the  preceding  consi- 
derations seemed  better  calculated  to  explain  the  nature 
and  difficulties  of  the  subject. 

Let  -r?^  be  a  function  whose  numerator  and  denomina- 
tor become  evanescent,  when  x=sa'y  substituting  ^  +  /i  for 
Xf  the  functions  -f  and  JT^  may  be  developed  in  ascending 
series  of  the  form 

J/i''+Bh^-¥  &c.  J'h*\  Fh^+iic. 

that  is  to  say,  in  which  the  exponents  a,  0,  Sec.  continue 

*  See  Note  (F). 
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increasing^  and  are  poaitiye}  tmcethe^e  aeiiel  6uglit  to 
vanish  on  the  hypothetua  of  A  =:  0,  which  oorrespottcla  t» 
that  of  xsaa :  we  shall  have^  therefore, 

^A*+  jB  A^  +  &C. 


instead  of  the  proposed  fraction.    If,  in  this  Tesuit, 
suppose  hssO^  we  ought  to  hare  the  value  which  the  func- 

tion  —  assumes,  when  we  change  x  into  a  i  and  although 

it  appears  at  first,  that  it  would^  in  that  case,  reduce  itself 
to  f ,  we  shall  presently  see  that  it  has  always  a  determl-^ 
nate  value. 

Distinguishing  the  three  cases  of  «  >  «',  «  =  «',  and 
a  -<,  a'j  we  may,  in  the  two  first  cases,  write  the  expression 
thus: 

^'  +  5'A^'"'*'  +  &c. 

Under  this  fornx  it  is  easy  to  perceive,  thai  «s  loiig  as 

a  is  greater  than  a,  the  supposition  of  AsO  will  ivake  the 
fraction  equal  to  nothing,  ^d  that  it  will  be  reduced  to 

^, ,  when  a  zz«  •    In  the  third  case,  on  the  contrary,  whea 

It'     • 

»  <  a'f  we  hay« 

jt  +  Bf,^'"  +  &c. 


^'*-     %  J'A^"-"  +  8cc. 

and  this  resuk  become^  infinite,  by  the  supposition  of 
hzzO.  In  all  cases,  the  txyifi  value  depends  on  the  first 
term  alone  of  each  series. 

The  following  rule  extends  to  all  functions  which  can 
present  themselves  under  the  indeterminate  form  | .  Tate 
the  first  term  of  each  of  the  series  tohich  express  the  developement 
of  the  numerator  and  denominator,  when  x  =:a  +  h  j  reduce  the 
resubing  fraction  to  its  most  simple  firm ,  and  then  make  h^o : 
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'^  ffSitlt  tfmt  obtmned  vtUl  it  the  value  of  the  propped  frae* 
lion,  ^vhfn  Y=a. 


find  by  differentiation,  when  . 


whose  value  we   could  not 
r  =  a  (5*  ),  becomes  by  this 


^heti  I  is  changed  into  i  +  A ;  making  A  =  0,  we  obtain  its 

**^e»alue  (2a)'  . 

Toe  same  method  will  be  sometimes  more  convenient 

^*ti  differentiation,  even  when  that  process  13  applicable. 
*^»  example,  it  requires  four  successive  differentiations  of 
***e  numerator  and  denominator  of  the  fraction 


-4ax^  +  Ta^j—2a 


2«'/2 


J'-  2  a  X-  a^  +  e.j  V'b  a  ,r-i'* 
to  arrive  at  its  true  value,  in  the  case  of  r=a. 

Writing  a  +A,  instead  of  x,   as  the  rule  directs^  it 
becomes 

g  fl*  +  e  a*  A  -a  A'  +  A*  -  g  a  Va'  +  i  a  h  _ 
-2  a"  +  A'  +  2  a VT^*irf  ' 

and  Kditcbg  the  radicals  into  aeries>   we  shall  have 

_   BA* 

la"  • 


v7 


aA=fl  +  A- 


.7-1  .r  ^  +  &<:. 


'/a-~k=a 


-  &c. 


The  substitution  of  these  two  series  in  the  preceding  fraction 
will  give  —  5  a  for  the  true  value  required. 

57.  A  function  may  present  itself  under  several  inde- 
terminate forms,  apparently  different  from  that  of  | :  it  is 
proper  to  be  acquainted  with  these  forms,  which  will  be 
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foundj  upon  examination^  to  be  identical  with  tb^  one 
preceding. 

l8t.  The  numerator  and  denominator  of  the  fraction—-^, 
may  become  infinite  at  the  same  time ;  but  this  fraction  being 

written  thus :  "j" »  b  reduced  to  the  form  I,    when  X 

and  X*  are  infinite. 

2d.  We  may  sometimes  meet  with  a  product  composed 
of  two  factors,  one  infinite,  and  the  other  nothing.  Let 
P  (2  be  a  product  of  this  kind,  in  which  the  supposition  of 

jrrrfl  gives  P  =  0,  Q  =  -  ;  we  may  write  it  thus :   P  jj 

L        .      , 

—  1  ,  and  since  JL  =  O,  we  have 


e  « 


PC=I*. 


*  The  method  of  No.  5Q.  presents  some  difficulties,  when  it 
is  required  to  apply  it  to  differential  coefficients,  given  by  an 
equation,  in  which  the  Tariables  x  and  y  are  mixed.  We  most 
have  recourse  to  particular  artifices  for  deducing  from  the  pro- 
posed primitive  equation,  a  value  of  y,  developed  and  arranged 
according  to  the  powers  of  A.  (See  the  larger  Treatise  on  the 
Differential  and  Integral  Calculus.) 

When,  however,  the  equation  is  free  from  radicals,  we  may 

arrive  at  the  true  value  of  --^ ,  by  the  considerations  indicated 

in  the  note  at  page  41. 

M 

In  fact,  the  equation  M+Np=.0,  giving p=  —  rr ,  leads  to 

^  =  !»   when  the  quantities  ilf  and  Evanish  together;   but  in' 
this  case,  the  complete  developement,  from  which  the  equation 
is  deduced,  is 

ilfA  + 
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56.  If  we  wish  to  obtain  the  value  of  the  function 


fifli  X  is  infinite,  or,  what  amounts  to  the  same  thing,  to 
obtun  its  limit,  we  shall  not  be  able  to  obtain  it  by  any  of 
ibt  methods  we  have  just  employed,  on  account  of  the 
inpossibility  of  reducing  x  to  a  series  of  the  required  form ; 
Kmust,  therefore,  have  recourse  to  some  consideration! 
pecoliar  to  the  nature  of  the  proposed  function  1  r. 

Changing  x  into  n,  and  a  into  x,  in  the  developement 
ofa'(24),  we  find 


i-=H-  . 


1.2 


J.2.  3 


-  +  &c. 


riwncc  we  conclude  that 


1  1.2  i.a.  s 


"111  +  "'('■^)'  H 
1.2  l.«.  3 


E*+ JV  *  h  +Ph'+2  n  h'+R  it'  A*+S  A'  +  &c.=0  i 
t  in  (fail  case,  becomes 

PA'+a^h^+R^^k-+S/i>+8ic.=  0, 
bdivisible  by  A*:  liy  takiog  the  limtU,  making  h=iO,  and 
r  JDtO  p,   we  have 

P+  Sp  +  Rp»=  0; 
nd,  ill  thii  caie,  we  find  two  values  of  p. 

If  the  Talues  of  x  and  ji,  which  m^kc  the  quantities  TIf  and  JV 
diRppemr,  likewise  aanihilale  the  quaniities  P,  2,  fl,  we  must 
bie  rccourK  to  those  lernis,  in  which  the  increment  A  riaes  to 
(tie  third  power,  in  order  to  obtain  p,  which  will  then  have 
three  vatui-s.  We  shall  afterwards  have  occasion  to  obsejve, 
in  what  manner  the  quantities /',S,ff,  &c.  which  we  may  calcu* 
btc,  mpriori.  by  making  the  substitution  indicated  in  the  note, 
p«gc  41,  may  also  be  formed  by  dilTcrentiation. 
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g  quantity  which  appioximatet  towards  2Sero,  in  propor« 

tion  as  x  augments,  unless  n  is  incomparably  smaller  than 

59.  An  equation  TrrO,  which  has  n  eqnal  roots,  is  of 
the  fonn 

the  factor  P  containing  the  unequal  roots ;  and  it  follows, 

from  what  has  been  said,  in  No.  52,  that  all  the  difi«ren- 

dV    d*V  </*"**  V 

rial  coefficients  •—  ,   ,  as  far  as  ■■;_i    inclusively, 

d  X     a  x^  d  X 

vanish  by  the  supposition  of  x  :=:  a,  since  they  all  contain 
the  factor  X— a.    The  equations 

willy  therefore,  all  hold  good  at  the  same  time  ;  and  if  we 
seek  the  factor  common  to  the  first  and  second  equations, 
which  are  respectively 

d  x 

It  is  evident  that  we  shall  find  (x  — ^  )*'^^ 

J  y 

We  may  easily  recognise  the  equations   *— '    iz  0, 

d  X 

j'l  y 

._--  =  0,  See.  as  precisely  the  same  with  those  denoted  by 

d  XT 

{J),  (B),  &c.  in  No.  205.  of  the  Dements  of  Algebra. 

These  considerations  may  be  easily  applied  to  the  case 
in  which  the  proposed  equation  contains  several  sets  of 
equal  roots ;  that  is  to  say,  when  it  is  of  the  form 

jr(x-/i)«(x-*)'=0; 

for  by  differentiating  the  first  member,  according  to  the  rule 
of  No.  1 1,  we  find 
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(■■■ 

I  quotity  wliich  yanishes  when  x  =  a,  and  i  —  b;    and 
•Inch  lias,  with  the  given  equation,  the  common  divisor 

We  may  operate  in  the  same  manner,  whatever  be  the 
Mffiber  of  factors  (r-o)",  {x-h)",  (jr-c)'»  &c.  and  we 
jbllalwajrs  ^nA,  thai  the div'uer  eomtmn  to  the  equations  \  =Q, 

<«  J—  =  0,  vjili  centain  the  equal  fader i,  each  raised  to  a 

pnnltn  kg  unity,  than  the  same  factors  in  the  pnjKsed  equa- 
ltMV=0. 


Ofl  (he  Application  of  Hip  Differential  Calculus  to 
the  Thettry  of  Curves* 
60.  It  was  in  the  course  of  enquiries  relative  to  curve 
Ssetthat  Geometers  first  arrived  at  the  Differential  Calculus, 
vtiehhas  since  been  exhibited  under  so  many  different  points 
of  view  ;  but  whatever  may  be  the  origin  we  assign  to  this 
calculus,  it  will  always  depend  on  an  analijlical  fact  ante- 
cnfent  to  any  hypothesis,  as  the  phsenomenon  of  the  fall  of 
Iittvy  bodies  to  the  surface  of  the  earth,  is  antecedent  to 
^  explanations  that  have  been  given  of  it ;  and  this  fact  is 
pteciaely  that  property  which  all  functions  possess,  of  ad- 
mitting a  limit  in  the  ratio  between  their  increments  and 
Aat  of  the  variable  on  which  they  depend.  This  limit, 
which  is  different  for  different  functions;  but  constantly 
die  tame  for  the  same  function,  and  which  is  always  inde- 
pMiIent  of  the  absolute  values  of  the  increments  them- 
selves,  characterises,  in  a  peculiar  manner,  the  course  of 
the  function  in  the  different  stages  through  which  it  may 
In  fact,   the  amallet  the  limits  of  the  independent 


I 
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variable,  the  more  nearly  the  successive  values  of  the  func- 
tion approximate  to  each  other ;  die  more  does  the  func- 
tion also  approximate  to  coincidence  with  the  law  of 
continuity;  and  the  more  nearly  does  the  ratio  of  its  changes 
to  that  of  the  independent  variable  approximate  to  the  limit 
assigned  by  the  calculus.  By  the  law  of  continuity  is 
meant  that  which  is  observed  in  the  description  of  lines  by 
motion,  and  according  to  which  the  consecutive  points  of 
the  same  line,  succeed  each  other  without  any  interval.  The 
method  of  considering  magnitude  in  analysis  does  not  ap- 
pear to  admit  of  this  law,  since  we  always  suppose  an  in- 
terval between  two  consecutive  values  of  the  same  quan- 
tity; but  the  smaller  this  interval  is,  the  more  nearly  we 
approach  to  the  law  of  continuity,  with  which  the  limit 
accurately  agrees ;  it  Is  also  in  virtue  of  this  law  that  the 
increments,  although  evanescent,  still  preserve  the  ratio  to 
which  they  have  gradually  approached,  before  they  vanish. 
The  precedlnij  statement  appears  to  involve  the  true 
and  philosophical  explanation  of  the  nature  and  properties 
of  the  Differential  and  Integral  Calculus,  when  viewed  in  its 
application  to  questions  connected  with  curve  lines,  and 
the  theory  of  motion.  The  dIfEcuIty,  in  both  cases,  arises 
from  the  existence  of  a  continuity,  in  the  changes  of  lines 
and  of  velocities  ;  and  the  consideration  of  limits  {or  any 
other  equivalent  to  it),  furnishes  the  means  of  establishing 
this  continuity  in  the  Calculus. 

61,  Geometrical  considerations  show  very  clearly  thlt 
the  ratio  of  the  increments  of  a  function  and  its  variable, 
is>  generally,  susceptible  of  limits. 

Every  function  of  one  variable  may  be  represented  by 
the  ordinate  of  a  curve,  whose  abscissa  is  the  variable  itself 
(Trig.??)*}  and  the  ratio  of  the  ordinate  of  acurveto-itB 

•  "  Our  aiilhor  here  refers  to  his  Traill  El^mentaire  de 
"  Trigonometrie  Rectiligne  et  Sphenque,  et  d' Application 
•'  d'Algcbre  a  la  Geometrie,  which  forms  a  part  of  bis  Elcmen- 
"  tary  System  of  Analysi»." 
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M  P  S,  die  r 


HAcuigent,  eorre^onds  to  the  differential  coci!ident  a£ 

dat  function.     In  fact,  if  in  any  curve  whatever,   C  JD;    ^^^ 

fig.  I,  we  draw  through  two  points  M  and  Af,  a  secant   Fig.  I, 

M if,  which  is  prolonged  until  it  meets  the  axis  of  the 

ibtcius  A  B,  in  the  point  S  ;  and  if  we  also  draw  the  two 

ordinatca  P  M,  P'  M\  and  the  right  line  M  Q,  parallel  to 

JS,   we   have,  from  the  similar  triangles  Af' Q  ^  and 

,-j^,e<,ualtotherat.o.^ 

»e  conceive  the  point  Af  to  approach  continually  to  the 
jMint  M,  the  point  S  will  also  approach  towards  the  point 
T;  and  consequently  the  line  P  S  will  constantly  tend  to 
become  equal  to  the  subtangent  P  T;  the  ratio  — ^-  -  will, 

^enfore,  approximate  to  the  ratio  -  -      ,  which  will  be 

in  limit ;  and  also  that  of  the  ratio  of  the  increments  MQ, 
""^  M!  Q,  which  the  abscissa  and  ordinate  simultaneously 
ttcrive. 

Flora  this  it  follows,  that  when  tlie  function  which  re- 
IRtmts  the  ordinate  ts  known,  its  diflerential  coefficient 


but  if 


B  pve  the  expression  for  the  ratio 


PM 
PT' 


and,  recipro- 


ti&ji  if  this  ratio  is  found  by  other  means,  it  will  furnish 
tjbe  ^fferential  coellicient  of  the  function  corresponding  to 
die  ordinate* 

•  Although  ihere  can  scarcely  exist  a  doubt  of  the  equality 
of  Iwo  quantities  which  are  the  limit  of  the  sanie  variable  quan- 
tity, yet  it  baa  been  usual  to  demonstrate  its  truth  in  the  fal- 
tming  manner : 

Let  A  and  fi  be  the  two  first  quantities,  and  V  the  third.  If 
A=  B  —  D,  and  if  V  be  always  less  than  A,  however 
Dcai'  It  may  be  to  that  magnitude,  the  diflerence  between  it  and 
S  will  always  exceed  D.  Nor  can  it  be  said  that  V  is  con- 
Uioed  bdwcea  A  and  B ;  for  it  would  then  difler  from  B  or 
frcot  Aj  by  a  quantity  at  least  equal  to  ^  Z> :  thus,  in  all  cases, 
*'  cannot 
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w 

I  62.   When  we  assign  successive  values  to  the  absciuc, 

I  the  ordinates  which  correspond  to  these  values  will  deter- 

mine points  in  ihe  curve,   which  may  be  regarded  as  being 
situated  at  the  angles  of  a  polygon  inscribed  in  that  curve. 
If  we  take,    for  example,    on  the  axi^  of  the  abscissa 
Fic.2.  the  points  P,  F,  F',  fig.  2,  distant  from  each  other  by  the 
constant  quantity  h,  we  shall  have 

JP=T,     AP'=i-\-h,    J  P"  =  x  +  2  !i,&c. 

and  if  we  draw  the  ordinates  P  M,  P  M,  P"  M",  and  join 

the  points  Af,  M",  M",  &c.  by  the  chords  of  the  intercepted 

1^^^      arcs,  we  shall  form  the  polygon  M,  Af,  M",  &c.  which  will 

^^^L     differ  so  much  the  less  from  the  proposed  curve,  the  nearer 

^^^B     the  points  M,  AT,  Af'  are  to  each  other.    But  at  the  same 

^^^V    time,  the  number  of  sides  will  be  increased,  since  the  distance 

^^^B     P  P"  will  be  contained  a  propoitionally  greater  number  of 

^^^P      times  in  the  given  abscissa  A  B.     The  curve  C  D  will  be 

^^"        evidently  the  limit  of  all  these  polygons ;  and  consequently 

whatever  properties  can  be  proved  to  belong  to  this  limit, 

t  belong  likewise  to  the  proposed  curve.* 


I 


y  cannot  approach  at  itie  same  time,  as  near  an  we  please,  to 
the  two  quantities  A  and  B,  tvhich  is  contrary  to  the  definition 
of  limits. 

*  Leiboitz  always  considered  tlie  Differential  Calculus  under 
a  point  of  view  very  nearly  similar. 

"  Sentio  autem  ct  haoc  ct  alias  (mcthoda't)  haclenus  adhibi- 
"  tas  omnes  deduct  posse  ex  gcoerali  quoilam  meo  dimetiendo* 
"  rum  curvilineorum  prlncipio,  quod  Jigura  curviUnea  cctuenda 
"  sit  aquipollere  pulygono  infinitoram  lahrum ;  unde  sequitur, 
*'  quicquid  de  (ali  polygono  demonstrari  potest,  slve  ita,  at 
"  nullushabeaturad  iiumerum  lalerum  respectus,  sive  ita,  ut 
"  tantA  niagis  verificetur,  quaiilo  major  sumitur  laterum  nume- 
"  rus,  ita,  ut  error  tandem  fiat  quovJs  dato  minor;  id  de  curva 
"  posie  prununtiari."   (Ada  Eruiiitontm  ana.  \6ii,  page  585.) 

This  c:(planatioa  of  the  principles  of  the  Differential  Calculus 

very  luminous,  aod  differs  from  that  above  given  in  one  cii^ 

cumstaoce 
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This  beiDg  premised,  if  we  draw  M  Q  and  M'  Q'  paraU 
Ul  to  the  axis  A  B,  M'  Q^  will  be  the  difference  of  two  con- 
(Kudve  ordinates,  P  M  and  F  M\  and  M"  Q'  that  of  the 
ordiiwtes  P'  M  and  P" M".  Producing  the  right  line  M  M 
to  W,  we  shall  form  the  equa.1  iriangles  M  M' Q,  and 
KN"  Q',  which  will  give  M'  Q  =  X'  Q ;  from  this  there 
luolts 
JtT-N-'=  l^'Q"-  M"Q, or  M"N"  =  Af'Q;-N"Q;i 

and  consequently  //"  Q'  —  M"  Q—  ^  M"  N",  according 
3)  ih>.'  curve  is  concave  or  convex  towards  the  aus  of  the 
abicissB- :  M"  N"  will,  therefore,  be  the  difference  of  the 
lines  Af' (2  and  M"  Q. 

The  Differential  Calculus  will  give  us  expressions  for 
^different  lines;  for  we  have  (21j, 


P^^.=,^^^*.  Jj. 


-PM=MQ  =  il.i 


dx"  1,2 


^ 


+    &C. 


^        J  J'   I  d  i  -    1 . 2 

irom  whence  it  follows,  that  if  we  take  A  =4  r,  the  value 
cfJfO  wilt  approach  nearer  and  nearer  to  the  first  dif- 
J  dv  ;  and  that  of  M"  N"  to  the  second  dilferential 


L^MBtialrfi 


e  only,  that  ihe  limit  it  here  considered  as  a  polygon 
of  U  iofinile  number  of  infinitely  small  sides. 


^ 
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d^y.    By  considering  a  fourth  point  in  the  polygoi 
should,  in  a  similar  manner,  6nd  a  Rue  corresponding  to 
the  third  differential. 

63.  The  lines  P  M,  Jlf  Q,  M"  N",  have,  in  relation 
to  the  calculus  of  limits,  a  remarkable  subordination, 
indicated  by  the  exponents  with  which  the  increment  6  is 
affected  in  the  first  term  of  their  respective  expressions, 
which  exponent  is  the  same  as  chat  of  the  order  of  the  dif- 
ferential to  which  they  correspond.  We  observe,  in  fact, 
that  the  ratio  of  Jf  Q  to  PM,  continually  diminishes,  and 
at  last  vanishes,  when/j=0,  which  is  likewise  the  case  with 
the  ratio  of  AT'  N"  to  M'  Q ;  but  if  we  compare  the  first  of 
^ese  with  the  square  of  the  second,  the  ratio  will  have  an 

assienable  limit,  which  will  be  that  of  — ^  to  _^   (56).  * 
d  ji        a  X' 

6*.    We  may  obeerve,  from  wliat  precedes,  that  the 
differential  coefficient  of   the   first  order  ~ ,  which  ex- 
P  M 


trigonometrical  tangent  of  the  angle  ^TP,  which  the 
right  line,  touching  the  curve  in  tlic  point  M,  makes  with 
A  B,  the  axis  of  the  abscissx. 

Further,  if  we  observe,  that  when  the  ordinate  is  posi- 

.   live,  the  difference  M"  Q'  —  Af  Q,  fig.  2,  is  negative  or  po^ 

sitive,  according  as  the  curve  is  concave  or  convex  towards 

the  axis  of  the  absclssie  ;  and  as  this  must  be  the  caae. 


*  This  furnishes  a  verysinit>le  ex|)Ianalionofllie  various  oi^ 
>  ders  of  iutiaiteaimals  admitted  by  Leibnitz.     Me  considered  the     I 
first  difTcrential  as  infinitely  small,  with  respect  to  the  ordinate  j    ') 
the  second  difTerential  as  infinitely  small,    with  respect  to  the     i 
first ;  and  so  on  successively.   Upon  ihia  principle,  he  neglected 
difTerentials  of  all  orders,  when  compared  with  Ihnse  preceding, 
which  is,  in  fact,  what  must  always  he  virtually  done  whenever 
we  would  pass  to  the  consideration  of  the  Umits.  ^^, 


r  small  we   suppose  the   distances  of  the  points 
■P.  P",  P',  or  the  value  of  k,   to  be,   we  conclude  that 

the  first  term  -j-^  h\  in  the  expression  for  M"  Q*— Af  Q, 

which  may  be  rendered  greater  than  the  sum  of  all  those  wliicK 
succeed  it,  must  consequently  have  the  same  sign  as  the 
difference  Ai"  Q'  —  M'  Q  itself;  but  the  quantity  A*  being 
essentially  positive,   it  followsi   from  what  we  have  said, 

ihat  -r-^  is  negative  or  positive,  according  as  the  curve  is 
Wncive  or  convex  to  the  axis  of  the  abscissse. 

The  inspection  of  the  curves  c  m,  placed  below  the  axis 
<>ftheab8ci88je,  shows  that  ihe  signs  of  —-^  ought  to  be 

"tea  in  an  inverse  order,  when  the  ordinate  is  negative  | 
™d  that  consequently,  a  curve  is  convei  cr  cmcavt  tonmrit 
™  o^'ts  nflhe  aiscijjtc,  according  as  the  ordinate  and  ilt  second 
°!g^ential  ceefficient  are  of  the  same  er  different  signs. 

65.     Since   the   angle  M  T  P  becomes   known    by 

■"S^na  of  the  differential  coefficient  -j^  ,  we  shall  find  no 

■      difficulty  in  constructing  the  tangent  M T,  fig.  1,  but  we    F'o.l. 

I^erally  make  use  of  the  subtangent  P  T,  which  may  be 

teadily  calculated,  by  observing  that 
i  PM        du     .         j:,.j,_PMdx         yd  t 

I       ^  triangle  P  M  T,  which  ha«  a  right  angle  at  7"  gives 

w 

I  The  c 


\MT-='Jl^M'-iPT'=s\/  1  + 


Ja-  ■ 


The  consideration  of  the  similar  triangles  P  MT  and 
P  M  R,  gives  the  suhnormal 
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The  triangle  P  M  R^  which  hat  a  ri^  angle  at  P^ 
gives  the  normal 

66.    The  following  are  a  few  examples  of  the  appfiea^ 
tion  of  these  formulae. 

The  general  equation  of  lines  of  ^e  second  order  being 

y*  ^mx  -{-  nx\     (Trig.  148.), 
we  have 

from  which  we  deduce 


M 


d  X  2 

R^y  \/l+^  =  Vm  X  +  /1  a*  +  i  (m  +  2  n  x)\ 
^  d  1 

When  11=0,  the  curve  becomes  a  parabola  (Trig.  114.), 

in  which  case  we  have 

*  ■ 

PT:=z2.Xj  M  r=  V^#7i^  +  4r* 

# 

J*-R=    J  MR  =  \^mx+ifn'. 

We  may  deduce  from  these  values,  the  results  and  con- 
structions indicated  in  the  application  of  Algebra  to  Geo- 
metry, for  lines  of  the  second  order. 

In  the  curve  represented  by  the  equation 

a'  -  Saxy  +  ^  =  0, 
we  have 

dj^  -.  ^j^-'f* 
dx        y*— ax* 


P     ai  m  iluU  find 


PT^'- 


ay-j 


,-x' 


vhitb  nlae  may  be  easily  constructed  when  wc  have  as- 
lijiKil  the  value  of  r,  and  determined  that  oft/.  (Trig.  6t.) 

67.  It  is  often  more  convenient,  and  besides  more 
ri^nt,  to  consider  the  tangent  and  the  normal,  by  means 
t!  iheir  equation  (Trig.  1+8).  To  obtain  that  of  die  for- 
mer, let  us  examine  generally  what  relations  ought  to  exist 
•D  dat  3aj  two  lines  may  touch  each  other.  Considering 
duK  lines  as  at  first  having  two  points  Mand  M',  Bg.  ],  ] 
in  common,  it  is  evident  that  their  equations  ought  to  give 
(he  lame  values  of  the  ordinate  P  M,  and  the  difference 
Jf  Q,  corresponding  to  the  abscissa  -i/*,  and  its  incre- 
ment P  P'.  If  then  a-  and  ^  denote  the  co-ordinates  of  the 
point  M  of  the  proposed  curve,  and  if  we  denote  by  jr'  and 
yihoKof  any  point  in  the  line  which  cuts  it  iuM  s,ndAf, 
WtiltallhaTe  for  these  two  points 

y=«,  ^A+  &c.  =  'fi-f.  +  SLC.    (62.) 

Tile  secpud  equation  is  divisible  by  k,  and  when  we 
lAe  the  limit,  and  suppose  A=0,  it  is  reduced  to 

ijL  -  iM.- 

But  on  this  hypothesis,  the  two  points  of  intersection  are 
nnited  in  one,  which  becomes  a  point  of  contact  for  the 
lines  I  since  they  have  now  only  this  one  point 
It  follows  from  this,  that  when  two  lineB 
toadl  «ch  other,  we  have,  for  their  point  of  contact. 

When  one  of  these  is  a  right  line,  whose  equation  is  of 
»y3=^*'  +  B,(Trig.  83),  and  which  gives^,  z:A, 
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we  have,  for  the  contact  of  this  line  with  the  tnve  pfo- 
posed, 

a  X 
whence  we  conclude,  that 

^       dx'        ^       dx       ^        dx^ 


or 


d  X 

frain  this  equation  we  deduce  that  of  the  nonnal,  wfaidi  is 
perpendicular  to  the  tangent,  and  which  passes  tfaroogh  Ait 
pdnt  JIf :  this  will  be 

9-9--  ^^'''"''^        (Trig.  86.) 
For  the  circle,  whose  equation  is 

we  havie 

dx  y 

and  the  equation  of  its  tangent  will  therefore  be 

y 

or 

since  x^-^rji^^a^* 

The  equation  of  its  normal  becomes 

which  is  reduced  to 

y  ^  •"  •*  > 

X 

this  proves  that  all  the  normals  of  the  circle  pass  through 
its  centre,  which  is  here  the  origin  of  the  co-ordinates 
(Trig.  83.)>  and  this  ought  to  be  the  case»  since  the  nor* 
mals  to  the  circle  are  nothing  more  than  its  radii. 


lie  Ungent  of  the  curre  given  by  the  equation 
">■  tor  Its  equation 

*hencc 

*'*'-<»  ly-y'-^a  xs  =  aj/  x'-x^x'-a.ry■^■x'■, 
*nd  if  we  put  for  y*  its  value,  and  reduce  the  equation, 
*e  obtain 

68.  If  it  were  proposed  to  draw  from  a  point  without 
'oe  curve,  whose  abscissa  is  a,  and  whose  ordinate  is  fi,  a 
'Sn^ent  to  the  curve ;  it  is  evident  that  we  must  substitute 

•  for  t',  and  8  fory  in  the  equation  of  die  tangent,  which 

*""!  then  become 

*****  will  serve,  when  combined  with  the  equation  of  the 
curv^^  to  determine  the  coordinates  i  and  j  of  the  point 
"**   contact. 

Let  us  take,  for  Our  first  example,  the  circle,  the  cqua- 
^n  of  whose  tangent  is 

>y  +  a-i'=<»'     (67), 
'•shall  ha»c 

This  equation,  combined  with  that  of  the  circle,  will 
determine  the  co-ordinates  .i  and  y  of  the  points  of  con- 
act;  or,  which  amounts  to  the  same  thing,  it  will  deter- 
mine  the  points  where  the  circle  meets  the  right  line, 
VlMMe  equation  is 

Sj,  +  «.r=fl'.         (Trig.  110.) 
the  curve  corresponding  lo  the  equation 

At  point  of  contact  will  be  found  by  determining  the  in- 
tertection  of  this  curve,  with  the  line  of  the  second  order, 
results  from  the  equation 

e(/-aj-}  +  «(,i'-oj/)  =  axy. 
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59.     In  order  to  draw  a  line  to  touch  a  given  curve, 

which  shall  also  be  paraJlel  to  a  given  straight  line,  or 

rhich  shall  make  with  tlie  axis  of  the  abscissae,  an  angle^ 

rhose  tangent  is  represented  by  a,  n  is  sufficient  to  make 

'j^=  "  (Trig.  85);  combining  this  equation  with  that  of 

the  proposed  curve,  we  may  determine  the  values  of  x  and 
jf  at  the  point  of  contact. 

If  the  proposed  curve  be  the  common  parabola, ' 

■"  *        dx        •iy 

'hich  gives 

V  =  —  I    and  x-=.  — 


t  of  X  and 

1 


70.     In  all  that  precedes,  we  have  supposed  the  co- 
■  ordinates  x  and  y  to  be  perpendicuhr  to  each  other.     But 
t  is  easy  to  perceive,  that  when  they  are  inclined  at  any 
vivcn  angle,  the  ratio  of  JJ'  Q  to  M  Q,  will  still  have  for 
E  limit  that  of  P  A/  to  /'T.-  the  equation  of  the  tangent 
Wil  also  preserve  the  same  form.   With  respect  to  AT  7", 
\>2d R,    and  PR,  we  may  find   expressions  for  them  by 
I  means  of  the  triangle  MPT,    M  T  R,  and  M  P  l{,  in 
which  we  always  know  either  an  angle  and  two  sides,  or  a 
side  and  two  angles. 

By  examining  the  positions  which  the  tangent  of  any 
given  curve  assumes,  when  the  point  of  contact  is  more 
and  more  removed  from  the  origin  of  the  co-ordinates,  we 

bnay  discover  whether  this  curve  has,  tike  the  hyperbola, 
,  any  right  lines  for  its  asymptotes  (Trig.  15*.),  whose  posi- 
tion we  may  also  determine, 
Mc.  S>  ^*  observe,  that  in  the  curve  M  X,  fig.  3,  which  has 
an  asymptote  R  H,  whilst  the  point  M  moves  further  and 
further  from  the  origin  of  the  abscissx,  the  tangent  M  T 
continually  approaches  to  the  asymptote ;  and  the  points 
Jand  D  approach  the  points  R  and  E;   so  that  A  R  and 
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i£iTe  the  limits  which  the  values  oiATsxiAJD  can- 
001  nceed,  nor  even  atDin ;  but  to  which  they  may  ap- 
pnitinite  as  near  as  we  chuse.  From  this  it  follows,  that 
in  order  to  discover  whether  a  curve  has  any  asymptotes, 
n  oust  find  whether  the  expressions  for  .4  T  and  J  B, 
KlatiTe  to  this  curve*  are  susceptible  of  limits :  if  that  be 
the  case,  and  these  limits  be  determined,  we  shall  know 
the  two  points  R  and  E  through  which  the  line  R  S  must 
be  drawn,  which  will  be  the  asymptote  required. 

The  expressions  for  J  T  and  A  D  may  be  deduced 
ftom  that  of  PT;  the  first  by  observing  that  JTz^AF— 
PT;  the  second  by  means  of  the  similar  triangles  A DT 
uAM  PT:  they  may  also  be  deduced  from  the  equation 
gftbe  tangent,  by  making  successively  y  =  0  and  x'=  0, 
(Trig.  83.) :  we  shall  &nd 

.is 


AT- 


If  we  apply  these  principles  to  the  equation 


m+2  >i 


^D=j,- 


;  second  members  of  these  equations,  being  put  in- 
6a  the  form 


^  +  2  n,       2  l/^  +  n 

ipective  limits,  when  I  becomes  infinite,  are  seen  tcbe 

^  =  A  R,  and  —7^  =  A  E. 
2n  'i.'v  n 

IFn=0,  the  expressions  for  A  T  and  A  D  become  infi- 

niee  at  Ae  same  time  with  x ;  and  the  curve  has  no  asymp- 
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lotes ;   nor  will  it  have  any^  when  x  is*  negitifc ;  becauie, 
m  that  case,  its  equation  will  not  admit  of  an  infinite 
*    ynlue  of  x. 

In  the  cunre  represented  by  the  equation 
we  have  * 

in  order  to  find  the  limit  to  which  these  expressions  ap- 
proach, whilst  y  increases,  we  must  substitute  tory  the 
« limit  to  which  it  tends,  and  must  consequently  know  the 
value  of  ^  in  terms  of  j:  ;  we  may,  however,  in  the  present 
instance,  supersede  the  necessity  of  obtaining  this  value,  by 
a  very  simple  artifice.    If  we  make  xzztt/^  the  proposed 

equation  becomes  divisible  by  ^ ;  and  we  have  g  =        ^  ; 

it  is  readily  seen,  that  the  supposition  of  /  =  -I,  will 
make  1/  infinite,  and  will  give  xss  -^. .  Changing  x  into— ^ 
in  the  expressions  for  A  T  and  A  D,  and  then  taking  the 
limits,  we  shall  have 

A  R-  -^  a-AE; 

Fig.  4.  and  drawing  through  the  points  R  and  £,  fig.  4,  de- 
termined by  means  of  the  preceding  values,  the  line  R  E,  it 
will  be  the  asymptote  of  the  branches  A  Y  and  A  Z* 

7S.  If,  whilst  one  of  the  quantities  A  R  or  ^  £  re- 
mains finite,  the  other  should  become  infinite,  it  is  evident 
that  the  asymptote  will  be  parallel  to  the  axis,  on  which 
this  latter  is  measured. 

In  order,  therefore,  to  determine  all  the  asymptotes^ 
which  any  proposed  curve  ought  to  have,  we  must  succes- 
sively make  x  and  y  infinite,  and  afterwards  substitute,  in 
the  expressions  for  ^  J  and  AD,  each  of  the  different  re- 
sults which  these  two  hypotheses  afford.  When  A  T  and 
A  D  are  always  infinite  at  the  same  time,  we  may  conclude 
that  the  proposed  curve  has  no  asymptote. 


t  may  happen,  that  both  these  quantities  are  evanescent : 
in  thia  case  the  curve  will  have  for  an  asymptote  a  right 
line  pnsing  through  the  origin  of  the  co-ordinates ;  but  as 
we  onljr  know  one  point  of  this  line,  we  must  find  its  di- 
recrion :  for  this  purpose,  we  must  take  the  limit  of  the 


expreBaion  - 


which  represents  the  tangent  of  the  angle 
,  and  we  shall  thus 


MTP  (6+),  for  any  point  of  the  cur 
get  the  tangent  of  the  angle  S  R  B. 

?♦.  It  i»  generally  considered  as  a  proposition  nearly 
telf-erident,  that  a  small  arc  vf  a  curve  may  be  laktn  far  its 
eherd  I  or,  what  is  the  same  thing,  thai  iht  ratio  of  art  ttrc 
r»  iti  chord  hat  unity  for  its  limit.  This  proposition,  which 
is  »ery  important,  ought  nevertheless  to  be  demonstrated, 

fi  may  be  done  in  the  manner  following : 

le  right-angled  triangle  MM'  ^,  fig.  5,  gives  ] 

MM  =  ^Mii  +]ifQ; 
imd  we  have  also  ($2.), 


This  developement  may  be  put  into  the  farm  ' 

^aakiag 

*«Uawe  obtain 

M M'^-/ *•  ^(p-k-Phf  h*=  h  %^\  +  {p^.Pk)\ 
■"■^^wiag  the  tangent  M  N,  we  shall  find 

NQ,  =  MQtsjigNMQ  =i^f,-ph  (64). 


M 
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and  from  this*  we  obtain 
which  ratio  haa^  for  its  limit. 


^'  +Z  ^ 


vT+ 


a   1. 


P' 


But  the  arc  M  O  M'  is  always  comprised  between  the 
chord  MM  and  the  bent  line  M N+M'  N;  we  may, 

dierefore9  conclude,  afortiori^  that  the  ratio  ■■         -     has 

unity  for  its  limit. 

75.  It  is  evident  that  the  arc  of  a  curve  is  a  function 
of  its  abscissa  \  and  in  order  to  obtain  the  difierential  co- 
efficients of  that  function,  we  must  find  the  limit  of  the 

.    MOM'  , 

rat©         ^  %  now  we  have 

MOM  _  MM         MOM' 
P  P*    ""     P  P*  MM^ 

MM 
Substituting  the  value  of  the  first  ratio         ■     on  the  se- 

P  P 

cond  side  of  the  equation,   and  making  A  s  0,  in  order  to 
obtain  the  limit,  the   second  ratio    will   become  umty, 

and  we  shall  thus  get  (8.)  ^1  +  p*'    If,  therefore,  we  call 
the  arc  C  M,  z,  we  shall  have 


^7=  \/ '  ^'^' ''' '^  =- '^tttjt: 


The  circle  whose  equation  is 

givmg 

xdx-^ydy  =  0,  orrf^  =  -  ^^^ 

there  results 
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adx 


A</« 


Vi^ 


vbicti  nsult  is  conformable  to  that  of  No.  S5,  when  we 
nppoR  0=1. 

76.  The  differential  of  the  ares  of  the  irgmtnt  AC  MP 
of  uy  curve,  may  be  obtained,  by  observing  that  the  ratio 
of  lie  rectangles  PP-QAf  and  P/^jI/'N,  fig.  6,  which   Fic.fl 

lure  the  same  base,  is  cuual  to  ,—  ,  and  that  its  limit  is 

consequently  unity.  It  follows  from  this,  that  the  curvili- 
near trapezium  P  P"  M  M",  which  is  always  comprised  be- 
tveen  the  two  rectangles  just  mentioned,  and  which  repre- 
wnts  the  increment  which  the  segment  AC  M  P  receives, 
•hen  the  abscissa  increases  by  P  P\  must  approximate  con- 
stantly to  equality  with  the  rectangle  P  P  Q^M,  or  that 
the  ratio 

PP M  M  _  PP  M'M  1 

PPxPM  P  r  PM 

must  have  unity  for  its  limit,  Calling  s  the  function  of  x, 
corresponding  to  the  area  A  C  M  P,  we  shall  have  for  the 
limit  (8). 

PPMM   _  dt 


i    tnasi  tl 


-    =if  or  diz^ydj 


n'aSi  though  we  cannot  assign  the  algebraic  expression  of 
a  circular  segment,  yet  we  may  arrive  at  that  of  its  diffe- 
~,  from  the  consideration  of  limits. 


DIFFERENTIAL   CALCULUS. 


On  the  Delerminathn  of  the  Nature  and  Positions 
of  remarkable  Pnints  in  Curve  Lines. 

Those  points  of  a  curve  which  are  distinguished  by 
some  remarkable  circumstance,  are  sometimes  called  tingu- 
lar  points.  The  Differential  Calculus  furnishes  very  simple 
methods  of  discovering  their  existence,  and  of  determining 
their  position. 

When  the  differential  coefficient  --^ ,  which  expresses 

Ae  tangent  of  the  angle  MT P  (64'),  becomes  evanescent, 
it  follows,  that  the  right  line  whicli  touches  the  curve  at  the 
point  My  is  parallel  to  the  line  of  the  abscissa; ;  and  also, 
that  if  it  change  its  sign  after  tliis  point,  the  tangent  is  then 
inclined  towards  a  different  side  of  the  ordinate  to  what  it 
was  in  the  former  case.  An  examination  of  the  two 
figures^?  and  8,  will  show  that,  in  this  case,  the  ordi- 
nate, after  having  attained  a  certain  magnitude)  begins  to 
diminish  {fig.  7) ;  or  otherwise,  that  after  having  diminished 
to  a  certain  point,  it  begins  to  increase  (lig.  8). 

The  first  circumstance  evidently  corresponds  to  a  maxi- 
mum value  of  the  ordinate,  and  the  second  to  a  tmntmum 
value,     Wlien  either  of  these  takes  place,  we  have  equally 

— ^  =  0,  as  we  have  also  shewn  from  analytical  consi- 
derations (48). 

78.  Geometrical  considerations  also  prove,  that  this 
character  is  not  confined  to  those  points  alone,  where  the 
matimuin  or  mifiimum  takes  place;  but  that  it  may  also 
hold  good  in  other  circumstances.  Although  tlie  tangent 
at  tlie  point  M,  of  fig.  9,  is  parallel  to  the  line  of  the  ab- 
scissa, this  point  does  not,  therefore,  correspond  to  a  t/uui. 
mum,  since  the  ordinate,  beyond  it,  still  continues  to  in- 
crease ;  but  we  must  remark  here,   that  the   concavity  of 
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tbe  curre,  which  was  at  first  turned  towards  the  axis  of  the 
ilxcisBx,  is  afterwards  turned  the  opposite  way.  This 
Cticumstance  is  what  is  called  an  infttiioti,  and  the  point 
ifit  called  a  point  of  inflexion,  or  oi  cantraiyjiexurt.  It  may 
k recognized  by  the  change  of  sign  which  the  coefficient 

■j^  undergoes]  before  and  after  the   point  M  (61).    It 

Baj  also  be  determined,  by  seeking  the  position  of  the 
ttFW  with  respect  to  its  tangent,   before  and  after  this 
pint. 
He  equation  of  the  tangent  being  in  general 

(y-y)=^(^'-^)    (67), 

IRlIttU  have,  making  x'=x  +  h. 


^      -^        di- 
ke the  expression  of  P'  \',  fig.  10,  which  is  the  ordinate  T"ic. 
tt  the  tangent,  corresponding  to  the  point  P,  whose  ab- 
■isiaia  x  +  A;  but  since  ^  is  a  function  of  x,  we  hare  (El), 
for  f  .W  this  series 


"     dt  \     77*  1. 2 


^1j  J^a 

d.t^    1.2.3 


irimce  we  deduce 


+-81C. 


di'^    1.2        </  i' 
Again,  taking  a  point  P^ ,  upon  the  axis  of  the  abscissae, 
Miindihe  point  P,  and  whose  abscissa  is  J  —A,  we  shottld, 
in  like  manner,  find 

Now  it  16  evident,  that  if  -~^  —  0,  the  two  differences 


L 
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Pit-P'N'^        %J, 


P,M,-P,N,^ 


di' 

.2.3 

u 

A* 

1.2.3 

t^  -2. +gtc. 


will  have  contrary  signs,  at  least  when  A  is  taken  so  small, 
that  the  first  term  of  the  series  shall  be  greater  than  the 
sum  of  all  the  rest  (48) ;  and  thus  the  proposed  curve,  after 
having  been  situated  in  the  former  part  of  its  course,  below 
the  tangent,  mil  now  pass  above  it,  and  vice  vend. 

There  will,   therefore,  take  place,  an  inflexion  at  Af, 
if  ■- — j  vanish,  at  that 


jj 


point,  together  with    -^ ,  and  in  general,  if  the  first  of 

the  differential  coefficients,  which  does  not  vanish,  is  of  an 
odd  order.  Such  is  the  geometrical  meaning  of  the  analy- 
tical characters  indicated  in  Art.  49. 

79.  An  inflexion  may  take  place  at  a  point  where  the 
tangent  is  not  parallel  to  the  line  of  the  abscissEB ;  and 

'Tx' 

ways  characterises  this  point  is,  the  change  of  sign  of  "-^ 
with  respect  to^. 

It  is  evident,  that  every  integral  quantity  can  only 
change  its  sign,  bypassing  through  zero;  but  a  fraction 
may  also  change  its  sign  in  its  passage  through  infinity,  as 

bappensi  for  instance,  to   - ,  which  successively  becomes 


when  X  is  made  =  b,  x  =  0,  x  =.  ~b:  vt  may,  therefore, 
conclude,  by  what  has  been  said,  that  at  a  point  cf  contrary 


this  proposition. 

80.  When—^,  instead  of  vanishine,  becomes  infinite, 

^tie  ordinate  becomes  a  tangent,  as  at  E,  fig.  11:  this  cir-   F 
cumstance  indicates  a  limif  of  the  curve,  in  the  direction  of   ' 
the  absciss.-E  ;  that  is  to  say,  a  maiimum  or  a  minimum  of  the 
abscissa,    provided  no  inflexion  of  the  curve  take  place 
at  that  point,  where  the  tangent  is  perpendicular  to   the 
line  of  the  abscissa. 

81.  We  have  seen  (55),  that  —  becomes  infinite,  when 

some  radical  quantity  disappears  from  the  expression  of  the 
function  i/.  It  must  be  noticed,  that  at  that  moment  the 
quantity  by  which  this  function  changes  by  the  variation  of 
X,  must,  contrary  to  the  ordinary  rule,  have  more  than  on« 
value  corresponding  to  a  single  value  of^j  for,  unless  this 
were  the  case,  we  should  not  again  get  the  number  which 
the  degree  of  the  function  entitles  us  to,  and  which  must 
always  remain  ihe  same,  the  equality  of  several  of  these 
values  being,  necessarily,  only  momentary. 

This  circumstance  takes  place  at  the  point  E,  where  it  is 
evident  that,  for  the  abscissa  A  c,  consecutive  to  yi  C,  the 
curve  has  two  ordinates,  and  consequently  the  same  ordi- 
nate C E  has  two  differences,  the  one  c  e~CE,  and  the 
other  C  E  —  e  e. 

The  same  thing  equally  happens  at  a  point,  as  G,  where 
two  branches  of  the  curve  cut  each  other ;  that  particular 
ordinate  F  G  has  also,  for  one  and  the  same  increment, 
F/oi  the  abscissa,  two  differences ;  the  one/g'—FG,  and 
the  other  F  G  —fg  \  but  in  other  parti  of  the  curve,  one 
and  tlie  same  ordinate  has,  for  each  increment  of  the  ab- 
scissa, but  one  single  difference. 

The  points  where  several  branches  intersect,  as  G,  ot 
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the  junction  of  two  branches,  G  D  E  and  G  I>  E,  as  £, 
are  called  multiple  points.     They  are  recognized  by  one  or- 
dinate having,  foT  the  same  abscissa,  more  than  one  diffe-   ' 
rential,  which  causes  the  differential  coefficient  to  become 
^^^        infinite  at  thoie  points.  It  may  also  exhibit  itself  under  the 
^^^^     form  -f  t  which  always  hajipens  when  its  expression  con- 
^^^E      tains,  at  the  same  time,  hoth  the  variables  j-  and  y. 
^^™  At  each  of  these  points,  the  curve  has  more  than  one 

tangent.  At  G,  for  example,  it  has  two  distinct  ones;  at 
E  it  has  also  two,  but  united  in  one,  which  is  the  limit  of 
those  of  the  superior  branch  G  D'  E,  and  the  inferior 
GDE. 

82.  The  multiple  points  sometimes  assume  two  partt-  ' 
cular  forms,  to  which  have  been  given  the  names  euspt^ 
OT points  of  refieiio'it  because  the  branches  of  the  curve 
which  meet  there,  extend  no  farther,  and  the  curve  is,  as 
Fic.  12.  ''  were,  bent  backwards.  That  of  fig.  12,  where  the  con- 
&  1 3.  vexities  of  the  branches  are  opposed,  is  a  cusp  of  llu  first 
spteiti,  and  that  of  fig.  1 3,  where  tlieir  concavities  are 
turned  the  same  way,  \a  ^  casp  of  ihe  second  spaies. 

These  points  have  only  one  tangent,  but  which  must  be     ' 
looked  upon  as  double,  like  that  of  the  point  E  in  the  figure 
of  the  preceding  article  ;  and  they  are  distinguished  from 
Other  multiple  points,  by  the  course  of  the  curve  before  and 
after  them,  with  respect  to  its  tangent ;  and  which  may  be 

recognized  by  the  sign  of  Ihe  dilferential  coefficient -j-^ 

(64),  when  we  take  successively  for  r,  values  greater  and 
less  than  the  abscissa  corresponding  to  the  multiple  point 
under  examination. 

93.   All  which  has  b(«n  said  may  be  reduced  to  a  rule 
as  simple  in  its  enunciation,  as  it  is  unequivocal  in  its  ap- 
plication: iJu  determination  of  the  abscissa,   to  ivhiek  a  lingular 
point  corresponds,  is  obtained  hif  inquiring,  nuhenthe  differentiai 
•ficients,  ofviltaievir  order,  iecome  ncthing  or  infinite,  or  -S  .■ 
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'yl  =«(m-l). 


,.(- 


r.  +  I  )c(. 


") 


til ^teia  ef  t/ir poini  is  astigued  \it,  by  tiamiiiing  vjhat  num- 
kr  ^  hrafuhei  of  the  curve  passu  through  this  point,  and  tvhe- 
Airtrmthty  are  friended  on  both  rides  of  it ;  2dfy,  by  deter- 
mimg  the  position  of  their  tangent ;  and  9i/^,  the  direction  itt 
rnHek  their  concavities  or  conveiitiet  are  turned. 

8i.  In  die  famDjr  of  curves,  represented  by  the  very 
aople  equauon 

y=b  +  c(.X-aT, 

n  iball  find  examples  of  almost  all  the  particulars  above 

tmunerated ;  and  their  discussion  is  very  proper  to  illus- 

tntethe  rule  there  delivered. 

The  expression 

ir 

fanishing  by  the  supposition  of  i  =  a,  in  every  case  where 
m>  «,  and  beooming  infinite  when  m  <«,  it  follows,  that 
the  abscissa  a  corresponds  to  a  singular  point. 

The  exponent  m  may  be  positive  or  negative,  greater  or 
lat,  than  unity.  We  shall  at  first  suppose  it  positive  and 
>1. 

>  If  it  be  an  even  number,  or  a  fraction  with  an  even  nu- 
meator,  we  find,  1st,  the  same  value  of  y,  whether  we 
take  J  <  a,  or  J  >  a ;  the  curve,  therefore,  pursues  its 
covne  above  the  absciss*,  which  precede  and  follow  a  ; 
Htd  diere  passes  only  one  branch  through  the  point  under 
OBKiiation :   Sdly,  from  the  expression 

lAkh  ranisbee  when  r=a,  we  see  that  the  tangent  at  this 
fioi  IB  parallel  to  the  line  of  the  nbecisSK. 

Idly.  If  we  make  x  alternately   <.a  and  >  a,  in  the 


1 

I 


Cm. 
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and  if  we  notice  that,  ornhesupposition  weset  outwith,  the 
exponent  m— 2  is  also  an  even  number,  or  a  fraction  with 
an  even  numerator,  we  shall  perceive  that  tliis  dilFerential 
coefficient  retains  the  same  sign  in  both  cases  with  the  ordi- 
nate 1/  itself ;  and  of  course  the  curve  turns  its  concavity  the 
same  way,  on  both  sides  of  the  point  we  are  considering. 
Its  course,  beyond  this  point,  is  therefore,  of  one  of  the  two_ 
P'<=-  kinds  represented  in  fig.  14  ;  the  first,  if  c  be  negative,  the 
second,  in  the  other  case. 

If  m  be  an  odd  number,  or  a  fraction  whose  numerator 
and  denominator  are  both  odd,  the  ordinate  corresponding 
;ach  abscissa,  has  only  one  value;  and  by  taking  x  <,a, 
and  x  >■  o,  we  find  for  y  two  real  values  :  the  curve  is, 
therefore,  continued  on  both  sides  of  the  point  we  are  exa- 
mining, and  it  has  but  one  branch  passing  through  this 
point.  The  tangent  is  as  before  parallel  to  the  line  of  the 
I  abscissK;  but  the  exponent  wi  —  2,  being  now  an  odd  number, 

^^^k      or  a  fraction  with  an  odd  numerator  and  denominator,  the 

^^^H     coefficient  -r— ^  will  change  its  sign  when  x  is  made  suc- 

^         '      cessively  -<  a  and  >•  a.     The  curve,  in  consequence,  ham 
I  not  its  concavitjr  turned  the  same  way  on  both  sides  of  tbv 

point  under  consideration  :   this  point  is,  therefore,  one  al 
Tio.  contrary  flexure,  as  in  fig.  IS. 
''^'  Lastly,  if  the  exponent  m  be  a  fractional  number,  whose 

denominator  is  even,  tlie  quantity  (x— o)"  being  susceptible 
I  of  the  signs  ± ,  the  ordinate  y  will  have,  for  every  abscissa, 

two  real  values,  when  *  is  greater  than  a,   and  only  imagt- 
' ,  nary  ones  when  ,r  <  o  j  two  branches,  therefore,   of  tlie 

curve  passes  through  the  point   under  consideration  ;    but 

which  extend  only  on  one  side  of  it.     The  tangent  is  still 

parallel  to  the  axis  of  the  abscissa;.     The  coefficient  — !L 

has  two  values  with  opposite  signs,  while  those  of  the  or- 
dinate have  the  same.  Hence  it  follows,  that  one  branch) 
turns  its  concavity  towards  the  axis  of  the  abscisss,  and 


1 
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the  Other  its  convexity,  as  is  shewn  in  fig,  16,  which  pro-    Fig. 
iaeti  a  cusp  of  the  first  species.  '^■ 

Sd!f.  If  the  exponent  m<  I,  since  we  should  then  have 

dx  ~  (r-aV  — • 
the  value  x  =  a  will  render  this  difFerential  coefficient  infi- 
nite; aiid  the  line  which  touches  the  curve  at  the  point 
where  x=d,  wiJl  be  perpendicular  to  the  axis  of  the  ab- 
iciiiat.  We  shall  find  also  by  considerations  similar  to  the 
foregoing,  that  the  point  Cisa  limit  of  the  curve  in  the  di- 
rection of  the  axis  of  the  abscissae,  when  m  is  a  fraction, 
whose  numerator  is  odd,  and  denominator  even  :  that  this 
pwit  is  3  cusp  when  the  numerator  is  even,  and  a  point  of 
contrary  flexure,  when  the  numerator  and  denominator  are 
iwdi  odd.* 

The  ordinate  y  would  become  infinite,  and  be  changed 
into  an  asymptote,  if  m  were  negative. 

85.  The  curve  represented  by  the  eijuation 

oOcn  an  example  of  a  cusp  of  die  second  kind  (82).  In 
Ail  carve 

b  order  to  know  whether  it  has  any  singular  point,  we 
must  enquire  whether  any  of  the  differential  coefficients  of 
Ae  function  ^  become  nothing  or  infinite.     We  first  obtain 

^■*  —  2      •*-  -    ^  il?  —  "3  -t  -       ?     -  • 

77  ~      ^  -2^     '         d.v'-~'        2'2^     * 

lb  Gm  of  these  results  vanishes  when  t  =  0  ;  the  second 
n^Bces  itself  to  2,  and  we  see  also  that  the  third  differen- 
U  CMfficient 


TTie  L-uspof  fig.  17,  may,  strictly  Kpcakinj^,  be  tokvn  for   P'"  '7. 
aad  that  of  fig.  18.  for  a  minimum. 


becomes  infinite  in  that  case ;  tKe  point  corresponding  to 

=0  is,  therefore,  a  lingular  point.     It  is  evident  that  this 

point  is  a  limit  of  the  curve,  which  does  not  extend  on  the 

side  of  the  negative  absci^sje,  since  the  term  x^  then  be- 

nes  imaginary.     The  values  of  the  coefficient        ',    are 

both  positive  when  t  is  very  small,  and  are  of  the  same  sign  as 
those  of  ^ ;  botli  branches  of  the  curve,  therefore,  ttim  their 
ivexities  towards  the  axis  of  the  abscissse  A  B,  fig.  13} 
they  touch  at  //,  for  they  have  A  li  for  a  common  tangent^ 

-j^  vanishing  at  this  point.     It  results  from  all  these  ch^^ 

racters  talten  together,   that  the  form  of  the  curve  at  ti-»^^ 
point  is  such  as  the  figure  represents. 

The  preceding  examples  relating  only  to  those  stngixl^a^ 
points,  where  the  branches  of  the  curve  touch  one  anotbe; 
aSbrd  instances  of  a  single  tangent  only, 
responding  to  the  equation  a  y  =  vPj 
presents,  at  the  point  where  a' =0,  two  branches  which  cut 
one  another :  but  we  shall  not  dwell  on  this  example,  be> 
cause  farther  on,  we  shall  discuss  another,  in  which  the 
same  circumstance  takes  place. 

86.  Cur%'es  are  sometimes  accompanied  by  insulated  I 
points,  which  have  the  character  of  multiple  points  ;  but  I 
may  be  distinguished  from  them  by  this,  that  in  the  case  ol 

the  former,  the  coefficient    -JL  assumes  an 

Take  the  equation 

from  which  may  be  obtained 


The  curve  cox*- 
of  Art.  SS, 


p 
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dy  _     r ( 9  r -  2  ^ ) 

Tlie  differential  coefEcIent,  when  j  =  0,  becomes  -f  }  but 
it!  troe  value  may  be  had  by  suppressing  the  factor  t, 
common  to  the  niunerator  and  denominator :   thus  we  ob- 


ijL- 


dx         2  i/fl  (  I  _  b) 
!,  making  x=0,  there  results 


dx  "       ^'Z -ah  * 
ID  imaginary  expression. 

Upon  the  same  supposition  the  proposed  equation  gives 
J^bO;  but  this  ordinate,  which   is  imaginary,  when  ,r  is 
negative,  becomes  so  again,  until  x=h.    Thus  the  point  A, 
fig.  go,  although  comprised  in  the  equation,  is  absolutely   Fic. 
detached  from  ilie  curve.  20. 

Points  of  this  kind  are  called  conjugate  points  :  they  re- 
tsb  6i>ni  certain   finite  portions   of  the  curve  vanishing;, 
wing  to  the  particular  value  of  some  constant  in  the  equa- 
tiwi.    The  curve  represented  by  the  equation 
a^-x*+  {b-£)x^  +  f,cx  =  0, 
tJKdi  gives 


.=v^ 


U--0(£+£). 


oSn  an  example  of  these  changes.     Its  course  is  at  first, 
Wf^resented  in  fig.  19 ;  the  supposition  r  =  0  reduces  the   F'C. 
fan  .^Z*  to  the  single  point  J,  lig.  20,    as  we  have  seen    '^'?^' 
Aore.  When  b=0  (c  not  vanishing),  it  assumes  the  figure   22. 
ll,andif  A=0,  at  the  same  time  that  crrO,  the  figure  22, 
Curves  have  also  occasionally  singular  points,  which  are 
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not  visible :  they  arc  such  as  result  from  an  even  number 
of  inflexions,  uniting  into  one.  (See  for  these  points,  and 
for  those  of  undulation*,  from  which  they  take  tlieir  origin, 
the  Traite  du  Calcul  Differenttel  et  du  Catcul  Integral,  4to. 
Art.  190.) 


Example  of  the  Analysis  of  a  Curve. 

87.  We  divide  lines  into  different  orders,  according  to 
the  degree  of  their  equations.  The  right  line  constitutes 
the  first  order,  since  it  is  represented  by  the  general  equa- 
tion of  the  first  degree,  involving  two  indeterminate  quan- 
tities. The  lines  of  the  second,  and  of  the  third  order,  are 
those  whose  equations  are  of  the  second  or  third  degree } 
and  so  on  for  the  others.  Newton,  considering  that  the 
first  order  included  only  the  right  line,  and  that  curves  did 
not  exhibit  themselves  before  the  second,  divided  these 
latter  into  classes,  and  called  lines  of  the  second  order  curves  ^ 
of  the  first  class ;  those  of  the  third  order  curves  of  the  se— ^ 
cond  class,  and  so  on  for  the  higher  orders. 

Lines  of  the  same  order  are  subdivided  into  specie 
from  a  consideration  of  the  principal  circumstances  whicS 
characterise  their  course. 

Were  it  possible  to  resolve  equations  of  every  degree, 
there  would  be  no  difficulty  in  tracing  the  course  of  a  curve 
represented  by  any  algebraic  equation  whatever.  In  fact, 
if  we  suppose  that  this  equation,  being  resolved  with  respect 
to  one  of  the  indeterminate  quantities,  y,  for  instance, 
which  it  involves,  should  furnish  the  different  roots  jC^  .f ', 
JC",  Stc.  which  will  be  necessarily  functions  of  x,  and  con- 
stant quantities ;  the  question  will  be  then  reduced  to  the 
particular  examination  of  the  courses  of  the  lines  produced 
I  hj  the  equations. 
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y-X,  t/=X"y  y=X"',  Etc, 
wia  we  give  to  t  every  possible  value,  both  poritire  and 
mpaie,  which  the  functions  JT,  X",  X"',  ice.  will  admit 
of,  without  becomiiig  imaginary.  These  lines  will  constitute. 
to  miny  branches  of  the  curve  which  is  represented  by  the 
proposed  equation. 

The  extent  of  each  branch  will  be  determined  by  the 
eaent  of  the  limits,  between  which  are  comprised  the  dif- 
ferent solutions  of  which  the  particular  equation  by  which 
i|  is  represented,  is  susceptible.  If  amongst  the  quantities 
T,X",  Sec.  there  be  found  any  which  become  infinite,  or 
it>ii4uch  we  may  suppose  x  to  be  infinite,  there  will  cor- 
mpoud  to  them  branches,  whose  course  will  be  infinite, 
aace  they  will  recede  to  an  infinite  distance  from  one,  and 
wmedcnes  also  from  both  of  the  axes  to  which  the  curve  is 
itferred. 

A  branch  of  a  curve  never  terminates,  unless  the  ex- 
presiioa  for  its  ordinate  become  imaginary,  though  it  does 
not,  therefore,  follow,  that  the  course  of  the  curve  is  inter- 
rupted }  it  only  happening,  that  in  this  case,  two  branches 
IK  united,  and  are  reciprocally  continuations  of  each  other. 
ffe  may  be  easily  convinced  of  this  fact,  by  observing  that 
[he  number  of  imaginary  values  of  ^  is  necessarily  even,  and 
tint  each  pair  of  them  consisted  of  real  and  equal  roots,  be- 
fore they  become  imaginary.  In  fact,  the  proposed  equation 
being  always  decomposable  into  factors  of  the  first  and 
Kcond  degree,  if  we  represent  one  of  these  latter  by_y*  — 
iPy  +  Q  =  Q,  we  shall  find,  that  its  roots  P ± *^/"-  Q, 
Me  not  imaginary,  unless  Q  be  greater  than  i^,  than  which 
it  vu  originally  less ;  and  that  there  must  be  a  point  where 
die  functions  of  r,  which  are  designated  by  the  letters 
fmiQ,  are  such  as  to  give  Q  =  F^,  which  will  an- 
oilubte  the  radical   quantity,    and  give  to  y  two  equal 

Let  us  take  the  equation 

^-J»6a*  V''+  100  fl*  j*-.i»  =  0. 
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^ 


This  equation,  which  is  resolvible,  bodi  with  respect  to 
f  and  to  ^,  gives,  in  the  first  case, 

5/  =  ±  V  *^  "'-  *^230  4.a*-lOOaV  +  j*. 
By  discussing  each  of  the  values  of  j/,  in  the  same  manner 
as  those  of  the  genenl  equation  of  the  second  degree,  in- 
volving two  indeterminate  quantities  (Trig.  107,  and  suc- 
ceeding Nos. ),  we  may  discover  the  extent  and  limits  of 
the  branches  of  which  the  proposed  curve  is  formed  ;  and 
determine  the  points  where  they  meet  the  axis  (Trig,  81), 
and  where  they  intersect  each  other,  or  unite  into  one; 
but  the  application  of  tlie  Differential  Calculus  materially 
abridges  these  investigations,  and  has  the  advantage  of 
shewing  in  what  manner  they  may  be  effected,  even  when 
the  equation  of  the  curve  proposed  is  of  a  degree  too 
elevated  to  enable  us  to  obtain  the  general  expression 
for  one  of  the  variables  in  terms  of  the  other. 

89.  To  determine  the  limits  of  the  curve  in  the  direc- 
tion of  the  ordinal  es,  or  to  discover  whether^  is  suscepti- 
ble of  a  maximum  or  a  minimum,  we  must  examine  in  what 
case  the  differential  coefficient 


dx         y'^^8  a'-if 
becomes  equal  to  notlung  ;  we  shall  then  have 

^whence 

'_  x=0,         JT  =   ±  5  a  tj^. 

The  first  value  of  x,  substituted  in  the  proposed  equa- 
tian«  gives 

y=  0  and  y—  d:  4  o  ^6. 

The  two  values  of  y,  which  are  equal  to  ±  4  ii  vg, 

■   determine  the  points  D  and  D\  Eg.  23 ;   the  one  situated 

above,  and  the  other  below,  the  axis  of  the  abscissae,  and 

which  are  also  maximum  values.     We  may  easily  convince 

ourselves  of  tliisj  by  finding  the  value  of -—^  ,  correspond- 
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ing  to  this  hypothesis,  or   by  shewing   from   the  expres. 

sion  for  y,  that  the  values  of  the  ordiaates  which  immedi- 
ately succeed,  and  follow  it,  are  both  less  than  4  a  V^, 

90.     The  concuirence  of  the  two  values  x=0,  and 
jt=0,  indicates  the  point  A^  and  makes,  at  the  same  time, 

T=  =  ^ .    Xo  discover  the  value  and  import  of  this  last 

ttptessioa,  which  in  general  characterises  a  multiple  point, 
*e  moat  have  recourse  to  the  process  in  No.  56  ;  but  this 
nay  also  be  effected  by  finding  tlie  differential  cocfiicient 
of  the  second  order.  For  this  purpose,  we  observe,  that 
the  first  differential  of  the  proposed  eijuation  is 
ty - 48  a'y  >  </3,  +  C  50  a'  a-  -  j')  </  *  =  0, 
and  the  second  differential 

(^  -48  a'^)</'y+  C  3  i/>-  48  a')  <//  )  _  0 
+  {50a*-  Sj»)dj*J 
*nd  that,  in  the  case  in  which  x  and  ^  are  evanescent,  this 
reduces  itself  to 

-48  a»(/y  +  50  a*<f  j:*=0, 
^nich  consequently  gives,  for  this  case  alone,  the  values  of 
*"e  coefficient  —t  which  we   were  not  able  to  deduce 
*rom  the  first  differential:  we  thus  get 

dx  V   48  4*^3 

It  follows,  from  these  values,  that  the  curve  has,  at  die 
point  A,  two  tangents,  which  make,  with  the  qxis  of  the 
3l>scissK,  angles,  whose  trigonometrical  tangents  are  re- 
spectively 

*nd  which  consequently  admit  of  a  very  easy  construction.* 

*  We  rfiajl  succeed  in  general,  as  above,  in  finding  ibe  true 

*iln  of  —  ,  id  the  cane  in  wbich  it  becomes  \,  by  examining 


^ 


«©♦ 
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91.    There  yet  remain,   to  be  examined,  the  two  rooU^ 

By  substituting  them  in  the  proposed  equation^  they  make 
y  imaginary,  and  consequently  give  neither  a  maximum  no* 
3  minimum. 

91.  To  obtain  the  limits  of  the  curve  in  the  direction 
of  the  abscissa: ;  or,  whaC  amounts  to  the  same  thing,  to 
find  the  mniimum  and  mi/ilmum  of  j.  (SO),    we  must  maks 

the  denominator  of  the  fraction  which  expresses  —- ,  equal 
to  nothing,  which  will  furnish  the  equation  y'  -  48  o*y  =  0, 
whence y  =  0,  and_^  =  ±  v'48  a'.  The  first  value  gives 
lOOfl' j'— a*=  0,  from  which  we  deduce  i  =  0,  and 
i=±lOa.  The  root  .r=0,  again  indicates  the  multiple 
point  placed  at  the  origin  ^;  but  the  two  others  correspond 
to  the  points  /and  /,  where  the  curve  meets  the  axis  A  B 
of  the  abscissa:,  and  which  have  not  yet  been  remarked. 

The  two  last  values  v=:  ±  v'48  a'  =  ±4<i*'3,  lead  US  lo 
a"Bs  ±.  6  a,  and  x=  ±  8  a  :  the  one  of  these  results  enables 
us  to  recognise  the  point  F,  and  those  corresponding  to  it  in 
the  other  branches  ;  the  other  determines  the  point  H  with 
those  corresponding  to  it  likewise.  We  may  also  observe, 
that  at  the  points  F  and  J  the  abscissa  is  a  maiimum,  and  at 
the  point  H,  a  minimum ;  since  the  curve  turns  its  conca- 
vity in  the  first  case,  and  its  convexity  in  the  second,  towards 
the  axis  .^  C  of  the  ordinates. 

92.  To  complete  the  determination  of  the  principal 
circumstances  which  distinguish  the  proposed  curve,  it 
yet  remains  to  inquire  into  the  nature  of  its  principal 
branches,  and  its  different   points  of  inflexion  ;  for  kuow- 

the  successive  ililTerentials  of  tlip  proposed  equatinii,  and  by  con. 
linuing  up  to  that  order  ivliose  exponent  is  tqual  lo  the  Dtmi- 

berof  valuei  which  --r-  ought  10  have. 
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4g  in  multiple  points,  we  linow  already  that  it  has  no  cusp  or 
point  of  reflexion.  We  shall  begin  with  discussing  the  nature 
lod  number  of  its  infinite  branches,  Wc  may  easily  assure 
MRselTcs,  that  the  two  values  of  .y,  mentioned  in  No.  88, 
become  infinite  at  the  same  time  with  ,r;  but  without  re- 
cnrriog  to  these  values,  if  we  make  y  =  t  x,  the  proposed 
equatioii  will  be  divisible  by  i%  and  will  thus  become 
/•j"— 96a*/'+  100  n'-  j^'=0; 
we  deduce 

,       100  a*  -  96  a'  ^ 


1  - 

/*          ' 

amult  which  gives  j:  = 
io which  case  also3/=.i 

±  an  in5nite  quantity)  when 

=J; 

We  shall  also  have 

(71) 

'-^n- 

-  SO  a" 
^ 

-SOa^X 

«-x''-^-?' 

-4fi«' 

y»_.,*+50fl"j= 

■*    '7^- 

y 

-48  a' y 

These  expressions, 

nhcn« 

e  substitute  the  value  of  i^, 

become 

50fl'a'-48a 

F 

48aV-50fl'i* 

which  diminish  continually,  whilst  r  and  y  increase,  and 
an  actually  evanescent,  when  we  suppose  ^  =  j.  We  thus 
aae  (73),  that  the  asymptotes  of  the  proposed  curve  are  two 
li^  lines  drawn  through  the  origin  ji ;  and  as  the  expres- 

tion  fot  i^  has  upiiy  for  its  limit,  it  follows  that  they  must 

make  *t>  angle  of  45'*  wth  the  axis  of  the  abscissae.  We 
have  not  drawn  them,  lest  the  figure  ihould  be  too 
coinplicated. 

93.     We  how  proceed  to  find  the  inflexions  or  points^  1 
of  contrary  flexure. 
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We  have  jj% 

Tx"  y  -  48  a*y  *     • 

this  expression  becomes  | ,  when  x  and  y  are  evanesoeiiCy 

a  case  in  which  -r^^    =  ^^  :  and  to  determine  its  true 

value  it  will  be  necessary  to  find  the  tlurd  differential  of  tlie 
proposed  equation.  Making,  in  the  result^  Jr  and  y^equal 
to  zeroy  we  shall  have  simply  — 144  4^  dy  d^y  :=:  0^  wUdi 

gives  — ^  s  0,  and  proves  that  the  pomt  A  is,  in  fact^  a 

point  of  contrary  flexure. 

To  discover  whether  the  proposed  curve  has  any  others^ 

we  must  make  the  numerator  of  th^  expression  for  «-£  i^qoal 

to  zero,  and  there  will  result  the  equatidh 

3  x»-50fl*-  (  3/-  48  a*)  ^^  s  Oj 

0  X 

putting  for  — ^ ,  its  value,  and  making  the  denominator 

disappear,  we  shall  have 

(3:i*-50fl^)  (y-48iJ*^)^ 
-(3/-.480    (**-50fl*  j:)»=:0: 
we  may  give  to  this  equation  the  following  form ; 

/(/_48  0*  (3^-50  0     *  .       . 
-  j:*(^-50ij*)*  (3/— 48a»)=0. 

If  we  afterwards  observe^  that  the  prc^psed  equajtioa  ii 

reducible  to  the  form  which  follows, 

(/-48  a*)*  -  (x»-50fl*)^+196/i*=tO,  ■ 
an'd  if  we  deduce  from  this  thie  value  of  ( /  —  48  •^y^vfet 
the  purpose  of  substituting  it  in  the  equation  preceding|<lve 
shall  find,  after  proper  reductions,  .  •'  • 

(  ar*-50  a^  f    (  25  /-  24  x*  )     ' 

+  98  fl^y  (  3  a-*-  50  J-)  =  0 :     '       »"     ''J 


is  the  expression  for  it  equal  to  zero,  we  shall  find 

y  =  0  and  y  =  ±  '^  48  a-. 
tbejc  results  inform  us  of  nothing  new;,  they  belong  to  the 
print  Ay  which  has  already  been  remarked,  and  to  the 
pfflnlsf,  Ht  and  1,  which  are  not  points  of  inflexion,  but 
meieljrthe  limits  of  the  curve  in  the  direction  of  the  abscissa. 
If  we  consider  collectively  all  that  precedes,  we  see  that 
ilw  form  of  the  proposed  curve  is  successively  determined  by 
tbc  circum stances  presented  by  tlie  points  A^  D,  F,  I,  H,  K, 
isd  the  in&nite  branches  X  and  JT* 


Of  Osatlating  Curves. 

'  94-  It  is  by  considering  the  relation  which  a  curve 
Inrs  to  its  tangent,  that  the  method  of  determining  the 
mions  otcumstances  of  its  course  has  been  learnt.  Geo* 
Wten,  however,  have  not  restrained  themselves  lo  this 
compariton  of  curves  with  right  lines,  from  which  they 
iminediuely  separate  themselves  :  they  have  proposed  to 
thcmsdres  the  investigation  of  those  curves  (among  those, 
of  (he  most  simple  kind,  as  the  parabola,  the  circle,  &c.) 
wMdi,  within  s  given  small  space,  approach  nearest  te 
my  gives  curve. 

The  tangent  of  a  curve  being  the  limit  of  all  the  right 
lioei  which  meet  a  curve  in  two  points,  we  are  led,  by 


w 


loe 
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.nalogy,  to  seek  in  general  among  all  lines  of  a  given  spfrr 
cies,  the  limit  of  those  which  cut  the  curve  in  any  g^ven 
number  of  points. 

We  know,  for  instance,  that  to  determine  a  circle  re- 
quires three  points;  we  may  suppose  now,  that  they 
are  taken  in  the  proposed  curve,  and  inquire,  what 
circle  we  shall  obtain  on  the  supposition  that  these  three 

k points  become  coincident.    This  circle,  called  the  osculating 

^^^L      circle,  will  be  the  limit  of  all  the  others,  in  the  same  man- 
^^^H      ner  as  the  tangent  is  that  of  all  the  secants. 
I^^H^  The  latter  line  is  determined  by  the  two  constants  which 

F  enter  into  its  equation  (Trig.  83  );  and  the  circle,  by  the 

three  constants,  which  eipress  the  abscissa  and  ordinate  of 
its  centre,  and  the  length  of  its  radius.  (Trig,  90)- 

It  ie  plain,  that  when  any  two  curves  D  X,  ET,  have 
Ftg,  three  common  points,  M,  M,  M",  fig.  24.  they  will  ne- 
'^**  cessarily  have  three  common  ordinates ;  or,  which  comes 
to  the  same,  there  are  two  sides  of  the  polygon  MM'  Jlf, 
Stc.  fig.  2,  which  are  at  once  inscribed  in  both  the  carves ; 
and  the  lines  P  M,  M'  Q,  and  M"  N"  (62),  have  the  same 
values  in  each.  Denoting  always,  therefore,  by  x,  y,  the 
co-ordinates  of  the  particular  point  M,  of  the  proposed 
curve  D  JT,  lig.  24i  and  by  x',y,  those  of  any  point 
whatever  of  the  curve  £  1",  we  shall  have,  by  No.  62,  for 
the  points  M,  M',  M", 

y=y 


Fic.2. 


Fig. 


dx 


4  +  8«. 


+  &c.=is.  +  &c, 

dx 


on  the  auppo^tion  that  x  is  changed  to  x",  in  the  expressions  t>f 

v", -r^>    -r-v->  8tc-   deduced  from  the  equation  of  the 
a  X      dx^  ^ 

curve  £  Y.     Now  if  we  pass  to  the  limit,  by  making  A=0, 
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the  thte  intersections  will  unite  in  one  point  of  coaticC^ 
ta  wliich  we  Hiid  the  following  conditions  must  hold : 

dx'  "    dr 

*'*_?.'—   '^ll 
d  !"■         d  J-  ■ 

tf  dw  currc  E  y  be  the  circle  represented  by  the  equa- 
tion 

(x'-«r  +  Cy-/3)'=/    (Trig.  90), 

differentiating  twice  succeastvely,  we  get 


I      -mAn 


(r---)  +  (y-P) 


dy' 


1  + 


%*(y-»^%'°- 


supposing  that  i'  is  changed  to  j-,  in  these  equations, 
they  must  then  give  the  same  values  forjf,  -^  ■,  -r^i  as  in 
the  proposed  curve  ;  that  is,  tliey  must  be  satisfied  by  the 
substitution  of  t,  y,  ^ ,  -^-~  in  them.  Making  this  laft 
substitution,  they  become 


(x-  •)  +  (y  - 


n"^. 


1+  j_£.+  (j,-/3)  J|=Oi 

but  since  the  quantities  derived  from  the  proposed  curve 
are  already  determined,  by  the  condition  of  their  corre^ 
poDding  to  the  particular  point  M,  it  follows  that  a,  0,  and 
y,  most  have  values  assigned  to  them,  proper  for  verifying 
these  equations. 

If  we  determine,  from  the  fwo  last  of  them,  the  values 
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;  and  then  substitute  them  in  the  first, 


'=     Tx  K 


ofy— ftandof  j- 
Vebare 

f/i'  +  rfy' 

ds  ^dj^J^d£\ 
d^y     > 

dxd*y 

95.  The  circle  whose  magnitude  and  position  we  hare 
determined,  varies  for  every  point  in  the  curve,  since  the 
quantities  a,  &,  and  y,  on  which  these  depend,  are  functions 
of  ,r  and  y.  It  possesses  remarkable  properties,  discoverable 
either  by  geometrical  or  analytical  considerations.  We 
shall  begin  bjr  explaining  the  former. 
Fig.  Let  M  M'  M"  M"',  fcc.  fig.  25,  be  the  polygon  inscribed 
25.  in  the  proposed  curve.  The  circle  which  passes  thioii|;Ii 
tlie  three  points  M,  M',  M",  has  its  center  situaied  in  the  in- 
tersection of  the  right  lines  N  0  and  A'  O,  erected  perpen- 
dicularly at  the  middle  points  of  the  line  M  M'  ind-M'  JH", 
If  with  the  points  Af',  M'\  we  combine  a  fourth  point  Af "» 
we  shall,  by  these  three  points,  determine  a  new  circle) 
whose  centre  will  be  in  O",  at  the  intersecuon  of  the  per-, 
pendiculars  N'  0'  and  N"  O",  drawn  from  the  middle  points 
of  M'M"  and  M!'  M".  Conceiving  now  the  same  operation 
continued  throughout  all  the  extent  of  the  polygon  M  M' 
M'M',  &c.  the  center  of  all  the  successive  circles  will 
form,  when  joined,  a  polygon,  such,  that  all  its  sides,  when 
produced,  will  meet  those  of  the  first  at  right  angles. 

When  we  consider  the  limits,  that  is,  when  we  substitute 
curves  for  polygons,  the  points  M,  M',  M"  becoming,  coinci- 
dent, the  right  lincNObecomes  anormaltothecurve,  which 
it  the  limit  of  the  polygon  MM'  M" M",  S;c.  and  a  tangent 
to  that  which  is  the  limit  of  the  polygon  0  0'  O'  O"',  &c. 
and  the  circle  which  passes  through  the  points  M^  M',  Jlf, 


\ 
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becomes  the  Qjculating  circle.    We  must  substitute  Aen 
the  figure  26,  instead  of  25,  so  as  to  replace  the  polygons  F 
by  the  curves  D  X  and  F  Z,  the  second  being  the  heiu  of  ^' 
the  centres  of  all  the  osculating  circles  of  the  first,  which 
lave  the  tangent  ^  0  f or  their  radius. 

96.  In  order  to  exhibit  the  analysis  of  the  preceding 
properties,  we  assume  the  three  equations  of  No.  94;  and 
clearing  the  two  last  of  the  differentials,  which  enter,  as  di- 
wisors,  into  them,  we  have 

(x-»)'+(y-fi)'=y'' (1) 

(X  -«)</r  +  (3/-5)  rfy  =rO (2) 

Jx'+iij/*  +  (j/~B)J^l/~0 (3). 

)W,  Itt    Since  the  second  equation  gives 

^  (67)  that  of  the  normal  drawn  from  the  point  whose 
Co-ordinates  are  b,  B,  that  is,  from  the  point  0  of  the  curve 
^Z,  to  the  point  M  of  the  proposed  curve  D  X. 

£dly.  Differentiating  the  two  first  equations,  not  onlj 
with  respect  to  x,  j,  but  also  to  the  quantities  a,  &,  y,  (inas- 
Attuch  as  these  last  are  functions  of  the  others  [95j),  we  get 

^   Ko*  the  equations  (2)  and  (3)  reduce  these  to 

-it-»)da~(y~B)dS=ydy (♦) 

'  d^dx-d0dy=O     (5) 

.,.,.</ ,9  dx 

vie  utter  of  which  gives  — *    =  —    -— ,   an  expression 
<j»  a  tf 

ich  changes  the  equation 

■ijt-)i«ii  ,0  U.  nriU.T  ■■■1;  !'■■! 
3/-  ^  =  J^  C'--J. 


w 
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and  which  shew^  therefore  (67),  that  the  normal  M  O  It 
a  tangent  to  the  curve  whose  co-ordiiiates  are  u,  B,  that  by 
to  the  curve  F  Z. 

Sdly.  If  vre  eliminate  X — m,  y  -  S, -^ ,  between  the  equa- 
tions (1),  (Z),  (4)  and  (5),  we  shall  have 

^,'=J-'+</S=,  OT^    =    \/l+^, 

which  gives  the  differential  coefficient  of  y,  with  respect  to 
the  variable  •  :  now  (7j),  this  expression  is  also  that  of  the 
differential  coefficient  of  the  arc  of  the  curve,  whose  co- 
ordinates are  n,  Bi  and  it  follows,  from  this  identity,  that 
the  radius  of  the  osculating  circle  varies  by  the  same  dif- 
ferences as  the  arc  of  the  curve  i^Z  (22),  a  property  which 
merits  the  greatest  attention. 

In  fact,  the  radius  of  the  osculating  circle  at  the  point 
M,  being  a  tangent  lo  the  curve  FZ,  has  its  ilircction  ne- 
cessarily the  same  with  that  of  a  thread,  wrapped  round  the 
conveitity  of  this  curve,  and  then  unwound,  as  far  as  the 
Jioint  O.  We  may  observe^  if  we  trace  this  dmelopemenl  in 
its  progress  from  0  to  0',  that  the  thread  increases  in 
length  by  a  part  equal  to  0  O',  the  arc  of  the  curve  F  Z% 
and  since,  by  what  we  have  before  said,  the  difference  of 
the  radii  0  M  and  O'  AV,  is  also  equal  to  the  same  arc  0  O", 
it  follows  that  the  extremity  M  of  the  thread  must  be  still 
found  in  M',  a  point  in  the  proposed  curve,  which  it  has 
never  quitted  during  the  progress  of  the  developement  from 
one  of  these  points  to  the  other.  We  may,  therefore,  re- 
gard the  curve  D  X  i^  generated  by  the  developement  of 
FZ. 

This  process  has  much  analogy  with  the  description  of 
a  circle.  The  curve  FZ  performs  the  part  of  a  centre, 
and  the  radiui  MO,  intteiid  of  being  constant,  varies  at 
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tttTj  point.  F  Z  is  called  the  tvolule,*  the  curve  D  JC 
at  invtiutt,  and  the  radius  of  the  osculating  circle,  the 
nJim  ^  curvature.  \ 

In  general,  the  osculating  circle  at  once  touches  and 
cuts  the  cnrve,  in  the  manner  of  a  tangent  at  a  point  of 
infleiioD  (78).  If  the  radius  of  the  osculating  circle  increase 
feom  M  to  3f ,  it  is  evident  that  the  arc  M  M'  of  the  curve 
mast  lie  aboxc  G  H,  the  osculating  circle  of  ihe  point 
M,  while  the  part  Af  D  lies  below  it.  Moreover,  since 
we  may  always  conceive  the  points  M  and  M'  so  near  each 
od»er,  that  the  radii  M  0  and  A/'  0'  may  differ  by  any 
qmmityi  however  small ;  and  since,  if  we  describe  the 
orde  G"  M  IT  with  the  radius  M  f  =  M'  0',  the  arc 
iJ^wiU  be  entirely  helow  the  curve,  we  shall  easily  per- 
eeJTC  that  no  other  circle  can  pass  between  a  curve  and  its 
OKOlating  circle ;  for  every  circle,  whose  radius  is  less  than 
M  0>  will  pass  entirely  within  the  arc  G  M  H,  while 
erery  circle,  whose  radius  is  greater  than  Mo,  will  lie  en- 
tirely without  tlie  arc  G'  M  H. 

The  osculating  circle  being,  therefore,  that  which  of  all 
Cttele*  touching  the  proposed  curve  at  the  point  M,  ap* 
pnacfae*  nearest  to  it,  on  eitlier  side  of  the  point  of  con- 
txtf  is  consequently  that  which  differs  the  least  from  the 
Carre  at  the  point  under  consideration.  The  curvature  of  a 
drde  ts  uniformly  the  same  in  every  point  of  it ;  but  in  arcs 
of  a  pren  length,  that  of  a  smaller  circle  is  greater  than  that 
of  a  larger,  so  that  the  curvatures  of  these  arcs  are  in  the  in- 
vent ratio  of  the  radii  of  tlie  circles  to  which  they  belong. 


"  LadevduppC-e— la  developpante— rayon  de  la  dtveluppfie. 
t  It  >■  by  this  latter  consideration  that  Huyghcnsdeiermined 
Uing  circle,  which  he  first  noticed,  and  the  preceding 
night  be  deduced  from  it ;  but  this  view  of  the  subject, 
1  it  does,  the  invesligation  of  ihe  osculating  circle 
jal  theory  of  curves,  of  which  il  ought  to  form  a 


r  pirt,  ia  too  limited  for  the  present 


stnie  of  SI 
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We  may,  therefore,  by  the  radius  of  the  osculating;  ctrc!*, 
estimate  the  curvature  of  the  curve  at  any  point.  This  U 
the  reason  for  calling  the  radius  of  that  circle  the  radius  of 
curvature  :  and  it  appears  tHat  the  earvatnre  ef  am/  curve  is 
hi  the  inverse  ratio  efthe  radios  of  ofrvatitre. 

The  evolute  may  also  be  considered  as  the  limit  of  the 
intersections  of  the  normals  of  the  proposed  curve,  taken 
twc  and  two  consecutively,  since  the  point  K,  the  inter- 
seccioT  of  the  two  radii  M  0  and  M  C,  perpendicular  to 
(\.<i  curve  D  X,  at  Jt/ and  M'  approaches  so  much  the 
rearer  to  the  curve  jPZ,  as  the  points  M  and  M  are  neaiee 
to  each  other. 

97.     We  may  likewise  prove  by  the  assistance  c^j 
analysis,  that  between  the  curve  proposed,  and  its  circle  « 
curvature,  no  other  circle  whatever  can  pass  \  and  this  pr-. 
perty  leads  us  immediately  to  tlie  others. 

In  general,  when  two  curves,  whose  ordinates  and  sx^ 
8cis$:e  are  designated  by  x  and_^,  .t'  andy,  have  a  comnrti— 
point,  and  in  which  consequently  .j'r:j,  y'=}/,  if  we  Cai 
the  difference  of  the  series 

.+    i£.*  +  £if    *L  +  i*    _*!_  +  J;c.  i 

'      di  I      di-  1.3      T?   \.2.3. 


'' dx"  1.2.  ' 


^  ^    d  r'    1         dr"    I     a  d  .   » 


which  express  the  ordinates  of  the  points  corresponding     t^ 
the  abscissa  r+h,  we  shall  £nd,  generally, 

\d  r      dx'  /    1       Vir'      di')   1.8. 

for  the  expression  for  the  distance  of  these  curves,  in  tfitf 
direction  of  the  ordinate ;   but  if  at  the  particular  poiA^ 

which  wu  are  now  considering,  we  have  --X  =:  -J^-,   ihi* 

dstance  will  be  then  reduced  to 
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lib 


+  &c. 


/I.  2.3; 

IV  nrio  wlucfa  this  developement  bears  to  the  preceding, 
niing  smaller  in  proportion  as  k  increases  (56),  tt  re- 
iniltfrom  it,  that  the  di'itance  which  it  expresses  between 
^two  curves,  will  terminate  by  being  less  than  that  which 
resscd  by  the    former ;    and   that   consequently  no 

whatever,  for  which  we  have  not  --^^  =  ^  ,    can 

fits  between  those  which  satisfy  this  condiiion.  It  ia  on 
Ail  account,  that  between  a  curve  and  its  tangent,  we  can 
inv  no  straight  line  passing  through  their  point  of  con- 

The  proximity  would  become  still  greater,  if  we  also 

-  \ai  -r-c    B    —Jf .     A  curve  which  only  satisfies  the  two 
dx*         a  i* 
conditions 


:/=s> 


di 


dj:' 


Aat  is  to  Say,  which  has  only  a  simple  contact,  cannot 
^iproach,  at  those  parts  w4iich  are  indefinitely  near  tfa« 
common  point,  so  near  to  the  second  curve  as  the  first 
^roaches,  and  cannot  possibly  be  drawn  so  as  to  pass 
Iwtween  them.  This  is  the  case  of  a  circle  which  is  merely 
a  tsngent,  when  compared  with  the  circle  of  curvature. 

Since  the  first  term  of  the  expression  for  the  difference 
of  the  ordinates  involves  A',  which  changes  its  sign  when 
wc  substitute  —h  in  the  place  of  +A,  we  readily  see,  that 
the  circtun stances  which  we  have  remarked,  of  the  tangent 
at  points  of  inflexion  (76),  will  likewise  take  place  in  the 
circle  of  curvature,  excepting  those  cases  only  in  whidi  we 
hare 

d'y'  ^d'l, 
di'  "  dJ^' 
It  i)  not  necessary  to  extend  these  considerations  far- 
theT}  in  order  to  be  convinced,  that  curves  may  have  with 


1 
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each  other  degrees  of  contact  more  or  less  immediate.  Bf 
pursuing  the  course  indicated  in  No.  94,  we  should  find, 
that  if  two  curves  had  four  points  in  common,  and  if  we 
would  determine  one  of  them  in  such  manner,  that  these 
points  might  coincide,  we  must  then  have,  at  the  same 
time, 

^~^'     7?  ~  77'    d,--   ~   77'*    TP^   ~  di*' 
this  contact  would  differ  from  the  preceding  in  this  circum- 
Etance,    thai  a  curve  which  has  with  either  of  the  propose«i 
curves,  a  contact  of  the  above-mentioned  species  only,  can- 
not be  drawu  between  this  and  the  other. 

By  employing  the  preceding  conditions,  in  the  deteimi- , 
nation  of  the  constants  which  particularize  the  equation 
whose  variables  are  x  and  _y,  we  shall  discover,  that  this 
equation  must  necessarily  involve  four  constants. 

'  sa.  We  divide  contacts  into  different  orders,  according 
to  the  number  of  points  of  intersection  which  are  supposed 
to  be  united  in  them  ;  or,  what  amounts  to  the  same  thing, 
according  to  the  number  of  terms  which  are  supposed  to  be 
equal  in  the  developements  of  the  ordinates  relative  to  a 
consecutive  point.  The  contact  of  the  highest  order  which 
can  take  place  between  the  tangent  curve,  and  the  one  pro- 
posed, depends  on  the  number  of  constants  which  the 
equation  of  the  former  involves,  and  is  also  called  the  con- 
tact  of  osculation. 

Thus  the  tangent,  between  which  and  a  given  curve,  a 
simple  contact  only  can  take  place,  is  an  osculating  line  of 
the  first  order  :  the  circle  whose  equation  involves  three 
constants,  may  have  either  a  simple  contact  of  the  first 
order,  or  a  contact  of  the  second ;  but  this  last,  being  the 
most  elevated,  is  termed  that  of  osculation,  and  distinguishea 
the  circle  of  curuatun  from  all  those  circles  which  are 
merely  tangents. 

99.  We  shall  not  detain  ourselves  long  with  the  appli- 
cation of  the  formulx 
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J,-?. 


d  x''-\-d  y^ 


nnce  they  can  present  no  difHculty  when  we  are  well  ac- 
quainted with  the  structure  of  the  Differential  Calculus. 

The  value  of  >  being  suscepti  ble  of  the  double  sign  ± , 
it  may  be  asked,  which  of  the  two  we  ought  to  employ ;  for 
it  is  very  evident,  that  in  general  for  one  point  of  the  curve 
there  is  but  one  radius  of  curvature  ;  and  since  this  radius 
has  not,  eicept  at  some  particular  points,  the  same  direction 
with  the  ordinate  or  abscissa,  it  cannot  properly  be  said  to 
have  any  peculiar  sign,  with  respect  to  tliose  lines.  The 
determination,  therefore,  of  that  by  which  we  commonly 
affect  it,  must  depend  upon  a  convention  previously  esta- 
blished on  the  direction  of  the  curvature,  with  respect  to 
the  normal.  If  we  agree  lo  consider  the  radius  of  curva- 
ture as  positive,  for  those  curves  whose  concavities  are 
tamed  towards  the  axis  of  the  abscissx,  as  the  value  of 

—5  IS,  in  these  cases,  negative  (6t),  we  must  affect  the 

expression  for  >  with  the  sign  -  ;  and  the  same  assumption 
will  also  make  the  radius  of  curvature  negative,  when  the 
concavities  of  the  curves  are  turned  from  the  axis  of  the 
abscisses,   since  it  changes  its  sign  at  the  same  time  with 

— ^ .     In  conformity  to  this  convention,  we  shall  always, 

in  die  application  of  the  formulae,  assume 


equation  of  lines  of  the  second  order, 


leading  to 
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.<" 


♦y 


<p        iiisJt'-(.''^-<ln',dtJy  _  [iny'-{m->rinxY\d^^ 


there  will  thence  result 


If  we  subatitute  the  value  of  y,  in  this  expression,  we 
stall  have 

_£4(w  J  +>.tM  +  {m^2nxfY, 


This  is  the  general  expression  for  the  radius  of  ciirv>- 
ture,  in  lines  of  the  second  order ;  wc  shall  deduce  its  par- 
ticular Talue  for  each  species  of  these  lines,  by  giving  to 
m  and  n  the  values  which  reepectively  correcpond  to  diem. 
(Trig.  U7.) 

This  result  is  reduced  to  —  in  all  cases,  when  T=9i 


mr    1 


the  curvature,  therefore,    of  the  proposed  lines  at  timr 
vertex,  is  the  same  as  that  of  a  circle  described  with  a 
dius  equal  to  the  semi-parameter.  (Trig-  132.) 

By  comparing  the  value  of  y  with  that  which  we  have 

found  in  No.66.  for  the  normal,  we  shall  see  that  >  =  — -, , 

im 

or  that  the  radiui  of  curvature  in  linei  of  the  jtcond  vrder  is 

equal  to  tite  cuhe  of  the  normal,  divided  hj  the  square  of  the  itmi- 

parameltr. 

In  tlie  parabola,  in  which  ff=0,  we  have  axjxg\y 

—   (*»'  +  *  "i  J-  ]^ 

We  may  apply,  in  a  similar  manner,  the  general  expre». 
aions  for  x  —  »  and^-fli  and  subitituting  for  j  its  value, 


«»  Ihoold  have  two  equations  in  terms  of  x,  a,  and  )?• 
fltoiriiJcli,  by  eliminating  r,  we-  may  deduce  th«  wjuation 
for  the  erohne,  in  terms  of  a  and  3  alone.  We  shall  go 
dAi^  this  piecois  for  the  paiabola  only.  We  have,  in 
Am  cue. 


e* 


nd  t}ieR  resDlfs 


♦*' 


r-.=  -i;   li  /*,v'  +  "''>  _  .  ■! 


2y 

B  ttliich  we  get 


«  V 


ft:' 

I     wntuting,  in  each  of  these  equations,   for  u  its  value 
I         1  I 

■'«',  there  will  arise 


^WAi 


-2-f  --«.; 


tiniag  the  value  of  i^  in  the  second  reiult,  in  order 
M  nhttkute  it  in  the  first,  we  shall  obtain 


j=  -  {« 


■>). 


fi'^ - 


-(« 


"): 


the  last  of  these  equations  belongs  to  tlie  evolute  of  the  para- 
bola. If  we  change  a— ^  mintoa^  ortransfer  the  origin  of  the 
:  to  D,  fig.  27,  we  shall  be  able  to  gite  it  thi»  very    ] 


is  1  parabola  of  the  third  order*,*  composed  of  thr  two 

*  Tbe  Ei^tiBttan  ji*^  m  t^  beiiig  neneraliavil  ihus  :  ji*^i»  V, 
r^reaeuts  a  family  of  curves,  uf  which  tbu  cummon  parabola  ia 


w 

r 
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branches  DF  zni\  Df,  the  first  of  which  generates  by  its 
deTelopcmentt  the  branch  A  X  o{  the  common  parabola' 
XA  If  and  the  second  produces  the  branch  A  x. 

100,  It  is  necessary  to  observe,  that  in  order  to  de- 
scribe the  parabola  X  A  .r,  by  the  developcment  of  the 
curve  F  D  f,  the  string  which  is  wrapped  round  one  or 
other  of  the  branches  I)  F  and  D  f,  ought  to  have  at  the 
point  D,  in  the  prolongation  of  the  tangent  B  D,i  length 
A  D,  equal  to  the  radius  of  curvature  at  the  point  A ,-  that 
is  to  say,  equal  to  hall'  the  parameter  of  the  given  curve; 
every  other  point  1,  taken  upon  this  string,  would  generate 
a  difteront  curve,  if  the  point  /  should  fail  upon  the  point 
D,  the  radius  of  curvature  of  the  curve  described  in  that 
case,  would  be  equal  to  nothing  at  its  origin,  and  con- 
sequently the  curve  would  have,  at  this  point,  an  infinite 
curvature  (96). 

Since  the  arc  D  i^  is  equal  to  the  difference  between  the 
radius  of  curvature  M  F,  corresponding  to  the  point  M^ 
and  the  radius  A  D,  which  belongs  to  the  origin  of  the 
absciss*,  we  easily  see  that  the  cvrvc  F  X)  /  is  reclifiaMe  i 
that  is  to  say,  that  we  can  assign  a  right  line  which  is 
equal  to  it  in  lengtli. 

This  retnarlc  is  genera! ;  for  since  we  can  always  deduce 
an  expression  for  the  radius  of  curvature  of  algebraic  cuneSf 
the  evolutes  of  these  curves  arc  all  rcctifiable. 


On  Transcendental  Curves. 

101.  We  have  hitherto  only  considered  algebraic  curves; 
we  now  propose  to  make  the  reader  acquainted  with  some 
of  the  most  remarkable  among  the   transcendental  ones. 

only  a  particular  case;  we  also  name  ihem  parwioiat,  but  dt»> 
,  tinguish  them  by  the  enponetit  of  the  degree  of  their  respective 
f  njiutions. 
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ISl 


Hue  (hnres  are  so  c^Ied,  whose  equation  Cannot  be  ofc- 
tuonl  in  algebraic  terms.  The  Logarit/imk  curve  will  first 
engage  our  attention,  in  which  the  ordinates  are  the  loga- 
litluns  of  the  abscissfc. 

In  the  curve  ^=1  *■,  and  when  i  is  taken=  1,  j=0, 
which  sbews  that  it  meets  the  axis  at  the  point  H,  fig.  28,  Fm. 
wbae  the  abscissa  ji  E  is  equal  to  unity.  The  branch  2S- 
EX,  which  corresponds  td  a  poaicii'e  abscissa  greater  than 
nllf,  ia  infinite;  since  the  logarithms  of  these  absci?3« 
facmse  perpetually.  Throughout  the  portion  jJ  E,  whore 
t!tt  abscissie  are  fractions,  the  ordinatcs  arc  negative,  and 
ibCteise  as  these  fractions  diminish,  so  as  that  (he  branch 
S  X  rfiaU  have,  for  its  asymptote,  the  negative  part  A  c  oi 
AtlXii  of  the  ordinatcs.  Lastly,  the  curve  docs  not  e\- 
Md  on  the  aidff  of  the  negative  abscissae,  since  the  loga- 
riduns  of  these  are  imaglnarv.  (  See  the  Tratte  tin  Calcitl 
Oifirtntlrl  ft  du  Calcui  intip-al). 

If  we  differentiate  the  equation  3^  =  1  r,  it  becomes 

d  1        .( 
we  see,  by  this,  that  the  tangent  of  the  curve  is  perpeocH- 
cularto  the  line  of  the  abscissa.-,  when  a=0;  and  that  it 
only  becomes  parallel  to  It,  when  s  is  infinite  {77).     The 
ptunl npressioR  forthesub-iangent  (65),  gives  PT=.  jj-i 

iut  the  elimination  of  y  introduces  the  logarithm  of  x ;  SO 
tfaM  this  expression  is  trantcenbental.  If,  however,  we 
find  the  value  of  the  sub-tangent  0  D,  upon  the  axis  A  C, 
we  get  0  jD  =  ^-.  ^  =  M,  a  very  remarlcable  result,  proving, 

M  it  do«,  that  the  9ub-tangcnt  O  /)  is  constant  and  equal 
to  th«  modulus,  for  all  points  of  the  curve.  We  should 
ttoA  too,  thafcthe  tangent,  the  normal,  and  the  sub-nofnial, 
talea  *ilh  respect  to  the  arii  A  B,  are  transcendents,  the 
ocdinate  y,  entering  into  Am  etprteelon  ;    but  that  they 
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become  algebraici  when  considered  with  respect  to  the  axis 
AC. 

We  prc)ceed  to  consider  the  radius  of  curvature.  Now 
we  have 

^  7? "       x'     '        dx  a*  ' 

whence  (94)         y=:  ^^ — r? — ^, 

Mx 

We  shall  not  stay  to  consider  the  evolute,  since  it  i% 

necessarily  a  transcendent ;  we  shall  only  obsenre,  that  the 

differential  equation  of  this  curve  is  easily  obtained,  bj  elL- 

d  X 
minating  »,  d  x,  dy,  from  the  equation  dyssM ,  witib 

X 

the  help  of  the  values  of  y—  fi^  x^m,  and  their  differen- 
tials. 

Logarithmic  curves  differ  from  each  other,  on  account 
of  the  modulus  relative  to  the  system  of  logarithms^  which 
they  represent.  The  equation  xzza^,  gives,  if  we  take  the 
Naperian  logarithms,  Ixssyla,  whence  we  find 

1  X 

^=   1—' 

an  equation  of  which  the  second  member  is  nothing  else 
than  the  logarithm  of  x,  calculated  for  a  modulus  equal  to 

—    This  equation,  therefore,  belongs  to  a  logarithmic 
1  a 

curve. 

102.  The  Cycloid,  or  the  curve  described  by  a  point 
in  the  circumference  of  a  circle,  while  the  circle  itself  rolls 
upon  a  right  line  given  in  position,  is  another  transcenden- 
tad  curve;  the  relation  between  its  ordinates. and  abscissae 
depends  on  the  arcs  of  the  generating  circle,  and  may  be  ez« 
pressed  in  the  following  manner : 
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The  origin  of  the  motion  of  the  circle  being  arbitrary, 
w  will  assume  the  point  A  for  it,  fig.  29,  where  the  Fjc. 
iamiiiig  point  was  situated  in  the  right  line  J  B,  which  2S. 
the  generating  circle  Q  M  G  rolls  along.  Since  the  circle 
ia  rolling  applies  every  point  in  its  circumference  to 
deJine  A  B,  it  is  plain  that  in  any  situation,  a^QAfG, 
die  distance  A  Q\s  equal  to  the  arc  M  Q,  contained  be- 
tween the  point  M,  which  at  first  touched  the  line  A  Bin 
J,  and  the  point  Q,  which  is  in  contact  with  it  in  its  pre- 
wnt  pontion. 

If,  onAB,  we  erect,  at  the  point  Q,  the  perpendicular 
Q  0,  passing  through  the  center  of  the  generating  circle, 
lad  draw  M  N  parallel  lo  A  B  -.  M  N  will  be  the  sine  of 
tbe  arc  At  Q,  and  N  Q  the  versed  sine  (Trig.  5). 

Let    eO=fl,  PA=x,  PM=:QN=,f, 

nd  we  shall  have 
MX^VsTJ^,        j=AQ-PQ  =  wcMQ-MN, 

or  x=:arc  Jvers=^|    -  i/^atf—y'- 
^cb  is  the  primitive  equation  of  the  cycloid,* 

•  See  Note  (H.) 

If  we  wished  to  calculate  the  length  of  the  arc  M  Si  from  iis 
iam,  by  trigoaometrtcal  tables,  in  urder  <u  construct  llie  curve, 
wsnnut  fir*t  refer  the  sine  A/ W  (radius  u)  to  the  radius  1,  and 

^Aaii  get  —^  ,  or  -^la^-^K  Denoting  then  by  /, 
Ae  kngth  of  the  arc  corresponding  to  this  latter  sine,  the  arc 
JtfSwill  necenarily  bear  the  same  proportion  to  the  <iuadrant 
(/  the  circle  of  which  it  is  a  part.  Chat  i  dvea  to  the  quadrant 
.:  whence  it  follows,  that 
arc  JM  2  =  at, 

sesine  =:-\/ 2  (tj— y. 
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The  arc  Jf  Q  (whose  versed  sine  is  y)p  bM  also  ilf  ^, 
or  i/^a^— ^*  for  its  sine ;  and  if  we  difierentiate  the  fbie* 
g(dng  equation^  the  circular  arc  will  disappear ;  f(Qr  bjr  tht 
formula  (Ta),  in  which  a  represents  dM  faditta»  aad  x 

the  sine,  if  we  substitute  ^2at^-  y*  for  x,  we  shall  have 

J.arc  JfQ=    ../    "^  ■     ', 
Whence  also 

consequently 

which  is  the  differential  equation  of  the  cycloid* 

Nothing  now  is  easier  than  to  obtain  egcpres^ioas  for  tfa^ 
sub-tangent|  the  tangent,  the  sub-normal,  and  the  nonnal| 
in  the  cycloid.  We  find,  by  the  general  formula  of 
No.  6B, 

'^S^ij^-y*  V^  9.ay^y^ 

PR=V'2,ay^y*,         MR=V  2ay. 

We  may  construct  these  values  in  a  very  simple  man- 
ner ;  for  it  is  easy  to  observe,  that  M  P  oxy  being  considensd 
as  the  abscissa  Q  ^  in  the  generating  circle  QMG,  the 
value  given  above  for  P  R,  is  precisely  that  of  the  ordinate 
M  N  of  this  circle,  and  consequently  the  norma}  coiocidet 
with  the  chord  of  the  arc  ilf  (^j  as  may  be  also  seeu  firoiii 


Tl    ■  '  ■  '  ■     ■      tJ  I      I     1 1 


The  expression  for  x,  putting  for  t  its  value,  is  thus  written : 

*  =  «.  arc  (sin  =  ^^2«j^-y)-v/2aj^-y; 

and  by  differentiating,  by  the  rule  in  (32),  we  come  to  the  same 
result  as  before. 
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Ae  tiprMsion  for  M  R.  U  follows  from  hencei  that  the 
iiKiMG  produced  is  a  tangent.  If  we  conceire  the 
cscle QM  G  to  slide  upon  the  point  Q,  lo  as  to  arriye  at 
Of  other  position  ^  m  g,  the  lines  m  j  and  m  g  will  conti- 
nue notwithstanding  this  change,  parallel  (o  MQ,  M  G. 
Ilil,  therefore,  sufficient  for  constructing  the  tangent  and 
oonnil  at  any  given  point  M,  to  refer  this  point  to  the 
fixed  circle  f-g,  which  may  be  done  bjr  drawing  M  m  pa- 
ntttl  \aAB%  and  then  to  draw  M  J  parallel  to  m  g^  and 
JfPparaliel  tomy. 

105.    Let  ui  next  consider  die  radiu*  of  curvature.   If 
we  diSltTeBtiate  the  equation 

WE  obtain  idi  being  constant) 

ydy{ady-ydy) 


dx=-^ 


^^ij/d's-trdf)  v/Sfly-y- 


^2«*-y 


J.,, 


vhich,  reduced  and  divided  byy,  becomes 

whence  we  deduce 

adf 

lubstituting  now  'dm  value,  and  that  of  dif  in  the  expres- 
lioa  for  the  radius  of  curvature  C9*)>  "^^  ''"''>  ^^^^'^  '^^ 
aecesnry  reductions 

This  result  shews,  that  the  radius  of  curvature  M  !^  \% 
double  the  normal  AfQj  and  that  it  can  never  exceed, 
therefore,  twice  the  diameter  of  the  generating  circle* 
which  diameter  is  at  once  the  ordinate  and  the  normal  to 
tlie  cycloid  at  the  point  /,  at  which  the  point  of  contact  <J 
bu  innrnaed  one  half  the  cticumference. 


l!» 
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The  espressions  for  x  — «  and  if  - 


whence  we  conclude,  tha.t 


P,  give,  moreover 


I 

^^^K  If  we  substitute  these  values  in  the  primitive  equation 

^^^K    of  the  cycloid,  and  make  the  necessary  reduction,  we  find 

^^V  -=arcJver9=-fi|  +  V-«afi_i8'. 

f  .  a  result  which  has  a  great  analogy  with  that  equation.  Th* 

radical  V  —  2  n  S  —  S'  becomes  similar  lo  ^  2  a  _y  —  ^', 
when  we  make  fl  :=  —  2  u-t-ff,  which  comes  to  the  same  as 
taking,  instead  of  the  ordinate  E  M',  \vhich  is  always  ne- 
gative, the  ordinate  i"' AT,  referred  to  an  axis  A'  B',  situated 

II  below  A  B,  at  a  distance  A'  7=2  a.     By  this  transforma- 

tion it  becomes 

.  =  arc  Jver8=2o-e'J  +  v'  2-j  ff-fi"  : 

but  we  must  observe,  that  the  two  arcs,  whose  versed  sines 

are  together  equal  to  the  diameter,  are  the  supplements  of 

each  other ;  and  denoting  the  semi<ircumferencc  by  »,  we 

may,  therefore,  write  the  above  as  follows : 

■=x-arc  jvers  =  e'J  +'/2'a0-0^.  '   , 

Taking  then  a=v-a,';  that  is,  substituting  for  the  abscissa 
AE,  another  abscissa  ^'/''  =  j1  I— A  E,  we  shall  find 

«'  =  arc  J  vers  =^'5  -  *^2ag'-ffS 
the  equation  of  a  cycloid,  whose  origin  is  at  the  point  A', 
and  which  is  described  upon  the  aiis  A'  B',   by  the  same 
generating  circle  as  the  proposed,  but  rolling  in  the  di- 
rection A'  B',  opposite  to  A  B. 

The  same  consequence  may  be  also  obtained  from  the 
determination  of  the  radius  of  curvature.  Producing  G  Q 
to  meet  A'  B'  in  Q',  and  drawing  g'  M',  we  shall  have  the 
triangles  G A/ Q,  Q^M' {J*  equal  to  each  other.  The 
angle  Q  AT  Q'  is,  therefore,  a  right  angle ;  and  if  a  circle  be 
described  upon  Q  Q'>  as  a  diameter,  it  will  pass  through 


\ 


¥ 
^ 


^W^ft 
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JT,  and  will  be  equal  to  the  generating  circle.  This  being 
fimied,  since  the  arc  M'  Q'  is  the  supplement  of  AT  Q, 
vlucb  ii  itself  equal  to  AI Q,  we  shall  have 

vhidi  proves  very  clearly,  that  the  evolute  A'  M'  A  U  a 
cjdoid  described  by  the  circle  Q  M'  Q'.  rolling  on  A' S^ 
fnai  A'  towards  B. 

Tlie  reader  will  have  remarked,  doubtless,  from  what 
biibeen  said  before,  that  the  cycloid  is  rectUiable,  since  it 

r  it  its  own  evolute,  and  the  expression,  for  its  radius  of 
carvature  is  algebraic ;  and  we  thence  deduce  a  curious 
rMuli,  that  the  length  of  the  arc  A!  A,  or  its  equal  A  JT, 
wtuch  compose  the  half  of  the  branch  described  by  the 
generating  circle,  is  precisely  that  of  ^'^,  or  double  the 

I     diameter  of  the  circle. 

I  The  cycloid  is  not  terminated  at  i,   where  the  circle 

\  hu  described  its  whole  circumference  on  ,4  L;  for  there  is 
nothing  to  linxit  the  extent  of  its  motion.  We  ought  par- 
ticularly to  remark,  that  in  the  description  of  curves,  all 
the  different  parts  which  result  from  the  same  construction, 
or  from  the  same  motion,  belong  to  the  same  curve.  Thus 
the  circle  Q^MG,  by  continuing  to  roll  on  the  right  line 
A  Bf  beyond  the  point  L,  describes  a  series  of  portions, 
timilar  to  -4  ^i ,-  and  we  must  conceive  as  many  to  have 
been  described  on  the  left  side  of  the  point  A,  since  the 
circle  may  have  arrived  at  this  point  in  the  course  of  a  mo- 
tion which  has  already  continued  an  infinite  length  of  time. 
The  equation  of  the  curve  leads  naturally  to  these  remarks  j 
for  there  is  nothing  to  prevent  our  supposing  the  arc  Q  M 
to  increase  or  diminish,  by  as  many  circumferences  as  we 
pleue.  We  see  too,  that  1/  can  never  surpass  2  a.  Hence 
il  foQowi,  that  the  cycloid  conceived  as  existing  in  its  full 
meat,  may  be  cut  by  the  same  right  line  In  an  infinite 
T  of  points. 


w 


I 
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The  difTerential  coefficient  of  the  second  order  j^! 

being  =:  —  -  ,  is  always  negative,  since  y  is  alvrays  poii-  j 

tive  ;  but  when^sO,  it  becomes  infinite,  as  well  as   -^.1 

whenyr=0,  which  happens  whenever  the  arc  M  Qii  either -i 
0,  or  some  multiple  of  the  circumference.  The  poinU  | 
A,  L,  &.C.  therefore,  where  the  difFerent  branches  of  the  | 
cycloid  touch  each  other,  ure  cusps  of  the  first  species,  at  I 
which  the  tangent  is  perpendicular  to  the  axis  of  the  ab-  y 
scissE  (83).  j 

104.  The  spirals  compose  another  clasi  of  tr 
dratal  curves,  remarkable  from  their  form,  and  their  pioi.' 
perties.  That  which  Canon  of  Syracuse  imagined,  and 
whose  principal  properties  were  discovered  by  Arcbimcdea, 
is  generated  as  follows : 

While  the  radius  j4  O,  fig.  30,  revolves  round  the  ceo. 
ter  j4  of  the  circle  OCQ,  a  moveable  point,  setting  out  from 
that  center,  nniformly  describes  the  line  A  O,  with  soch  a  :j 
velocity  as  to  arrive  at  0,  when  the  line  has  completed  a 
revolution.  It  follows,  therefore,  that  for  any  point  Af  of 
the  spiral  A  MOM  X,  the  ratio  of  AMxq  Ati  »  the. 
same  as  that  of  the  arc  O  N  to  the  circumference  OGOt 
but  as  there  is  nothing  to  prevent  the  lUtcrihing  paint  ffOItt 
continuing  its  motion  beyond  0,  upon  the  radius  produced, 
and  as  this  radius  may  itself  make  an  indefinite  number  ot 
revolutions,  the  cun'e  A  MO  will,  therefore,  extend  itsctf, 
making  continually  more  and  more  turns  round  .4,  in  SBCb 
a  manner,  that  the  ratio  of  the  distances  of  its  several  pAiutt, 
from  A  to  the  radius  of  the  circle,  shall  be  the  same  «ridi 
that  of  the  arc  described  by  0,  since  the  beghining  of  the 
motion  to  the  whole  circumference.  At  M',  for  instance, 
where  the  radius  A  N  has  made  one  revolution  ^hs  the 
O  -V,  we  have 
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AM'  _0GO+0N 

'TN'  OGO 

ff  then  ve  make 

0  N=t,  A  M=u, 

aod  if,  raking  for  unity  the  radius  A  N,  we  represent  the- 
drcumiierence  O  G  O  by  2  t,  we  shall  have  «=  - — . 

The  variables  in  this  equation  are  what  Geometers  have 
alUi  po/ar  co-ordinalej.  The  center  A  of  the  circle  OGO 
it  called  the  pale,  the  line  A  M,  which  always  passes 
through  this  point)  is  the  radius  vector  and  performs  the  part 
of  the  ordinate  of  the  curve,  while  the  arc  O  N  is  equi- 
nlent  to  the  abscissa. 

The  spiral  we  have  been  considering,  and  which  bears 
tM  Dane  of  the  tpiral  of  Archim^cJej,  is  only  a  particular 
cue  of  the  curves  represented  by  the  equation  u  =  a  l",  n 
huing  all  possible  values  given  to  it.    If  n  =  —  1 ,  we  have 

■  (=«,  an  equation  which  belongs  to  the  hi/perboiie  ipiral. 

If,  in  place  of  the  distance  A  M,  we  were  to  take  for 

■  llie  part  M  N  of  the  radius  vector,  comprised  between 
Jf  and  the  circumference  of  the  circle  OGO,  the  e(|uatioii 
ir=at  would  be  that  of  the  parabolic  spiral,  or  the  curve 
formed  by  wrapping  the  axis  of  a  parabola  round  the  circle 
0  C  s  the  ordinates  would  then  be  perpendicular  to  the  cir- 
auBlerence  of  the  circle,  and  would  coincide  in  direction 
wA  the  radii. 

•At  \oa%  as  n  is  positive,  the  spirals  given  by  the  equa- 
dnaw=a  r  have  their  origin  at  A  ;  but  when  n  is  negative, 
9i  K  fint  inlinite  when  t  is  nothing,  diminishes  as  this 
amlt  increases,  and  at  each  revolution  the  describing  point 
flpproubes  A  without  ever  being  able  to  arrive  at  it. 

105.  When  curves  are  referred  to  polar  co-ordinates, 
de  first  differential  of  the  radius  vector  4!  M,  fig.  31,  is 
Ae  pan  which  is  cut  off  from  the  succeeding  radius  vector, 
Q  ^  by  the  arc  of  the  circle  M  Q,  described  about  the  point 
J,  as  a  center  with  the  radius  M  A.  This  snudl  arc  is  consi- 
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dered  as  a  straight  line  (7+),  and  the  triangle  M  Q  JVf,  as 
a  rectilineal  one,  which  gives  Af31'=v  Q  At  +  Q  M'. 
When  we  measure  the  angle  M  A  Af,  by  an  arc  of  a  circle 
N  N',  described  with  a  radius  A  N,  equal  to  unity,  we 
have  QAI  ^  iiJ  t,  and  Q_  M' ,  being  equal  to  d  u,  we  find 

106,  If  we  draw  A  ^parallel  tothe  chord  of  the  small  arc 
(2  Af,  and  produce  the  side  MM"  of  the  polygon  inscribed 
in  the  curve,  until  it  meets  that  line,  we  shall  have,  from  the 
similitude  of  the  triangles  M'  Q  M,  and  MA  T, 

QM  ^  AT  ' 
When  we  take  the  limits,  the  chord  may  be  taken  for 
the  arc,  the  angle  Q  M  A  may  be  considered  as  a  right  angle> 
the  line  jW  2"  as  a  tangent  to  the  curve,  and  ATzs  perpen' 
dicular  to  A  M,  which,  in  that  case,  coincides  with  A  JM*, 
and  we  have 


whence  we  derive 


udt 


AT= 


'AT' 


107.  The  second  differential  rf*u,  being  considered 
the  difference  between  two  succeeding  first  ditferenciali 
(62),  will  be  represented  by  M"  Q'  — 3^  Q  ;  and  we  mutfi 
observe,  that  when  we  suppose  the  arc  ?V  1\'  constant,  or 
when  we  make  the  angle  t  vary  always  by  the  same  quaO' 
tity,  the  arcs  QA/,  Q  iU' are  not  equal,  because  thoc 
radii  are  different. 

From  these  considerations  we  may  deduce  expressions 
for  the  tangents,  normals,  &c.  but  it  is  more  convenient 
transfer  to  curves  referred  to  polar  co-ordinates,  the  expres- 
sions of  the  sub-tangents,  tangents,  &c.   found  relative 
the  rectangular  co-ordinates;   because  this  course  of  pro- 
ceeding will  give  occasion  to  transform  the  co-ordinates  of' 
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ArJint  system  into  thoseof  the  second,  and  to  show  how 
we  CM  pass  from  one  to  the  other. 

This  is  so  much  the  more  useful,  because  algebraic 
CUTTCS  are  frequently  referred  to  polar  co-ordinates;  and 
this  is  particularly  the  case  with  those  of  the  second 
degne,  their  focus  being  taken  for  the  pole. 

IDS.     For  the  sake  of  simplicity,  let  A,  Rg.  30,  be  the    Fic. 
cnpa  of  the  rectangular  co-ordinates,  30- 

AP=T,  PM=yi 

ml  m  order  to  fit  the  position  of  the  axis  A  B,  let  m  de- 
oote  the  arc  Q  O,  contained  between  this  axis  and  the 
jMODt  0,  which  is  the  origin  of  the  arc  t.  Drawing  the  line 
P  M  perpendicular  to  A  B,  and  observing  that  the  angle 
Jf  ^  i*  is  measured  by  the  arc  N  Q  equal  to  i  —  m,  we 
dtaU  have 

AA{=TP  +  Fia. 
A  P  =  A  McobNQ^ 
PM  =:AMs\a  NQi 

£  ..^■. 

Pl^'  y=K  sin  (/-«}. 

I  B^Qieans  of  the  two  latter  values  we  may  change  any  alge- 
braic equation  between  x  and  i/  into  another,  which  contains 
only  the  sine  and  cosine  of  arc  /,  and  the  radius  vector  ». 
These  values  also  give  us 

cosCf-M)=~\  sin  (;-.»)=  ^; 

•hence  we  may  deduce  values  of  cos  /  and  sin  /,  expressed 
io  terms  of  x,  i/,  u,  sin  m  and  cos  in,  which  being  substi- 
tuted in  any  given  equation  between  a,  sin  /,  and  cos  /, 
win  lead  to  a  result  containing  only  x  and  ^,  since  w  may 
he  changed  into  Vx^  +y^. 

If,  for  the  sake  of  brevity,  we  suppose  the  line  A  BtO 
cmocide  with  A  0,  we  have  simply 
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co8/=  -  9  sin  #  ss2  . 
u  u 

When  the  equation  between  u  and  t,  which  it  is  pro- 
posed to  transform  ako,  containai  the  arc  /»  it  is  not  possi- 
ble to  obtain  an  algebraic  relation  between  x  and  jr,  since 
none  such  exists  between  the  arc  /»  and  its  sine  and  cosine ; 
but  in  this  case  we  may  arriye,  as  we  shall  presently  see,  at 
a  difierential  equationj  which  only  contains  x^  g^  d  x,  and 
dif. 

We  may  deduce,  from  the  Talues  of  x^  y%  and  u^  gmii 
abore 

du-zid,  V'jr'+y*, 

Jxstf  ff  cos  (/  — m)— 0  J/ sin  (/— Mr), 
dy  zzd u  sinXt-m)-\-udt  cos  (/-  m)  ; 

if  we  eliminate  d  u  from  the  two  latter  equations,  we  shaB 
have 

,        dff  cos  (t  —  m)'^dx  sin  (/— «i) 

fl /=  — f 

and  substituting  for  cos  (/— m),  sin  ( /-  m },  and  u  their 
values,  we  have 

We  can,  therefore,  exterminate  from  the  equation  be- 
tween u  and  /,  and  from  its  difFerential,  the  quantities  v, 
cos  /,  sin  t^  d  u  and  d  t ;  and  the  two  results  obtained  will 
only  cont^  /,  which  may  be  made  to  disappear  by  elimi« 
nation. 

Take,  for  example,  the  equation  f/=:/i  ^,  which  gives 

n  ' 

the  expressions  of  u,  d  u,  and  d  /,  being  independent  of  the 
angle  m,  we  have,  by  substitution  and  reduction  to  a  com- 
mon denominator. 
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ftom  this  expression  we  may  determine  the  sub-tangenta, 
Wgents  &c.  of  spirals,  by  making  use  of  the  formulE  of 
No.  65;  it  will,  however,  be  more  simple,  and  at  the  same 
tineaiOTe  general,  to  transform  these  formulae  into  others, 
OOOiailling  only  the  variables  n  and  /,  which  may  be  done  as 


109.     The  expression  for  the  sub-tangent  becomes,  by 
Ktiag  for^  and  —  ,  their  values, 


PT=u  sin  it-m) 


d  u  cos  (f  -  III)  -  ui!  t  sin  (  f — 


^«sin(/-«)  +  »,y/c08(r-m) 

This  result  may  be  much  simplified  by  observing  that 

ihe  situation  of  the  line  of  the   abxcissie,   on  which  the 

disunce  PT'is  measurud,  is  arbitrary,  and  that  we  may 

eonsequently  always  taVe  for  rn  such  an  arc  that  Q  i\  shall 

be  wjual  to  -  ,  in  which  case  the  ordinate  P  M  coincides 
with  the  radius  vector,  .VJW;  also,  cos  (i  -  f»)~0  mi  (f  -•  m) 
=1,  and  P  r  becomes  y1T  =  ~  ^— . 

The  tangent  may  be  constructed  by  drawing  through 
the  point  A  a  perpendicular  to  the  radius  vector  A  M,  and 
meuuring  off  in  this  line  the  value  of  A  T,  given  by  the 
above  formulae. 

If  we  apply  this  formula  to  the  ei^uation  uz:a  t",  we 
iluU  find 

AT'=  -  -J^ =--/-*'  . 

no  C  -  '  H 

In  the  case  of  the  spiral  of  Conon,  uehaven=l,  and 
i  and  cousequenily, 


^!ff  DIFFERENTIAL   CALCULUS. 

From  this  expression  we  see,  that  when  /=2  t,  or  after 
one  revolution  of  the  radiu  s  vector,  the  sub-tangent  is  equal    \ 
in  length  to  the  circumference  of  the  circle,  at  the  end  of 
two  revolutions  the  sub-tangent  will  be  er]ual  to  four  times 
that  quantity;  and  so  on,  as  Archimedes  remarked. 

When  n=  —1,  which  is  the  case  of  the  hyperbolic  spiral, 
we  have  A  T'=a,  that  is  to  say,  the  sub-tangent  of  this  curve    , 
19  constant. 

It  is  not  necessary  to  consider  particularly  the  expres- 
sions of  the  normal  and  sub-normal,  because  they  may  rea- 
dily be  obtained  when  the  sub-tangent  is  known. 

It  may,  however,  be  observed,  that  -3 =  — ; —  ei- 

presses  the  tangent  of  the  angle,  which  the  radius  vector  1 
A  M  makes  with  the  right  line  7"  M,  which  touches  the  ' 
curve  at  the  point  M,  and  that  we  have 


T~M>J  am\a  r=:u\/ 


I 


1 10.  If  in  tlie  differential  of  the  arc  A  M,  which  ia 

(/  z  =  't^d  x'  +  </y     (75), 
we  substitute  tor  d  i-  and  d  if  their  values,  expressed  in 
terms  of  the  polar  co-ordinates,  we  shall  have 

dz=  ■>/dl^TlFTF, 
as  might  be  immediately  deduced,  by  considering  the  cur- 
vilineal  triangle  ,^M' ^  lig.  31,  as   rectilineal  and  right- 
angled,  from  which  form  it  differs  less,  the  nearer  the  pointt 
JIf  and  M'  approach. 

111.  The  differential  of  the  area  ADM,  taken  rela- 
tive to  polar  co-ordinates,  is  not  a  trapezium,  as  in  the  case 
of  parallel  ordinates ;  but  a  sector,  as  ^  M  M.  Taking 
the  limits,  the  ratio  of  this  sector  to  the  differential  NN' 
will  be  the  limit  of  the  ratio  of  the  sector  A  M  Qf  A  M'  R, 
between  which  it  is  comprehended,  and  which  tend  towards 


i^PF^ 
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apulitf,  to  the  same  differential  NN'.  From  this  we  may 
conclude,  that  the  area  ADM,  being  represented  by  /,  we 
thiU  have 

Jj^AMxMQ 

it~       2MJV       " 


:  — ,    whence  d s-:z- 


The  eipression  for  the  sector  d  s,  in  terms  of  the  rect- 
ugulir  coordinates,  is  frequently  required,  and  it  is  there- 
inn  proper  to  notice  it.  It  may  readily  be  deduced  from 
the  preceding,  by  putting  for  i  t  ajid  «*  their  values,  found 
in  Alt.  108,  when  we  find 


,   112.  Let  us  now  consider  the  radius  of  curvature^  and 
bere  we  must  obKrve,  that  the  formula 


_{d3^^dty 


(9*), 


tii{q)(»es  the  increment  d  x  constant  for  all  the  differentia- 
tioni  performed  on  y,  and  that,  since  the  polar  co-ordinates 
/  and  H  are  functions  of  j:  and  y,  they  are  implicitly  func- 
tiont  of  J,  and  conseqaently  they,  as  well  as  their  differen- 
tials, rary,  when  the  Utter  quantity  undergoes  any  change. 
We  muat,  therefore,  differentiate  the  two  equations 

dx=d  u  COB  (r~fn}  —  udt  sin  {t—m), 

d  y  =d  u  iin  {t~m)  +  u  d  t  cos  ((  -  «<). 
■hi  nuking  J  y,  d  u,  ind  d  t,  vary  at  the  same  time,  we 
We 
Qsi^it  cos  {l-m)-2d  ud  t  sin  {t~m)—ud^t  sin  (/— m) 

fi  f^d*  u  siaft  -  m)  +2  du  d  t  coa  (^i  -  m)  +  u  d't  COS  {(  ~m) 
—  udt*  sin(f— m). 
The  situation  of  the  line  A  B,  fig.  30,  being  arbitrary,  ^^* 

r  cbe  sake  of  simplifying  these  expressions,  sup- 


J   136  DIFFEBEN'TIAL    CALCULUS. 

I  pose  it  perpendicular  to  A  Jl!(109),  and  consequently  f—m 
,  hence 


sin(/-m)  =  l, 

d3=:-udC, 

=  —2  dudl~ud-l, 
(d.x'  +  dr)l 


cos((-ffl)=0, 

di/=du, 

d^tf~d*u~adt\ 


(du^  +  u'dt)"- 


=  MF. 


u^iid'u~udr) 

When  this  formula  is  employed,  it  is  necessary  to  make 
both  the  difi'crencials  d  u  and  d  t,  of  the  polar  ordinates  u 
and  I,  vary,  subjecting  d'  t  to  the  condition 

0=-2//  u  d  l-u  d"-t, 

which  establishes  a  relation  between  d^t  and  d  ii  d  t,  that 

is  (o  3ay,  wc  must  substitute  in   the  expression  of  d^u, 

instead  of  d-  /,  its  value,    deduced   from  the  above  ex- 

*  pression. 

113.  Instead  of  calculating  the  expressions  for  the 
co-ordinates  •  and  S  of  the  evoluce  (94),  it  is  usual,  wheo 
polar  co-ordinates  are  employed  to  determine  the  position 
of  the  center  of  the  osculating  circle,  by  means  of  that  of 
the  normal,  and  by  the  distance  of  M  E,  comprehended 
betueenthe  point  A/  and  the  base  of  the  perpendicular 
I  E  F,  drawn  from  the  center  i^of  the  osculating  circle  o» 
<  the  line  A  M,  by  which  means  the  construction  of  the 
radius  of  curvature  is  sometimes  rendered  more  elegant. 

The  line  A  M,  being  takt-n  as  the  axis  of  ordinates  y, 
the  part  ,1  E  will  represent  the  ordinate  0  of  the  evolutff, 
and  consequently 
['  M  E^A  M~A  E=y-B=  -  ''  ^'  +'^^'  : 


therefore 

114.     As; 


ME=~ 


(du 


^dC) 


d'H-udr 
1  application  of  the  preceding  formular,  let 


us  take  the  logarithmic  spiral,  wliose  equatio 
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Difleremktiflg,  we  Jiare  (tT), 

4tzzM  —  I  whence —r— = -^1 
u  du 

which  shows  thajt  at  all  the  points  in  this  curve,  the  tangent 
makes  the  sam^  angle  with  the  radius  vector. 

Differentiating agam  the  equation  u dt--M d u  :z:0% 
supposing  d  t  and  d  u  vari^^lei  we  shall  have 

ud't-^dudt--Md'uzzO\ 

and  substituting  for  u  d^  t^  its  value,  -^dudt{\\2)f  it 
beoomes  / 

-dudt-Md^  u—0\ 

and  if  we  substitute  in  the  expressions  of  Mi^  and  M  E  this 
nlue  of  d^  u,  and  then  that  of  d  /,  expressed  in  terms  of 
duf  we  shall  have 

M 

Freni  this  it  follows,  that  the  straight  line  A  Fy  iig.  39»  Frc. 
drawn  perpendicular  to  the  radius  vector  A  M,  will  meet   ^^' 
Ac  normal  M  F,  at  the  center  of  the  osculating  circle,  or 
at  the  corresponding  point  of  the  evolute. 

This  evolute  will  be  a  spiral  similar  to  the  given  arc  ; 
for  the  angle  A  F  Af,  being  equal  to  TM  A,  will  be  tlie 
same  for  all  points  in  the  curve  F  Z,  as  well  as  for  those  of 
the  curve  A  X. 


On  the  Manner  of  changing  the  Independent 
Farlable^  or  the  Means  of  converting  the 
Differential,  which  has  been  considered  as 
constant,  into  another,  which  shall  not  be  so. 

115.  In  treating  of  the  radius  of  curvature  for  polar  co- 
ordinates, we  have  considered  the  variables  u  and  t  as  implicit 
functions  of  i  ;  and  we  have  consequently  made  the  two  diffe- 

s 
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rentials  ///  and  du  vary  at  the  same  time ;  since^  however^  we 
may  consider  the  equation  of  the  given  curve  relative  to  its 
polar  co-ordinates  u  and  /,  independently  of  its  rectangular 
ones  X  and  ify  we  may  also  regard  t/  as  a  function  of  t,  sind  may 
take  d  t  for  the  constant  increment  of  this  latter  variable, 
which  is  then  independent  on  ,any.  Considered  in  this 
point  of  view,  we  ought  to  make^/ssO;  but  it  will  be 
necessary  first  of  all  to  alter  the  formulae  of  Nos.  1 18.  and 
113,  in  which  we  have  always  considered  x  as  the  inde- 
pendent variable,  and  that  d  x  was  constant. 

It  may  be  observed,  that  considering  /  and  u  as  functions 
of  (he  variable  or,  we  have 

dtzipdXf         d  u^q  d  X, 

and  consequently 

du  _  q 
dt  ^p' 

Differentiating  each  side  of  this  equation  on  the  same  hypo- 
thesis, where  d  t  and  d  u  are  considered  as  implicit  func- 
tions of  X  and  of  d  x,  we  have 

dt    d^u  dud't 

J  /d  u  \  ^pdq—q  d  p  ^dx     dx  dxdx 

\d  x^ 
which  becomes 


d 


/d u\^  dt  S' u^du  </*/ 
\dt)  37 


the  same  as  would  result  from  the  immediate  differentia,- 
tion  of  the  fraction— (12).  On  this  hypothesis  the  dif- 
ferential coefficient  of  the  function  - — ,  or  the  limit  of  the 

d  t 

ratio  of  i/.  —   to  d  ty  is  no  longer  expressed  by ,  as  it 

is  when  it  is  considered  as  the  independent  variable ;  but 
by 
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If  then  we  m^e 

du  dm 

-_=«,     __  =  «, 

and  eoonder  m  and  n  as  implicit  functions  of  t^  we  shall 

lore 

dt  d^u—dud^t 
n jp J 

ami  by  the  equation  0  ==  %du  df-Vu  d^toi  No.  112,  we 

bare 

d*t::z ,  and  n  =  p-r — — . 

u  u  dr 

Now  it  follows,  from  the  nature  of  the  Differential 
Calculus,  that  all  the  expressions  furnished  4>y  this  calculus, 
ought  to  be  independent  of  the  value  of  the  incren^ents> 
and  ought  consequently  to  be  transformable  into  others, 
lUch  contain  only  the  determinate  functions  m,  n^  8cc. 
We  hate,  in  fact,  from  the  preceding  operations, 

.  .  .,        nudt^-2du''       {nU''2m')de 

iuzimdt^        duzz . —  :=-^- • 

u  «  ' 

and  substituting  these  in  the  expressions  oi  M  F  and  M  E, 
we  shall  obtain 

vKch  fprmulac  are  freed  from  the  increments,  and  only 
contidn  the  functions  m  and  /7,  which  are  the  limits  of  their 
ratios  •,  but  when  /  is  taken  for  the  independent  variable, 

the  functions  m  and  n  are  represented  by  — -  and  — *:  and 
we  hate  consequently 
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which  formulae  suppose  »  to  be  a  functi6n  of  x.   In  apply- 
ing them  We  mu8t,  thereforei  when  we  difitmntiMt  dit 

given  equation  between  u  and  i^  make  d  t  constant. 

ri6.  It  is  frequently  useful  to  perform  an  operation^ 
which  is  the  inverse  of  the  preceding,  that  is  to  saj^  to 
transform  a  differential  expression,  taken  on  the  Kyfiodietis 
of  y  being  a  function  of  x  into  another,  in  which  x  ^itA  jf 
are  both  considered  as  functions  of  some  third  tariable,  as 
Z|  which  is  supposed  independent. 

The  co.ffic«nt^=^  then  become. 

in 

a  X 

dy  and  d  x  must  both  be  considered  as  functions  of  %^  and 
differentiated  accordingly,  which  gives 

^       \Tx)  dx* 

then  making  dp-=:q  d  x^  we  shall  find 

«,  Lj  /^\  =  dxd^y-dyd\x 
^     dx     \dx)  dx" 

Pursuing  the  same  plan„  we  shall  have 

^dx^d^y-Sdxd^xd^y-k-Sdyd^x^-^dxdy'd^x 
"*  dx^ 

and  putting  d  qzzrd  x,  we  shall  obtain 
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It  is  thus  that  the  quantities  p,  q,  r,  Sec.  which  are  im- 
plicit functions  of  r,  may  be  expressed  by  means  of  d  t, 
dg,  tf  Xj  &c.  considered  as  fnnctions  of  a,  substituting 
diBe  values  in  any  formula  whicli  contains  only  diiferentiBl 
CMficients,  it  may  be  transformed  in  the  general  manner, 
which  was  proposed. 

The  expressions  for  the  radius  of  cuTvature,    for  in*. 


b«iag  put  under  the  form 


ft 

as  Ion, 


C<7$) 


{i^rv 


d  i  d^y  —  d  yd^  X 


The  expressions  of  7,  r,  &c.  are  indetenoMUfta 
U  long  as  no  relation  is  assigned  between  the  variables  r, 
J,  Mil  a ;  but  the  effect  of  any  relation  will  be,  to  establish 
a  dependence  between  d^^x  and  d'^,  since  =  may  also  be 
considered  as  a  function  of  x  and  y,  d  2  is  also  a  function 
of  ihese  variables  and  their  differentials,  and  the  supposi- 
tion of  rf  z,  being  constant,  involves  that  of  d''^=0. 

h  is  not  even  necessary  for  ottaining  thts  latter,  to  know 
the  primitive  relation  between  j:,  >/,  and  thi;  samUe  z, 
whid)  is  considered  as  independent ;  it  is  sufficient  to  have 
tbe  eipression  oi  d  z. 

If,  for  example,  we  take  for  that  variable  the  arc  of  the 
pren  curve,  we  then  have  (75.) 


i 

riQMUfta  I 
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uid  differentiating  d  .i'  and  d  y,  considered  as  functions  of 
X,  v«  have 

dx  d'  x  +  dyd''^=Oi 

eUminatiiig,  by  means  of  this  equation  and  its  diSerentialj^ 

the  different ials  d^x,  d*x,  &c.  from  the  expressions  of  ^ ,  r^ 

&C.   we  shall  have  the  forms  which  the  differential   coeffi* 

cients    assume,    when  x  and  y  vary  in  consequence  of  « 

change  of  the  arc  z,  or  when  we  consider  that  arc  as  tbei| 

independent  variable,  or  fthen,  in  other  terms,  its  differeort' 

tial  is  constant.  ^ 

Geometrical  considerations  correspond  very  clearly  with  I 

this  circumstance  i  far  it  is  apparent,  dial  in  order  to  pafr! 

ticularise  the  polygon  M  M'  M",   &c,   fig.  2,   which  wel 

.  propose  to  inscribe  in  any  given  curvCj  C  M,  that  we  must  1 

assign   some  law  for  the  succession  of  the  angles  of  the  i 

polygon.   We  have  first  taken  the  differences  of  the  ahscisste 

P  F,F  P",    &c.  equal  to  each  other;  but  this  law  might 

be  changed  for  any  other  :  suppose,  for  example,  that  the  ' 

-sides  M  M,  M'  M",  should  be  equal. 

We  are  alsaat  liberty  to  suppose 

dz  =  d  X,        01  d  z  =  d jf  i 
whence  there  results 

rf'x  =  0,  ar^y=Qi 

and  by  means  of  these  hypothesis,  we  alternately  take 

and_y  for  the  independent  variable,  that  is  to  say,  we  con- 


tider^  as  a  function  of 
first  case 


I  or  J  as  a  function  of  y.    In  the 


f=  — ±^>  2nd  in  the  second  a 
dx-  *  „ .. 

Tf  we  put  this  latter  value  in  the  expression 

we  shall  immediately  transform  it  into  one  in  which  x  is 
considered  as  a  function  of  y,  and  which  is 
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AH  which  precedes  affects  only  the  symbols,  and  is  in  fact 
;  nothing  more  than  a  peculiar  manner  of  writing  the  differen- 
Inl coefficients;  for  whctlier_y  varies  on  account  of  the  change 
wiich  t  undergoes,  or  on  account  of  that  to  which  another 
niuble  z  is  submitted,  on  whicli  x  depends,  it  is  in  both 
Clin  the  same ;  for  the  limits  which  are  independent  of  the 
Tiloe  of  the  increments.  Also,  -when  we  differentiate  an 
equation  between  rand^y,  mailing  rfj  and  rfy  both  *ary, 
we  may  then  transform  the  result  into  differential  coeffi- 
cients, by  means  of  the  formul*  of  No.  1 16,  as  we  should 
ilso  do  by  differentiating  after  the  manner  of  No,  1  !5  :  by 
both  these  methods  we  should  arrive  at  the  same  result. 
The  formnlx  obtained  by  the  first  method  are  somewhat 
BAR  elegant,  because  the  two  variables  are  there  treated 
■fnunetrvcally. 

In  the  first  chapter  of  the  treatise  on  the  Differential 
nd  Integral  Calculus  may  be  found  some  important  details 
00  this  subject,  which  had  not  been  given  by  any  one  pre- 
tioui  to  the  publication  of  that  work. 

118.  From  what  we  have  just  seen  it  appears,  that  we 
OB  always  differentiate  a  system  of  two  equations,  con- 
taioiag  three  variables,  from  which  system  it  results,  that 
uytwo  of  (hefie  equations  are  always  determinate  functions 
tf  the  third.  If  I/=0  and  V=0,  denote  two  equations 
tetveen  r,  y,  and  z,  we  may  take  the  successive  differen- 
tiili,  by  making  those  of  the  two  in  determinates,  which 
ac  conaidered  as  functions  of  the  third,  vary  at  the  same 
tiffle. 

If  we  have  three  equations  t/=0,  V=0,  and  W=:0, 
between  four  variables,  /,  j,  _y,  :,  three  of  these  variables 
will  necessarily  be  determined  by  the  fourth ;  consequently 
thejwill  be  functions  of  it,  and  their  differentials  ought, 
iJaiefotc,  to  vary. 


I 
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Generally,  when  there  are  a  number  m  eijuations  be- 
tween M  +  1  variables  determining  m  of  them  by  means  of 
the  remaining  one,  they  ought  only  to  be  considered  as 
containing  functions  of  that  variable  ;  we  must,  therefore],     '' 
in  the  successive  differentiations  o£  these  equations,  make     ) 
the  differentials  of  those   indetermlnates  vary,    which  are     11 
considered  as  functions  of  that  variable  which  is  indepen-     J 
dent,  or  whose  difTerential  is  constant.  i 

1 19.  When  we  have  equations  of  this  nature  we  mij  \ 
always  deduce  from  them  a  single  result  between  any  two  | 
of  them,  by  a  process  whicli  t  shall  explain  for  two  equa-  j] 
li(ws  between  three  indetermlnates,  and  which  it  will  b«  1 
'  easy  to  eitend  to  as  many  as  may  be  required.  1 

Let  I/=0  and  y=0  be  these  iwo  equations,  one  of  the  | 
mth  order,  and  the  other  of  the  nth,  let  tlicm  contain  the 
Variables  i,  t/,  and  /,  and  their  differentials  ;  and  from 
theie  we  propose  to  eliminate/;  the  first  may  contain, 
besides  the  variable  /,  the  differentials  d  /,  li'*  t, ...  li^lf  and 
the  second  may  contain  ti  t,  4'  f*  ■■■  d'  f.  As  we  are  oot 
possessed  of  the  primitive  equations,  nor  of  all  their 
diff'erentials  of  inferior  orders,  ue  must  necessarily  ptocuce 
some  new  equations  to  eliminate  the  quantities!//,  H^t, 
Sc.  which  may  be  done  by  differentiating  n  times  the 
equation  £7=0,  and  m  times  the  equation  V=.0.  By  this 
means  we  shall  obtain  n  +  f  new  equations  ;■  and  we  shall 
have  for  the  whole  number  n  +  m+2,  incloding  the  two 
given  ones;  the  quantities  to  be  eliminated  are  /,  dt, 
d^t,  ...  l^'  +  "^  in  number  m  +  n+  I  ;  there  will  remain, 
therefore,  a  final  equation  between  j-  and  y,  and  their  dif- 
ferentials. 

li d:  were  constant,  it  would  appear,  that  by  differen- 
tiating one  of  the  given  equations  once,  we  might  eliminais 
(  and  dt,  since  we  should  then  have  three  equations;  but 
it  ought  to  be  observed,  that  tlie  differentials  rf*  r,  </*y, 
contain  t  implicitly,  since,  in  that  case,  we  have  considered, 
xand^  as  functions  of  that  vanable(ll6]:  we  must,  there* 
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fan,  comider  as  constant,  the  differential  of  that  one  of  the 
nmUetwe  wish  to  preserve. 


On  the  Differentiation  of  Functions  of  two  or 
more  f^ariables. 

120.  When  we  have  one  equation  between  three 
nriablei,  we  must  Urst  arbitrarily  assign  the  values  of 
laj  two  of  them,  in  order  to  determine  the  third,  which 
wuequently  is  a  function  of  tlie  two  first.  If  we  have* 
foieutnpIe>  the  equation 

nnnnot  obtain  z,  without  Krst  having  assigned  values  to 

I3iijl-:,  but  it  IB  proper  to  observe,  that  the  quantities  x 

iii  g,  having  no  relation  established  between  them,  the 

woDd  may  remain   constant,   although  the  first  should 

chioge,  and  reciprocally. 

It  follows  from  hence,  that  the  value  of  z  may  vary  tn 

Kteral  ways  ;    I  st,  in  consequence  of  a  change  In  the  value 

of  rot^;  2dty,  by  the  coincidence  of  both  these  circum- 

■tmces.     In  the  first  case,  the  quantity^,  or  the  quantity 

I,  being  considered  as  constant,   the  proposed  equation 

i),  in  fact,  an  equation  of  two  variables  ;    thus,  when  i 

■iODC  changes,  we  have 

d  -s 
iJr  +  sdz=0;  whence  j  +  z  -—  =0, 

lodwbtnjr  changes,  it  becomes 

1/  djf  +  xd  z  =0 ;  whence  _y  +  z  —    =0. 

We  have  then,  successively 

tf,=_£^.    di,=-dj.i 

^  it  QUit  be  observed,  that  the  hrst  of  these  equations  is 
Kbtirc  to  the  particular  variation  of  j-,  and  the  second  is  re- 


^fl 


\ 
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Istire  to  that  oti/,  wkidi  h  usually  expressed  by  ttyiag,  that 
one  is  the  partial  differential  relative  to  x,  and  the  other 
the  partial  diiTerential  relative  to  ff. 

The  meaning  of  the  proposed  question  will  prevent  u* 
from  confounding  them,  and  they  are  otherwise  sufficiently 
distinguished,  byobserving  the  differential  of  the  independ- 
ent variable,  which  affects  them. 

The  analogous  differential  coefficients  are 

j^=-^,andj^c-i. 
In  general,  when  a  function  of  several  raiiabksis  con- 
cemed,  it  should  be  rememhered,  that  in  --^,  ^  z  is  the 

partial  dillereatlal  of  z,  relative  to  7*  whilst  is  -. — ..  dt  im 

the  partial  differential  relative  toy. 

121.     If  f  (r,^)  represent  any  function  of  «  and  jr» 
supposing  at  first,  that  the  variable  x  alooe  changes,  and.: 
becomes  x+h,  we  must  consider  y  as  a  constant  quantity 
and  treat  the  proposed  function  in  the  same  manner  a«    . 
functioQ  of  j;  i   we  shaU  theri^Hgre  have,  by  No.  9 1 ,  put*^ — 

In  order  to  find  what  the  proposed  function  becomes 
when  ^  alone  receives  an  increment  i(,  we  must  consider  2ii 
constant,  and  f  (j,  y),  or  u,  as  a  function  of  y ;  from  whidi 
we  have 

In  caie  the  two  quantities  i-  and  3/  vary  at  the  same 
limC)  and  become  x  +  h  and  y  +  i,  as  we  have  not  assigned 
any  particular  form  to  the  function  f  (  ^,  >/),  it  is  not  pot* 
sibls  to  make  the  two  substitutions  indicated  at  the  sanw 
time ;  but  it  is  easy  to  perceive,  that  we  shall  arrive  at  die 
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HOfmuIt,  by  first  putting  J  +  A  for  T,  and  afterwards  writ- 
ingSf+iloT y,  in  tlie  developement  obtained  by  the  first 
nbnitiltioii. 

We  have  already  found 

■  denoting  f  (x,  if).  In  order  to  develope  the  coefGcient 
of  the  different  terms  of  this  series,  having  regard  to  the 
dange  which  y  undergoes,  we  may  first  observe,  that  in 
each  of  them  r  may  be  consider^'d  as  a  constant  quantity, 
udthat  we  may  consequently  treat  them  as  functions  of  ^ 
tlODC    According  to  this  f  (r,  y)  or  u,  will  become 


hi;*- 
J 1 1 


1.2 


^U 


A-' 


r   &C. 


If  in  this  developement  we  write  ——  instead  of  u,  the 

Kfttlt  win  be  what  the  function —   becomes,    when  y   is 
a  -r 

chained  tato_y+ii  that  is  to  say, 

R+         </j     1+        da'        1.2  J,'       1.2.3 

But  since  lie  expression     — j- —  indicates  two  differen- 

ttuions  made  successively  on  the  function  u,  in  the  first 
coQudering  i  alone  as  variable,  and  in  the  second  making 
)wdy  vary;   this  expression  assumes  a  more  simple  form, 

itannitteo  thus;  do'j'x'  Jn  the  same  manner --^— I — 
ii nptweoied  by  -  ,  "-    i  and  generally,  by  ".  ,  is 

BUSDt  die   differential  coefficient  of  the  nth  order,    of 
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the   function  -^ —  ,  supposing  that^  is  the  only  Tlriable 

in  it,  whilst  that  function  is  itself  the  differential  coeflBcient 
of  the  order  m  of  the  proposed  function^  supposing  x  only 
to  vary. 

This  being  premised,  the  substitution  of  y  +  i  instead 
of  ^  will  change 

— -    into  —  +  -    +  ■ —  +      A- r    •  +  etc. 

dx  dx      dydx    1        di/'dxl.2      d^dxl.2.S 

£ji   '  .  d'u        d^u     h         d^  *•  rf^tf  k^        ^  ^^ 

dx"  ^^^di^     JfdS^'i      dy^dx^  TTi      dy^dx^  l.«.S 

d^u   .      £^         d'u     k         iPu       k^  d^u         P         ^^^ 

/F  dx'      dydx^l      dy'dx^l.^      dy'dx^    1.2.3 

&c.    &c. 
Substituting    diese  values    in   the  developement  of 
£(x+h,  y)  and  arrangmg  it  so  that  all  those  terms  in  which 
the  sum  of  the  exponents  of  h  and  k  are  equal,  shall  be  in 
the  same  vertical  colunm,  we  shall  have 

\         >jf-r  /        ^  dy  \  dy^\.2      dyn.2.3 

.duh         d^u  kh  d^u         k^h 

'^  dxl       dydxl  1  ^   jpm   fTsI  * 

.      i^u    h^    ^      d^u     k     /^     ^  ^ 

+  &c. 


da^  \.^      dydx^  11.2 
.    d^u       k^ 


+  &c. 


dx'  1.2.8 

+  &€.' 
122.    This  developement  has  been  obtained  by  Brat 
putting  x  +  h  instead  of  Xy  and  then  y-^-k  instead  of  y ;  but 
we  might  have  proceeded  in  an  inverse  order,  and  have 
begun  by  the  substitution  of  ^  +  4  for  ^  j  f  (x,  y)  would  then 
have  become 


^^f^msm 
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It.    iu 

T-Mtt— ~     T     - 

'/      dn         JKJy  1 


d>u        J'        ., 


Tie  substitution  of  ,r  +  fi  for  x,  in  tliis  aeries,  would  have 
thinned  u  into 


%/j   1  ^^i>  1.2 


1.2.3 


mialw 


rf^Vj  1  .2      Jr'rf.y  I.a.s  " 
V     d)'      dxifl      d^'df  1.3      Jf-jy  1  .2.3  ' 


4 


..?i-^^. 


&c. 
iu. 


K-  i'u         M 

if     dg'  ^  dxdfl'^dx-dyi.i      di'  dy'i.ii.3 
udve  should  therefore  have  found 


I 


dx  </y    1    "i 
ff7    1.2     ' 


di*  dy   1.2  T 

d'u     h    i* 

rfjrfy-1  I  .2 

jMu   _i^ 

*/y  1.2.3 


h  ii  endent,  that  this  second  derelopement  ought  to  be 
idntical  with  the  fonner;  since  it  i a  indifferent,  whether 
*»  fint  change  x  into  x  +  A,  and  then  j  into  ^  +  i,  or  whe- 
tltci  we  make  these  substitutions  in  an  inverse  order,  as 

ither  case,  we  obtain  f  (jt  +  A,  ^  -i-  k). 

If  we  compare)  in  these  two  derelopements,  those 

M  which  are  affected  with  the  same  powers  of  h  and  hy 
*e  iIbI]  god  the  following  series  of  equations : 
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dfdx 

*'*a 

d*m 

dyi^ 

Ar-h 

fm 

dfdj 

dxdf 

•  •••••  M»« 

rf'  +  V 

■••••••••••• 

Fiom  the  first  of  tbese  it  follows^  diat  ihi  S§mrm6J 
m^atni  wftie  uemi  9rJsr  cf  a^  fimeAm  rf  iw$  variaUif^ 
taken  fira  wifk  respect  t9  9merftkue  variaUei,  amd  thmvM 
retpea  /?  the  ether ^  is  the  ueme  in  whatever  mier  the  iQ^mii* 
tiaiieeu  mre  perftrmed. 

Take,  for  example,  u=:x^f  ;  if  we  firtt  diflRnentiate  il« 

du 
considering  j  only  as  Tariabk,  we  haTC  —  ss  jw  x*— *  jf"* 

as 
then,  difierentiating  this  result,  with  reject  tajtnif,  ve 


obtain 


rf> 


te 


^^^j^  =«nix— ijT-^i  and  byperfatming  thi» 
operations  in  an  inrerse  order,  we  find 

djf  "^  dxdy 

and  the  final  result  is  the  same  in  both  cases. 

The  remaining  equations  of  the  series  ^en  above  aie 
only  consequences  of  the  first. 

J23.     Subtracting  f  (x,  y  )  or  «  from  f  (x  +  *,y+fc)i 
we  find 

dy  \      dydx  11 

+  See. 


■«■ 
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If  we  extend  the  deEnition  (5)  of  the  differential  of  a 
fiinctioa  of  one  variable  to  those  of  two  variables,  we  shall 
pnctiTe,  that  that  of  f  (i,t/),  or  of  u,  consists  of  two  terma, 
*hkh  fotm  the  first  column  of  the  preceding  developement ; 
and  bj  changing  h  into  d  x,  and  k  into  d  y,  wc  have 


I 


dx  di 

diis  it  follows,  that  the  complei 

of  two  variables,  consists  of  twi 


parts, ' 


dx 


differential  taken  on  the  supposition  that  x  alone  is 

ntiable,  and  -7-  dy,  or  the  differential  taken  when  v  only 

dg 
iinriable. 

We  may,  therefore,  apply  to  functions  of  two  variable* 
Ae  rules  wiuch  have  been  given  (No.  10,  11,  &c.)  for  those 
■tiich  depend  only  on  one ;  and  for  this  pufpote  vie  must 
^trtntuUe  ihe  givtn  funetiSKi  firrt  tiilh  respect  to  one  iif  the 
variaUes,  and  then  vikh  respect  to  the  other  ,■  and  the  sum  of 
Aat  tVM  results  viiU  be  the  complete  differential  required. 

12*.  It  will  not  be  necessary  to  give  marty  example* 
iibdre  to  the  differentiation  of  functions  of  two  variables, 
nnu  it  ia  reducible  to  that  of  functions  which  connin  only 
one;  the  following  will  be  sufficient : 

We  may  perceive  Immediately,  from  the  rule  above 
pnut  that 

d(x+i')  =  dx  +  dy 
d  .  xy    =ydx  +  rdif 
,dx 


d  . 


xdy  _ y  rf  r  —  J  dy 


AgUD,let  1st,  u=x''i,\  we  have 
a  T 
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■therefof€y 

Sdly.    Let  i^  =    /^^       ^ay  Qc*+y^) *'  s  tben we 


have 


rr 


therefore 


rfii  , mffxdx 


,            ayxdx          ady  01^  dy 

du:^-^  -j2 j^ 2L--  «  — sZ — s^    , 

(**+3^)^      {x^+y*r       (a:*+**)* 
or  bf  reduction 

^^axyfd\x  +  ax*dy 

Sdly.  Let  »=:arc  tan  ^ ,  which  is  the  ei^resftion  for 
the  arc  of  a  circle  whose  radius  is  unity,  and  tangent  -.  In 

order  to  differentiate  this,  we  must  make-  =  z,  and  must 

find,  from  No.  35,  the  differential  of  the  arc,  whose  tan- 

d  X 

gent  is  expressed  by  z  ;   the  result  is :     we    have 

1  +z*  ' 

d  z 
therefore,  d  i/= .;   and  putting  for  z  and  d  z  their 

*  T  Z 

values,  we  shall  have 

y  d  x-^x  dy 
du-  y*  ydx-xdy 
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125.  The  manner  in  which  the  differentials  of  fiinc- 
doas,  which  depend  on  more  than  one  variable,  arc  written, 
gires  rise  to  some  important  remarks.    We  have  already 

seen  (120),  that  in  this  case- —  dx    must   not  be    con- 

a  1 
founded  with  d  u,   which  it  might  he  if  »  contained  only 

the  variable  x,  because  the  eitpression  —  has,  in  the  case 

of  u  being  a  function  of  tnovariables  a  particular  meaning; 
it  denotes  the  differential  coeflictent  taken  on  the  hypothesis 
of  X  only  being  varbble  ;  or,  it  is  the  quotient  of  the  first 
term  of  the  devclopement  of  the  difference  taken  on  that 

hypothesis,  divided  by  the  increment  d  .r ;  and  —  di/  sig- 

tilBes  the  same  with  respect  to  y. 

The  quantities  — ,    ——   are  commonly  called   variiul 

differtnat  of  the  first  order  of  the  function  u ;  and  generally 

.  '  represents  one  of  those  of  the  order  m  +  n,  which 
dtTdf 

anBes  by  differentiating  in  times  with  respect  to  i,  aiui  n 
times  with  respect  to  y. 

It  ought,  however,  to  be  observed,  that  the  term  partial 
i^trtnct  is  not  a  correct  one,  for  the  formu];e  which  are 
Altl  denoted  do  not  express  the  difference  of  two  quanti- 
ties.    The  real  partial  differences  of  u  are 
f(r  +  A..y)-  i(,r,s). 
f  (j,  y  -f  i)  -  f  (T,  tf). 
Tke  first  of  these  is  taken,  with  respect  only  to  the  change 
of  J,  and  the  second  by  supposing  y  only  to  vary.    The 
onrestions 

du  .    ,lu   .        Ju   .         du, 
■—  fi,  -—  t,  ot  -~  d  X,   -j-dy, 
ttte        ay  a  I  "-y 

wluch  are  the  first  terms  in  the  derelopements  of  these  dif- 
ferences, ought  to  be  called  partial  differentials ;  and  -— , 
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—. ,  are  alwavs  the  differential  coeflicients  of  the  first  order 

of  the  given  function.  It  should,  however,  be  observed, 
that  a  function  of  one  variable  has  onlj  one  diSerential 
coefficient  in  each  order  (17),  while  a  function  of  twt>  vari- 
ablea  has  two  diSerential  coefficients  for  the  first  order,  three 
for  the  second,  8ic . 

These  coefHcients  may  be  deduced  in  the  foUoving 
manner,  from  the  two  first,  beginning  with 

dx  rfj" 

then  taldne  the  diSerentials  of  the  functions  -r —  and  -. —  , 
^  dt  djf 

which  must  be  treated  as  functions  of  two  rariablesi  v^ 

have 

.d«„rf'w    .,^    rf'll     ... 


a  If       a  I  ay  ay^ 

and  since  the  second  differential  is  nothing  more  than  tiSe.^ 
differential  of  the  first,  we  shall  have  i 

.1         d^  u  1    1    ^    d^  II     ,      ,        d'  u    ,    ,  1 

dx'  di  dy  dy* 

considering  d  x  and  dy  as  constant  quantities,  and  ohserr— ^ 
ing,  that  the  differential  coefficients  whose  denominator"*' 
contain  only  the  products  of  d  x  and  dy  differently  arrangee^ 
are  identical  (122). 

If  we  differentiate  the  differentia!  coefficients  vIucS^ 
occur  in  the  preceding  result,  we  shall  have  ' 

.  d^u  d^u     ,  d^u    .  ' 

d  x^  dx^  dydx* 

.    d^u   _     d^  u  J    ^       d^«        , 
'djdy~dx'dy      -""^  dyUxdy*^^' 
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~  dx  dn' 


ind  conjequenUy 


f,= 


I?' 


«Ii"  + 


id' . 


id 


'dy 


'''^  +  -J77F '''''*" +?!.''*'• 


IXit  fonnatioa  may  easily  be  continued,  and  the  analogy 
of  ihe  results  with  the  powers  of  a  binomial  will  doubtless 
ie  oliKrved. 

It  may  be  noticed,  that  the  series  of  No,  123.  is  the 
iime  with  that  in  No.  22,  when  we  substitute  dx  for  A, 
uddj'for  A}  so  that  if  we/lenotef  (a:  +  A,  ^+i)  by  u',  we 
idnhtTe 

fiuch  formula  is  quite  as  general  as  that  of  No.  123;  since 
the  increments  d  x  and  d  y  are  arbitrary. 

126.  It  is  easy  to  extend  these  considerations  to  func- 
Mni  of  any  number  of  variables,  and  to  convince  ourselves 
tim  if  we  have 

«=f((,jr,y,  r), 
there  will  result 


.        du,        du, 
du=i-r-  dt+  -z—di 
dt  dx 


dx 


deootiiigby 


du 


dx  ' 


the 


die  differential  coefficients  of  the  function  u,  taken 
uj^todtion  that  t  or  x,  or  ^  or  z,  only  varies. 

Tliis  notation,  which  owes  its  origin  to  Fontaine,  is  the 
most  sim[Je,  and  the  most  expressive  of  any  which  has  yet 
been  proposed  to  denote  the  same  operations.    Euler,  fear- 

mg,  lest  the  differential  coefficient  — ^  should  be  con- 
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founded  with  the  ratio   of  the  complete   d'iffenotiai  d  ^ 
to  the  diiferential  d  j,  which  ratio  is  equivalent  to 

d  u  , ,  ,  d  u    ,         d  u    ,        d  u  J  ,i 

It  I  ax  ny  d  7. 


denoted  this  ratio  by -T — ,   whilst   he   expresses  the  dilTfri 

rential  coefficient  by   (~r~)   ■    The  nature  of  the  subjedl 

almost  always  renders  this  distinction  superfluous.  Fon- 
taine, however,  had  provided  against  any  case  where  tbu 
might  be  absolutely  necessary,  by  proposing  that   the  rati^ 

should  be  written  thus  :    - — du;   and  knowing  that   thil 

ratio  occurs  much  less  frequently  than  the  differential  co- 
efficient, he  gave  to  this  latter  the  most  ample  sign,  whUfl 
is  conforjnable  to  the  theory  of  all  nomenclatures,  and  | 
exactly  contrary  lo  what  Euler  did.  I 

Observing  that  we  never  employ  the  ratio  of  the  dif 
fercntiaJs  of  two  (juanCities,  witliout  supposing,  at  leal 
implicitly,  that  one  of  them  is  a  function  of  the  other,  an^ 
that  the  expression 


-dt  - 


~ix 


ax  o  .1  I 

has  no  meaning,  unless  we  consider  the  variables  f,  y,  anH 
z  as  implicitly  depending  on  .r  ;  1  have  proposed  to  wrid 
this  expression  thus :  ^ 


enclosing  the  function  between  two  parentheses,  to  alu)| 
that  not  only  all  the  terms  explicitly  containing  x  may  vaii 
but  also  all  those  quantities  which  may  implicitly  dep^ 
on  it.    This  notation  has,  as  well  as  that  of  Fontaine,  dj 
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ulfjotage  of  preserving  the  most  simple  sign  for  the  case 
■Uchmost  frequently  occurs. 

127-  Let  «=Obe  an  equation,  containing i,^,  and  z; 
Uwe  consider  r  and  1/  as  independent  variables,  ;  will  be 
a  Function  of  both ;  and  v/hen  j  receives  any  increment,  1/ 
being  supposed  constant,  :  will  undergo  a  corresponding 
dunge.     On  this  hypothesis,  the  equation  u  =  0  ought  to 

^Juniudered  as  an  equation  between  two  variables,  x  and 

^^^b  shall  have,  therefore  (38), 

a  .V       (I  z    d  .1 
and  from  this  may  be  deduced  the  differential  coefficient  of 
I,  relative  to  the  variability  of  t.    It  must  here  be  re- 
membered, according  to  the  distinction  which  has  been 

nude  (120),  that  in  -—',  d;:  is  the  partial   differential  of 
1,  oken  with  respect  to  the  change  of  i  alone.  ^ 

It  is  evident,  that  if  we  had  made  1/  vary  by  differen- 
the  proposed  equation,  as  if  it  contained  only  y  and 


^should  hare  had 
du 


If  we  multiply  the  first  of  these  equations  just  fountfi 
lifif  I,  and  the  second  by  d  y,  and  if  we  then  add  thenk 
togrthcr,  there  will  result 

_(/j+_rfy+—  (--rf.r  +  --  ^v)=Oi 
d I  (it/  d  2    \U  I  ff y  ' 

bu!  -Ld  r  +  ~  d  11,  is  nothing  more  than  the  complete  dif 
(ti  di,    ■' 

fciential  of  z(\'23):  we  have,  therefore 

d  r  di/  it  z 

It  to  say,  we  may  equate  the  first  differential  of  the 


I 
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equation  u=0,  taken  with  respect  to  the  three  variables  x,  ^,5 
and  z  to  zero.  It  must  not  be  forgotten,  that  this  differen-i 
tial  ought  to  be  considered  as  equivalent  to  two  equations  ; 
since,    by    substituting    in    it    instead    of    rf  :,    its    valuCj 

— IrfxH — -dif,   those  quantities  which  multiplyrf*  andt 

dy,  must,  on  account  of  the  independence  of  the  incr»^ 
meats,  be  separately  equal  to  zero.  ^ 

!^.  The  equations  which  give  the  coefficients  of  (he" 
higher  orders  may  he  deduced  by  differentiating  the  equa- ' 
tions  ' 


rf(«). 


:0,  and  the  second" 


The  first  may  be  represented  by 


by  — - — =0,  agreeably  to  the  notation  adopted  in  No. I26(o 

these  equations  again  contain  the  three  variables  x,  y,  and  z, ' 
and  may  be  treated  in  the  same  manner  as  the  proposed  one. 
And  considering  first  the  change  which  x  undergoes,   not 

only  will  z  vary,  but  also  its  coefficient  of  the  first  order,  - — 

wluch  will   give  rise  to  the   coefficient    of    the   second 

order  ~ — .    Therefore,  by  difTerentiatine   —^  with   re- 1 
a  x^  '  d  X  " 

spect  to  X,  we  shall  have,  as  in  equations  of  two  variables, 

.  !!!ii',  o,^.  +  2  J?lfL  £?+^  ''-i-'+l-"  ''li=o; 

dx^  d  X  di  liz  dx    d  z^    d  X*    d  z  d  x' 

If  we  differentiate  — v^  >  with  respect  to  w  and  z,  or  ——  t 
dx  "^  ^  dy    I 

with  respect  to  x  and  s,   observing  that,   in  the  first  casCi . 
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pres  - — ; — ,  and  in  the  second—  cives  ; 


159 

d'e 

dydx'  " ""  rfy  *        dxdg     dydx' 

veAall  have  in  both  cases  the  same  result,  which  will  be 

Mjr' 

lily    dzdy  dx     dzdxdy      dz  dxdy     dz*dxdy~ 

iMdffdie  equation  -   ^"    =0,  ditTerenttated,  considering jr 

''if 
ad  z  onlf  as  v^iriables,  wiU  produce 

M  or£f  +  e  -lli.  li  +  ^"  li"  +1-"  ■'-',  =0. 

•f        dy'        dgdz  dy      dz    tly'       dz  dy 
B«t  since  :  is  a  function  of  x,  and  of  ^,  h  ought  to  be  con- 
ddcred  as  a  function  of  these  varial>Ie9,  and  we  shall  conse- 
■ISffitly  have  (125) 

d*'  dxdy  "       rfy*      ■'  ■ 

ad  in  hct,  if  we  substitute  for 

dH^)        rfJJ.^       rf'M 
d  T*   '      dxdy  '        dy*  ' 

&  Mvlts  found  abore,  and  if  we  change 


dx  J     ,  d  z  J 
.  dx+-~  dy, 
dy 


dx 


btD  the  total  differential  d  2  of  the  first  order,  and  also 

d  X'  dxdy  "     dy' 

into  the  total  second  differential  d'  z,  the  final  equation 
will  be  the  same  as  that  which  we  should  have  obtained  if 
wt  had  differentiated 

du 


a  JT  «  « 


d  z 


dz=0, 
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considering  dx  and  dtf  as  constant,  and  z  as  a  funcdcm  of 
X  andy. 

199.  These  considerations  may  easily  be  extended -to 
any  order  of  differentiation,  and  to  any  number  of  Taxiables ; 
for  the  whole  consists  in  determining  those  which  ar^  fank- 
pendent^  which  can  only  be  done  from  the  mtfiire  of  Aft 
question  which  led  to  the  proposed  equations ;  and  we  ttiuil 
then  differentiate  with  respect  to  each  of  these  variables, 
treating  the  subordinate  variables  as  implicit  fnnctioiit  tf 
the  independent  ones. 

If,  for  example^  we  have  the  two  equations, 

uzziO,  v=0, 

between  the  five  variables^  /,  /,  x,  y,  and  r,  we  see 
three  of  these  variables  are  independent.    Supposing 
that  y  and  z  are  functions  of  the  other  variables^  /,  t^ 
given  by  the  proposed  equations,  we  must  successively 
ferentiate  u  and  v,  ^th  respect  to  s,  with  respect  to  t^  a^rid 
vrith  respect  to  x ;  and  we  shall  have 

d  u        du^  d  y        du    d  z    ^^ 
d  s         dy  d  s        d  z    d  s 

d  u    ,     d  u  d  1$         d  u  d  z 
ITT         dy  Tt  dTdTt 

d  u         d  u  d  y         d  u  d  z 
d  X         d  y  d  X         d  z  d  x 

If  we  multiply  each  of  these  equations  respectively  toy 
d  s,  d  t,  d  Xy  and  add  the  results  together,  putting  (f  Jf 
instead  of 

^  !f   1    .   d  y    ,  ^      d  u    J 
ds  dt  dx 

and  d  z  instead  of 


=0, 


=0. 


we  shall  have 


d  z  J    y  ^  ^  j^  ,  d  z  J 
Us  at  d  T 
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rf«,         du    ,        d u   ,         du  :,         du   , 

rfj+  —  dt-\-  ~^d  i->r —  dy+  — dz-du=ti. 

a  1  at  d  X  d  If  dz 

A  similar  result  maybe  deduced  from  the  equation  v=0; 
and  it  follows,  that  in  difterentiating  the  equations  u=Q 
and  w=0,  with  respect  to  all  the  variables,  j,  t,  u,  x,  y, 
M>d  I,  and  in  substituting  instead  of  dy  and  d  z,  the  expres- 
sions for  those  differentials,  considered  as  functions  of  three 
nriables  (126),  we  must  make  the  coefficient  of  the  djffe- 
Katial  of  each  independent  variable  separateljr  equal  to 
lero. 

By  considering  the  differential  coefficients  themselves  as 
lew  functions  of  the  independent  variables,  we  shall  have 
"O  difficulty  in  investigating  the  diH'erentials  of  higher 
orders  j  we  shall  therefore  conclude  what  remains  concem- 
'ng  the  formation  of  differential  equations  by  some  remarks 
"n   tile  elimination  of  constant  quantities  and  of  ftmctions. 

130.  The  equation  »=0,  between  x,y,znA  z,  having 

'wx)  differentials  of  the  first  order,    -^  =0,  and  ^-^ 

'      dx  dy 

—  O,  it  is  evident,  that  we  can  eliminate  two  constant 
■l^iantities  between  these  three  equations,  and  the  result 
*^"  express  the  relation  between  the  variables  .r,  y,  z,  and 

"*  coefficients  t ,  or  — -  ,  independently  of  the  particular 

«  ^         dy 
^'ues  of  the  quantities  eliminated . 

If  to  the  above  equations  we  join  the  three  of  the 
*''Cond  order, 

d  X*  dxdy  dy' 

*•  shall  have  six  equations,  from  which  we  may  eliminate 
HTe  quantities,  and  so  on. 

131.  This  leads  to  a  very  important  remark,  that  we 
"**?  eliminate  from  an  equation  of  three  or  more  variables, 
'Unctions,  whose  form  is  absolutely  unknown. 


L 


whence 
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Take,  forexamplci  the  equatioa  z  =  f  («4r-|-AjfX  n 
which  the  characteristic  f  denotes  a  function,  whose  farm 
is  indeterminate.     From  this  may  be  deduced  an  equatioB 

between  7*-  and-;^ .  which  is  independent  of  that  fiuncdoa, 
ax        ay 

and  which  is  equally  adapted  to  z^a  x  +  bf,  to  2  s 

v^JTTTjri  t0  2;=:sin(aj;  +  ^^)s  and  in  general  to  all  func* 
tions  of  the  quantity  4  M-^ty.  Make  m  x+ty^i,  tbm 
the  giTen  ^^uation  becomes  z=f  (#)»  and  consequently  wt 

have  d  ;:=f '  (0  dt,  f '  (0,  denoting  1111  j   but 

dt 

d  z:si'T^  d  X  +  -r-dy, 
.     dx  dy 

<//»_,  dx^  rray, 
dx  dy 

dx  dx         dy  dy 

putting  for.-—  and  -^^  ,  their  values*  a  and  b%  and  then 
*"         "        dx         dy 

eliminating  f '  (/),  we  shall  have 

,dz  d  z     ^ 

« X         dy 

This  equation  expresses  a  character  by  which  we  may 
distinguish,  whether  any  proposed  quantity  is  a  function 
oi  ax-^by  or  not ;  for  from  its  formation  it  ought  to  be- 
come identical,   whenever  we   substitute  in  it  instead  of 

-—  and  -— ,  their  values  deduced  from  any  function  of 
a  X  ay  ' 

a  x-k-by.    Let  us  suppose  that  we  are  unacquainted  with 

the  origin  of  the  polynomial  d'x'^  +  2abxy-\-  P  y» :  by  equv 

ti|ig  it  to  2,  and  differentiating,  we  shall  find 
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Bluea  aubstimted  in  the  eijuation  i  £i  -a^=o, 
d  X         ay 

■X  identical :  from  this  we  conclude,  that  the  polyno- 
nua)  represented  by  :,  is  a  function  of  a  x  +  b^,  which 
b  otherwise  apparent,  since 

In  genera),  when  we  have  any  equation  w  =  0  between 
Xtg,  2,  and  any  indeterminate  function  represented  by 
f  (*),  and  in  which  only  /  is  given  in  terras  of  t,  y,  and  r, 
we  may  always  eliminate  f  {t)  and  f '  (/),  by  means  of  the 
tqoations 


JM. 


^("). 


When  we  proceed  to  the  second  order,  the  number  of 
tquttions  becoming  greater,  it  is  possible,  in  many  cases, 
lo  eliminate  two  unknown  functions;  but  we  shall  not 
enter  into  these  details,  nor  into  those  which  relate  to 
equadons  containing  more  than  three  variables. 

132.  Very  little  need  here  be  said  concerning  the 
manner  of  reducing  into  series,  functions  of  two  variables, 
because  il  moat  frequently  happens,  that  they  are  only  deve- 
loped in  respect  to  one  of  the  variables  which  tliey  contain, 
tfie  other  being  lupposed  to  have  some  constant  value  ( 
ui  \a  this  case  they  may  be  treated  as  functions  of  one  va- 
riable. It  may,  however,  be  useful  to  show  how  the  for- 
mnlaof  No.l^l.  may  be  employed  for  developing  functions 
of  two  variables,  in  the  same  manner  as  that  of  No.  8 1 .  is 
ipplied  to  those  which  contain  only  one. 

IT  we  male  j=0,  and  ^  =  0,  in  the  formula  of  No.  IS1, 
4atis,  in  u  and  in  each  of  its  differential  coefficients,  it 
»iU  give  the  developemem  of  f  (A,  k)  arranged  according 
to  die  powers  of  h  and  k  \  but  we  may  put  x  instead  of  A, 
ttdy  instead  of  i,  and  the  result  will  be 
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+  8cc. 
observing  that  Af  and  ^  must  be  put  equal  to  zero,  both  in  • 
and  in  alL  the  difTerential  coefficients  deduced  from  it. 

We  might  also  obtain  the  developement  of  f  (x,  g\  if 
differentiation,  as  we  have  arrived  at  that  of  f  (')  in  No.  19^^ 
for  if  we  suppose 

the  letters  Af  B,  C,  &c.  will  denote  quantities  independence 
on  X  and  y ;   and  if  we  differentiate  this  equation  witl 
respect  to  x  and  to  y  several  times  successively,  so  as  to 
form  the  differential  coefficients 

d  u         d  u        d^  u  ^^  ^       9r 

dT'    dy'    dl^'    JTS^'^^' 

we  shall  have,  by  equating  x  and  jf  to  zero,  after  the  difli^- 

rentiations, 

du      D  du      ^ 

zr  "^^^  :» — =^» 

ax  ay 


ax-  Uxd  y  d  y 

the  value  of  A  may  be  found,  by  seeking  that  of  the  func- 
tion Uy  when  x  and  y  are  put  equal  to  zero. 


Of  the  Maxima  and  Minima  of  Functions  of  tico 

P^ariables. 

133.  If,  in  a  function  of  two  variables,  we  con»der 
one  as  constant,  and  if  we  give  to  the  other  an  infinite 
number  of  different  values,  for  each  of  these  values  the 
given  function  will  have  one  or  more  values,  and  amongst 
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these  some  may  be  maxima,  and  others  minima,  whicK  may 
be  delermined  by  making  the  difTerential  coefficient  of  the'' 
Action  taken  relative  to  the  quantity  which  is  supposed 
to  cliange,  equa]  to  zero  (4S). 

Thai  if  we  suppose  w  to  be  a  function  of  r  and^,  and 
if  we  suppose^  to  be  constant,  and  make   —.=0,  we  shall' 

obwin  those  values  of  x,  which  make  u  the  greatest  or  the 
ha,  when  y  retains  the  same  value. 

The  result  which  we  thus  obtain  is  still  indefinite^  be- 
ciUM  it  may  vary  on  account  of  the  changes  which  the 
oihei  variable  y  undergoes  i  and  it  consequently  only  deter- 
mines the  relative  maxima  and  minima,  amongst  which  there 
enils  a  certain  number  which  enceed,  or  which  are  less  than 
Ae  others,  and  which  correspond  to  determinate  values 
ofy  These  latter,  which  are  corripletcly  determined,  arc 
ihe  absolute  maxitna  and  minima  of  the  given  function ; 
dwy  may  readily  be  discovered,  by  eliminating  *  from  the, 

function  M,  by  means  of  the  equation  =  0,  which  will 

wider  u  a  function  of  y  only,  and  denoting  the  result  by 

V,  w  must  then  make  =  0,  which  equation  will  deter- 

■nine  the  values  of  ^  (i9)> 

We  may  obtain  an  equation  equivalent  to —  =0,  with- 
nu  eliminating  x ;  for  this  purpose  we  must  observe,  that 
the  equation     —  =  0,  which  arises  from  the  condition  of 

the  auzimum  or  minimum,  relative  to  i;  establishes  a  rela- 
tioa  between  the  variables  x  and  y;   so  that  the  former  of 
dine  may  be  considered  as  a  function  of  the  latter.     By 
dijleientiating  upon  this  supposition,  we  have  (1-6) 
d  („)  _  d 


^ 
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which  result  is  reduced  to  —L  nO,  because  from  the  con- 
dition  relative  to  x,  we  have  already  found  ^ —  =0. 


Those  values  of  x  and  y,  which  correspond  to  the  abso- 
lute maxima  and  minima  of  the  function  u^  may  therefore 
be  determined  by  means  of  the  equations 

^  =0,         iJi  ^0. 
d  X  dy 

By  extending  these  considerations  to  functions  of  anf 
number  of  variables^  we  shall  find)  that  in  order  to  discorer 
the  absolute  maxima  and  minima  of  these  functions,  we  must 
make  their  differential  coefficients  of  the  first  order^  taken 
with  respect  to  each  of  the  variables  on  which  they  dependi 
separately  equal  to  zero. 

1S4.  The  characters  which  distingiiiah  the  mmim 
from  the  minima^  in  functions  of  several  variahlesy  may  be 
deduced  from  principles  analogous  to  those  which  have 
been  employed  with  respect  to  functions  of  one  variable 
(49) ;  but  the  application  is  more  complicated :  we  shaO^ 
therefore,  confine  ourselves  to  that  which  concerns  func- 
tions of  two  variables. 

Let  ti  be  a  function  of  x  and  y^   and,  for  the  sake  otf 
brevity,  let 

A,    B,    C,    &c. 

denote  the  series  of  functions 

^  dji  d_u  d^u  d'u  d^u 

dx'       dy'       dj^'        dxdy        d^' 

the  result  of  the  substitution  of  x  +  //,  ^  +  A'  in  u,  will  be 
(121) 

i4  +  -B//  +  CA 


+  -—1  Dh'  +  2£/,k-^Fk-^\ 


1.2 

+  &c. 
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Ae  nltte  of  this  expression  ought  to  be  less  than  that  of 
d,  in  die  case  of  an  absolute  maximtim,  and  greater 
in  die  case  of  an  absolute  minimum,  whatever  be  the 
Ugns  of  h  and  t,  provided  they  express  very  small  quand- 
IM.  But  since  the  terms  of  the  first  order  Bh,Ck,  which 
ouy  become  greater  than  the  sum  of  all  the  other3>  by 
uking  h  and  i  of  a  proper  degree  of  smallness,  change 
tfacir  sign  at  the  same  time  with  those  quantities  them- 
selns,  it  may  be  shown  from  a  reasoning  similar  to  that 
tmployed  in  No.  48,  that  they  must  vanish  in  the  case  of  a 
mtiimumf  or  a  minimum  -.    we  have,  therefore 


B=  ^  =0, 

which  is  the  same  result  as  that  of  the  preceding  rule. 

These  conditions  being  fulfilled  by  the  values  of  x  and 
Ji  vhich  are  determined  from  them ;  it  is,  in  the  next 
phce,  necessary ,  that  the  coefEcients  D,  £,  and  f,  should  not 
wnish  at  the  same  time  ;  and  moreover,  that  the  sign  of  the 
Hmntity  of  the  second  order,  which  forms  the  second  line 
in  the  above  developement,  should  be  independent  of  any 
nUdon  that  may  be  established  between  h  and  i,  and  their 
agna. 

We  know,  from  the  theory  of  algebraic  equations,  that 
fery  expression  of  the  same  form  as  the  first  member, 
•ben  the  second  vanishes,  cannot  pass  from  positive  to  ne- 
ptive,  without  becoming  zero  in  the  interval ;  and  that 
*ben  they  have  only  imaginary  roots,  they  do  not  change 
tbeir  sign,  whatever  value  may  be  given  to  the  unknown 
quintlty ;   from  this  it  follows,  that  the  quantity 

bttng  made  equal  (o  zero,  and  solved  as  an  equation  with 
Kipect  to  one  of  the  indeterminate  Cjuantities,  A  or  k,  will 
only  gi»e  imaginary  roots  ;  and  we  may  conclude,  that  it 
*il!  preserve  the  same  sign,  whatever  may  be  the  value  of 


/ 
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the  indeterminate  quantities.    Taking  the  Talue  of  h, 
instance,  we  find 

h=—. j5 S 

which  result  will  be  imaginary^  if  the  quantity  compre* 
hended  under  the  radical  is  negative^  that  is  to  say,  if  w« 
have  FD  >-  E^.  We  should  observe,  that  this  condition^ 
which  is  necessary,  in  order  that  a  maximum  or  mimmmm 
should  exist,  supposes,  that  the  quantities  F  and  D  are  of 
the  same  sign.  In  that  case,  the  quantity  Dh*^+2Eh  I  +  PP 
cannot  change  its  sign ;  and  since  it  is  reduced  to  Z>  ^^ 
when'IsO,  2>must  be  positive,  in  order  that  it  maybe 
positive,  or  that  a  minimum  may  exist ;  and  there  will  be  a 
maximum  in  the  cdhtrary  case. 

135.  In  order  to  prove  a  jxfsteriori,  that  when  the  con- 
ditions we  have  just  found  are  fulfilled,  the  sum  of  the 
terms  of  the  second  order  of  the  series  A-h  Bh-^-Ci-i-  &c. 
will  preserve  the  same  sign,  whatever  may  be  the  values  of 
//  and  i :  it  is  sufficient  to  observe,  that  the  first  member  of 
the  equations  of  the  second  degree,  whose  roots  are 

^having  the  form 

(//4-«)^  +  |P, 

is  the  sum  of  two  squares,  and  that  consequen  tly  itcannot 
change  its  sign. 

Making 

"-^D*        ^- Jy — ' 

the  expression  of  h  leads  to 
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and  it  appears,  that  the  quandty  '_* 

cannot  change  its  sign,  as  long  as  the  quantity  FD—E^ 
muins  positiTe ;  because  the  square  of  A+  -yr-is  necessa- 
rily pouture«  vbatever  may  be  the  signs  of  the  quantities  k 
aad  i. 

Euler,  in  his  Differential  Calculus,  only  pointed  out  the 
necessity  of  having  D  and  i^both  positive  or  both  negative 
at  the  same  time.  Lagrange  was  the  first  who  showed 
that  this  condition  alone  is  not  sufficient,  and  to  him  we  are 
indebted  for  the  theory  which  haa  just  been  explained. 

If  the  coefEcients  of  the  second  order  vanish  at  the 
same  time  with  those  of  the  first,  there  can  be  no  maximum 
or  mimmum,  unless  the  coefficients  of  the  third  order  dis- 
appear also  t  and  the  terms  of  the  fourth  order  form  a  quan- 
tity, vhose  sign  is  independent  of  fi  and  I.  The  considera- 
tion of  the  imaginary  factors  which  this  condition  will 
noder  necessary,  will  lead  to  results  analogous  to  the  pre- 
«e£og.  Finally,  it  may  be  observed,  that  whatever  may  be 
Ae  result  on  substituting  the  values  of  .t  and  g,  rela- 
tive to  the  maxitnum  and  minimum,  in  u  and  in  its  diSeren- 
6il  coefficients,  it  must  always  happen  that  the  results 
dnWed  from  the  supposition  of  x±h,  y±.k,  shall  be  all 
Im,  or  all  greater  than  u ;  and  that  the  dilTerent  methods 
«Uch  are  proper  for  ascertaining  whether  this  takes  place, 
wiD  also  be  proper  for  ascertaining  the  existence  of  a  n 
mmt  or  of  a 


136.     As  an  eiamplc,  let  us  take  the  following  ques- 
um,  similar  to  that  of  No.  50. 

To  ^vide  a  quantity  a  into  three  parts,  r,  tf,  a—x—y, 
aeh  that  th*  product  ,r*  jT  («—  -t  -^Y  may  be  a  n 
^Ve  then  have 


N 
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^=j:"^''->{fl-x-^y-'  \M-nx-nj,-p}f\=0; 

the  factors  ma  -  mx  -  my —px^  and  no— wr— ny-jy,  b^ng 
made  equal  to  zero,  give 

ma  t»a  .      P  a      ''I  l'')i 

m  +  n+p^     m  +  n+p  ^       m-i-n+p-'  '»-*' 

In  order  to  discover  whether  these  values  belong  to  s 
maximum  or  a  minimum,  we  must  substitute  them  in  the 
general  expressions  of 

?r*  '        dxdy*        d^  ' 
and,  for  the  sake  of  brevity,  patting  m  +  n+p=q,  we  shall 
find 

^=-<-^>  ("/)""'  (7)"  (^0'"' 

--=r(T)'""(7r'('7r' 

The  quantities  D  and  f  are  negative,  and  we  may 
readily  convince  ourselves  that  they  fulfil  the  condirion 
D  F—  £*>  0,  when  the  exponents  m,  n,  p,  are  positive  : 
thus  we  have  obtained  the  maximum  which  was  required. 


General  Remarks  vpon  the  Application  of  the 
Differential  Calculus  to  the  Tlieory  of  Curves 
of  Double  Curvature,  and  to  curve  Sur/'aces. 

137.  Considerable  details  have  been  given  conceming 
this  theory,  in  the  Treatise  on  the  Differential  and  tnttgrat 
Ccicuiui :  it  contains  an  extract  of  some  length,  from  the 


J 
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mearches  of  Monge,  connected  with,  and  enlarged  by, 
those  of  Euler,  and  of  other  Geometers.  At  present  we 
tbaJI  conHne  ourselves  to  the  most  simple  problems  relating 
to  this  subject. 

It  is  known  (Trig.  App.)  that  two  equations  between'*  " 
three  unknown  quantities  may  be  represented  by  a  curve  of 
double  curvature,  whilst  one  equation  between  three  vari- 
iblei  belongs  to  a  curve  surface.     In  applying  theOifieren- 
tfaLCMculus  to  curves  of  double  curvature,  we  may  consi^ 
dw  dtem  as  the  limits  of  polygons,  three  consecutive  side^  | 
of  which  are  not  in  the  same  plane.     The  prolongation  of  j 
one  of  the*e  sides  gives  the  tangent  in  the  same  manner  ar 
it  does  in  curves  described  on  a  plane.  , 

We  may  easily  obtain  the  equations  of  the  tangent 
MT",  fig.  33,  by  observing  that  its  projections  are  them-  ] 
selves  tangents  to  those  of  the  curve  Jl^JlI ;  and  since  it  is 
lafficieat  to  be  acquainted  with  two  projections  of  this 
ittaight  line,  vie  will  fix  on  those  which  fall  on  the 
plane  of  the  s  and  z,  and  on  the  plane  of  the  g  and  z. 
Denoting  the  co-ordinates  of  any  point  in  the  tangent 
bf  It',  y,  :',  those  of  the  point  M  being  x,  y,  z,  the 
equation  of  the  line  V  M",  which  is  a  tangent  to  the 
pTOjcaion  X"  M"t  will  be 

and  that  of  I""  AT",  which  is  a  tangent  to  X"  M'",  will  be 

.-==^^'-„. 

Suppose  that  we  have  deduced  the  values  of  y  and 
;  in  terms  of  x,  from  the  equations  of  the  curves 
X"  M',mdX"  M'"  ;  and  that,  after  the  substitution  of 
tbne  values  in  the  equations  of  the  tangent  we  eliminate  x^ 
we  shall  have  the  relation  which  exists  between  the  co-or- 
dioatn  x*,  y,  and  z'  of  the  tangent  TM,  whatever  be 
n  of  the  point  M,  and  consequently  we  shall  havo 
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the  equation  of  tlie  curve  surface,  formed  by  all  the  tan- 
gents of  the  curve  X  M.  From  diis  we  may  easily  discover 
whether  the  curr«  is  wholly  situated  ia  the  ume  plane  or 
not ;  for  in  the  former  case  the  curve  surface  just  alluded  to 
will  be  a  plane,  and  in  the  latter  case  it  will  be  a  curve  surface. 

138.  Two  successive  tangents,  J"  M  and  t  m,  deter- 
mine the  situation  of  the  plane  which  passes  through  two 
successive  sides,  and  which  is  called  the  Osculating  Plane. 
Its  equation  may  be  found,  by  supposing  it  to  pass  through 
three  successive  points  of  the  given  curve.    Let,  therefore, 

j4  I'+By  +  C  :'  +  Z)=  0,  be  its  equation  (Trig.  App.); 
it  is  first  necessary,  that  the  equation  Ax+  Bj+Ci  +  ^=0» 
should  be  satisfied,  since  this  plane  must  contain  the  point 
whose  co-ordinates  are  x,  y,  and  z ;  and  in  order  that  the  tw« 
succeeding  points  may  be  situated  on  iti  it  is  also  necesniy 
that  the  first  and  second  diSerential  of  its  equation  shoold 
hold  good  at  the  same  dme  with  those  of  the  equatiODS  <£ 
the  given  curve. 

We  might  take  one  of  the  differentials  dr,  rf_y,  or  dz,  for 
constant  (118);  but  the  result  will  be  more  symmetrical  if 
we  treat  them  all  as  variable ;  and  we  shall  have 

Ad^+Bdi,  +  CJz  =  0,  .dt/V  +  5(/*j+CJ'i=0, 

whence  we  deduce 

A  ^dyd'-z-dzd*!/        B  ^dzd'^x- did' : ^ 
C       dxd^y— dyd'^K        C        dxd't/  ~dyd* x' 

and  subtracting  the  equation 

from 

Ax'+Sy+Cz'  +  D=Oy 

A 

and  leaking  the  denominators  disappear,  we  sliall  find  the, 
following  result,  nbose  form  is  remarkable  : 


1 


J 
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By  substiroting  in  this  for  any  two  of  the  three  co-ordU 
nates,  their  Talues  deduced  from  the  equations  of  the  given 
curve,  we  shall  have  the  etjuation  of  the  osculating  planet' 
expressed  in  terms  of  the  lemaining  co-ordinatfr. 

IS9.  The  expression  for  the  differential  of  the  arc  of 
a  curve  of  double  curvature  is 

wludt  will  readily  appear  by  finding  the  distance  of  the 
points  M  and  m,  whose  respective  co-ordinates  are 
x,}/,:,i'  +  di,i/  +  e/j/,   ands  +  Jj. 
J+O.     To  draw  a  normal  to  a  curve  of  double  curva-   , 
tote  is  an  indeterminate  problem,  for  there  exist  an  infinite' 
Dwnber  of  right  lines  which  pass  through  the  point  of  con-   I 
tact,  and  which  are  at  the  same  time  perpendicular  to  thtf 
tangent.   The  whole  assemblage  of  these  right  tines  forma  a' 
pbae  perpendicular  to  the  tangent,  and  which  ia  called  the 
Nomul  Plane:  its  equation  will  be  (Trig.  App.) 


(v-x):^ 


'<.s'-y)j 


wbtace 

(a' -  «)  rfx  +  (y -3/)  (/y  +  ( t' -  z)  </i  =0. 

141.  "Letijt/,  and  z  be  the  co-ordinates  of  a  point  ^, 
Gg.  34,  situated  on  any  curve  surface,  we  may  consider  the  Fic. 
ordinue  Jf'M=2,  as  a  function  of  the  two  abscissiE,j4J*=*,  ^*- 
and  P  Af=y.  When  x  alone  varies  and  becomes  jr  +A,  we 
shall  have,  for  the  development  of  the  ordinate  m'  m,  which 
is  taken  in  the  section  Q  JM  m,  made  by  a  plane  parallel  to 
that  of  X  and  :,  and  passing  through  the  proposed  poinf. 


,   dz  h 
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'If  ^  change,  and  become  y  +  t,  while 
Stant,  we  shall  have  the  ordinate  n'  n,  taken  in  the  section 
PMn,  made  by  a  plane  parallel  to  that  of  y  and  :,  2nd 
passing  through  the  given  point.  The  developementof  this 
ordinate  will  be 

,  dz  k    ,  d'  z     k'       ^   d"!       i'  ^  . 

^+<^i-*'^^T72+T^rT2T3 -  +  **=■ 

Bj  making  x  and  ji  vary  at  the  same  time,  we  pass  from 
any  point  M,  to  any  other  point  N,  and  this  may  be  ef- 
fected in  two  different  ways,  either  by  substituting  j*+i, 
instead  of  y,  in  the  fonner  of  the  above-written  devdop«> 
tnents,  or  by  putting  x-\-h  instead  of  :i-,  in  the  latter. 

By  one  of  these  operations,  we  pass  from  the  ordinate 
m'  m,  to  the  ordbate  JV  N,  in  the  section  pmN,  and  by 
the  other  we  pass  from  «'  ri  to  N'  N,  in  the  section  qnN. 
It  i^  evident  that  these  two  sections  ought  to  meet  in  the 
point  N,  without  which  the  proposed  surface  would  not  be 
continuous:  the  results  given  in  No.  121.  and  122.  mutt, 

therefore,  be  identical.  The  enuatlon  - — 1-   =-;— —   •  to' 
axdy      dydx 

which  this  circumstance  relates,  is  therefore  nothing  more 

-than  an  expression  of  the  law  of  continuity. 

When,  in  the  series 

4x  dy 


a\</r"  dxdtj  d,f       / 


+  &c. 

which  represents  the  developement  of  the  value  of  t  corre- 
spondent to  x  +  /'and^  +  ;^,  we  cease  to  consider  the  quan- 
tities h  and  k  as  independent  of  each  other,  and  establisk 
a  relation  between  them,  we  then  fis  the  direction  of  the 
plane,  drawn  perpendicularly  to  that  of  i  and  tf^  by  means  of 
the  two  points  M  and  N,  for 


I 


■^ 
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i        N', 


From  these  considerations,  and  from  those  which  have 
been  mentioned  in  No.  127,  it  followSj  that  if  o  =0  repre- 
lent  the  equation  of  the  curve  surface,  the  difierentiai 
equtaons 

ax       as  a  X  a  If       a  s  d y 

belong  respectively  to  the  two  sections  QM  m  xnAP  Mn\ 
the  co-ordinatejf  only  enters  into  the  first  as  an  arbitrary  con- 
stant, which  determines  the  position  of  the  cutting  plane ;  and 
it  is  the  same  with  respect  to  the  co-ordinate  i  in  the  second 
equation.  The  d  zof  the  first  equation  must  not  be  con- 
founded with  that  of  the  second ;  for  they  are  both  only 
partial  differentials,  as  has  been  remarked  in  No.  120 :  the 
complete  difierenttal,  which  is  the  sum  of  the  terms  of  the 
6jst  order,  is 

dx=  ~dx+  — -  dyzspii  i  +  q  J  u, 
dx  dy    ^    ^  ^    ^ 

dx        ,  .     d  z 

p  npretenting  y  ,  and  q  representmg-^ — . 

When  we  have  simply  d  z  =p  d  x,  d  z  is  the  dtSe- 
rential  of  the  ordinate  of  the  section  parallel  to  the  plane 
of  rand  z;  and  similarly  d  z=gdt/  is  that  of  the  ordinate 
of  the  section,  parallel  to  the  plajie  of  y  and  z. 

If  we  take  dt/^^d  r,  the  complete  differential  d  x 
—  d  I  Ip+a  g),  will  belong  to  the  ordinate  of  the  section 
made  by  the  plane  M'  M  N  N",  perpendicular  to  that  of  x 
mdy,  supposing  S'  m  =  xxM'  m'.  We  shall  lind  analo- 
gous circumstances,  by  taking  each  of  the  variables  x  and 
jr  Miccetslvely,  for  ordinates,  and  considering  the  two  others 
M  abscissx. 

144.  We  may  discover  the  equation  of  the  tangent 
pUoe  bf  subjecting  it  to  pass  through   the  two  straight 
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lines  MT  and  Mt,  which  respectively  touch  ihe  sectioni 
Q  Mm  and  P  M  n,  at  the  point  M  ( Comp.  des  Elem.  de 

Geom.)    Since  the  functions  J^  and  —  are  the  differential . 

coefficients  of  the  ordinate  z,  considered  successively  rela- 
tire  to  each  of  these  sections;  and  since  the  right  lines  Af  7* 
and  Af  /  are  moreover  parallel  to  the  planes  of  x  and  z,  and 
ol'y  and  z,  it  is  easy  to  perceive  that  the  equations  of  MT 
will  be 

and  that  thoie  of  Mt  will  be 

If  now  we  represent  the  equation  of  the  tangent  plane  hj 

2'~z  =  Air'-x)  +  B{i,'-y), 

it  is  evident  that  this  equation  ought  to  agree  with  the 
preceding  ones  ;  and  in  order  to  this,  if  we  make  succes- 
sivelyy— _y=0  and  x'—x  =  0,  we  ought  to  find 

but  from  the  same  suppositions  we  have 

z'-i=A(x'-i-),and2'-^  =  B(y-j)T 
whence  we  conclude  that 

and  consequently  J 

It  might  be  supposed  that  the  tangent  plane  thus  deter-    ■ 
mined,  only  touches  the  surface  at  the  two  sections  we 
have  con«idered,  but,  by  differentiating  its  equations  with 
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respeawr'andy  only,  we  5nd(lz'=  pdx  -^qdt/',  which 
proTcj,  ihat  when  we  take  dx=:dx',  and  dy=di/,  we  shall 
yatidz—dz' ;  and  consequently,  that  the  poinis  on  the 
given  surface,  which  immediately  surround  the  point  Mtf\ 
coincide  with  all  those  of  the  tangent  plane,  at  least  whilst  ' 
«ron)y  consider  quantities  of  ilie  first  order.  From  thii 
i[  follows,  that  any  plane  whatever  drawn  through  the  point 
M,  cuts  the  given  surface  in  a  curve,  which  has  two  points 
common   with  the  tangent  plane,   or  (which  amoiints  to 

the  same  thing),  which  has  for  its  tangent  the  intersection 

of  this  plane  with  the  cutting  plane  (67.) 

HS.  The  normal  to  a  surface  being  perpcndlculaT  to 
the  tangent  plane,  has  for  its  equations  (Trig.  App.) 

We  might  also  arrive  at  these  equations,  by  observing 
tliat  the  nonnal  is  the  shortest  line  which  can  be  drawn 
fnm  viy  given  point  to  the  surface  -,  for  if  j',  i/,  :',  denote 
die  co-ordinates  of  this  point,  the  distance  from  it  to  that 
point  of  the  given  surface  whose  co-oidinates  are  x,!/,  and 
X,  will  be  expressed  by 


wA  on  account  of  the  dependence  of  z,  this  will  be  a  func- 
tion of  X  and  t/  only,  when  the  point  at  which  the  normal 
meett  the  surface  is  considered  as  unknown.  Diiferen- 
tiating  it  on  this  hypothesis  (133),  in  order  to  find  the 
we  shall  have 


'hfli  pd 


{3-S)ds-¥{z-z)dz=0, 

wUdi  results  are  similar  to  the  preceding,  ^ 
f  rf  jr  arc  taccessively  put  iordz. 


hm 
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144.  It  is  proper  to  remark^  that  when  we  seek  the  imsii* 
iMim  or  ifmtmwyf  of  a  fimction  of  z,  dependent  on  X  anil  jr* 
in  effect  suppose  diat  the  tangent  plane  of  the  swrface  which 
the  equation  between  K^y^  and  z  repreaentSf  is  parallel  to  the 

dz  dz 

plane  of  the  x  and  V|  since  we  make  at  once 'T- ■»(>«  and  ?— 

ax  dy 

=0.  This  circumstance  is  analogous  to  what  we  have  seen 
in  Nos«  I3S.  and  144. 


PART  n. 

ON  THE  INTEGRAL  CALCULUS. 


e  Integration  of  Rational  Functions  involving 
only  one  f^ariable. 

_  Xh  e  Integral  Calculus  is  the  inverse  of  the  Dif- 

ferential ;  its  object  being  to  ascend  from  the  differential 
ffidents  to  the  functions  from  which  they  are  derived. 
The  exposition  of  the  principles  of  this  Calculus  presents 
divisions  somewhat  analogous  to  those  presented  by  the  1 
Differential  Calculus.  It  may  happen  that  the  differential  ' 
coefficients  of  the  function  sought  for,  may  be  given  ii 
mediately  by  the  independent  variables,  or  that  we  have 
only  an  equation  between  these  differential  coefficients,  and 
one  or  more  of  the  variables  thepiselves.  The  first  case 
being  the  most  simple,  is  that  which  we  shall  treat  of  first/   ' 

When  the  differential  coefficient  of  the  fiist  order  of  a  1 

AtncdoD  of  r  is  given  in  terms  of  r,  we  have-i^  =Xt   oTifl 

iy=Xix\  the  function  sought  for  is  consequently  that 
whoae  differential  \%X  d  x\  and  we  represent  it  as  follows ; 
y  ■=/Xd  T,  the  characteristic  y  being  the  inverse  of  the 
characteristic  d  *,    To  find  this  function  we  must  invert 


*.Thelellor/ was  employed  bythe  first  vviittnon  theliitcgrst 
M  the  iDilial  of  the  word  gumma,  iua^mucti  as,  accnrd- 
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the  rules  of  differentiation ;  but  in  order  to  proceed  sys^^ 
maticalljr,  we  shall  treat  successively  of  the  different  forrxis 
which  the  function  X  may  admit,  and  which  may 
classed  as  follows :  rational  functionsi 

iljj"'  +  Bj:»  +  CT^  +  &c.  =  U. 
jfjT+B^-^Cx'  +  &c,        U 

^*-'+ir*-'+Cx''+  &c.  ""  y" 

irrational  f unctions^ 

transcendental  functions, 

f(C7,  117),    f(Cr,  8inr),8cc. 

146.  The  differential  of  A  a^  +  JB,  being  mAx'^  —  ^dXf 
we  may  from  the^ice  infer,  that  the  integral  o(  ax.*  Jx  is 

+  -S;  .for  if  we  compare  a  :^dx  with  iw^a*""^^, 


if  +  i 


we  have  m—lean.  znAmji::za  or^s  —  =!  — ^    .. 
It  fbUowiy  from  this  example^  that  when 

:•■'[■■■                            tf  w*  +  * 
dv:=iax'^dx9      yzz •  +  J?« 

or,  /^  integrate  a  differential  of  one  term^  such  as  zx^Ax^Vfi 
must  increase  the  exponent  of  the  variable  ly  unity y  and  then 
divide  by  t/ie  new  exponent  index^  and  by  Ax. 

ing  to  the  principles  of  Leibnitz,  the  differentials  represented 
the  indefinite  small  increments  of  the  variables,  and  conse- 
quently each  variable  itself  is  the  sum  of  the,  infinite  number  of 
these  increments,  which  ^it  has  received  from  its  origin  to  the 
moment  in  which  we  consider  it ;  and  it  is  on  this  account  that 
they  gave  to  the  function  which  we  call  primitive,  the  name  of 
integratj  considering  it  as  the  result  of  the  aggregation  of  all 
the  differentials:  these  names  being  properly  understood, 
may  make  use  indifferently  of  either  one  or  the  other. 
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tie  constant  S  is  of  arbitrary  value  (8).  We  may  pve  it 
a  'iwm  similar  to  that  of  [lie  first  term ;  for  if  we  represent 
by  i  that  value  of  x,  which  makes  the  function  y  equal  to 

notHng,  we  shall  have  -  "   "—"  —  ■*  " 

ind  consequently 


"  +  1 


-  +  B=0,  orB  = 


1  tMult  which  only  did*ers  from  the  former  in  the  form 
vbich  it  given  to  the  constant. 

147.  Before  we  proceed  further,  it  may  be  proper  li 
aamine  a  particular  case,  in  which  the  value  of  y.  found 
uibove,  becomes  j;    it  is  that  in  whichr(=— I,  forthen 

wehare 

-  "(J^"-*")  _ "  <■  -n  _  0 
^  ~         0  0         ~0  ' 

To  find  the  true  value  of  this  function,  we  must  revert  to 
die  tale  in  No.  52 ;  and  as  we  have  seen,  by  this  rule. 


pigefiS,  that  - 


became  la— I  i,   we  shall  have,  in  the 


oimple  before  us,  when  we  substitute  corresponding  let- 
m,j=z«  (Ix— li);  but  when  «=  — I,  we  have  dy= 

'^d n  and  therefore  dy=  gives 

^=a  C I  ■r-l  *)i     or  jf =a  I  r  +  fl. 
e  might  have  drawn  the  same  conclusion  from  No. 
mcc  it  there  appears,  that  i^l.r=  —  .  The  exception 

to  die  rule  in  No.  14fi,  presented  in  this  case,  arises  from 
the  impossibility  of  expressing  the  transcendental  quantity 
I X,  in  a  finite  number  of  algebraical  terms. 

The  whole  dilficulty  of  the  integration  of  functions  of  one 
,  consists  in  the  discovery  of  such  transformations 
pproper  to  reduce  tlie  proposed  functions  to  one  or 
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more  terms,  involTuig  simply  powers  of  t^e  Tiriable  'and 
constant  qaandties,  to  each  of  which  the  rule  in  the  pre- 
ceding No.  may  be  applied. 

•     1 48.    It  is  evident,  at  first  sight,  that 

dt/  =fl  jf^dx-^-bj^dx-^-esfd  r«^  •«..,. 
gives 

V  =  + h    r—  +  KC«.»  •••  +  XJ. 

iw+l  .114- 1      ..   /^.+  lr:       \     .Wi' 

We  only  add  one  arbitrary  constant,  for  it  is  easily- seen 
that  if  a  constant  was  added  to  each  integral,  they  would 
together  be  equivalent  to  one  constant  quantity^ .  which  is 
equal  to  their  sum.  ^ 

In  general^  since  we  have  seen,  No.  10,  that 
we  may  thence  include,  that 

and  that 

/(,Pdx+Qdx-Rdx)=/PdX'\'/Qdx^/Rds. 

We  will,  in  this  place,  notice  a  consequence  of  this 
rule,  which  will  be  of  great  use  in  what  follows.  In  inte- 
grating separately  each  term  of  the  differential  d.  uvssudv 
+  V  d  1/  ( 11),  there  results  u  v=s/u  d  v  +/v  duy  which  gives 
the  relation  between  the  primitive  functions  of  the  differen- 
tials udvfvdu,  insomuch  that  one  being  known,  the  other  is 
known  also.    We  have,  for  example,  /u  dvssuv  — /  v  d  tr • 

The  differential 

J    u       du  dv        . 

d.  -  = «-_(12), 

V  V  V 

will  give,  in  a  similar  manner, 

u        i^du         p     dv 
-=#  —  -    I  u    _; 
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from  lAence  we  get 

It  u  proper  to  observe,  that  this  result  is  a  consequence 
ef  the  preceding ;  for  by  substituting  in  the  value  oifudv, 

finuid  above,  — ^  in  the  place  of  d  v,  which  is  the  same 
du^  at  changiag  v  into  —  - . 


/"^=-^/ 


oTtf 


aiaceJ.  a  u=.a  d u,  we  may  conclude,  Hiit/a^dx 
=ofXd  X,  and  consequently  that  aU  such  constant  quantities 
may  be  brought  from  under  the  signyof  integration. 

149.  If  there  were  given  (fy=(i3j:  +  i)"'dj',  we  might 
expand  the  given  power,  and  integrate  every  term  in  the 
mult }  but  it  is  proper  to  observe  that  we  may  obtain  the 
Integra]  without  effecting  this  developement.   It  is  sufficient 

to  make  a  i+A  =  r,  which  gives  x  ■=   ,  andij= —  ; 

by  substituting  in  &e  expression  fordy,  we  find  if  ^:r 

+  B.   Putting  for 


$ 


,  2nd  consequently  y  =  — 
'value,  we  find,  that  when 


dgz=ior+b)''dx,    y. 


(_ax+ir  +  ' 


If  we  had  rf^  =  (a  JT*  +  A)"  *"  — » J  jf,  this  transformation 
would  still  succeed;  for  by  makingdi''  +  ^=i,  wehave 
iaaj^~*(ix=:ifi,  and  therefore  ■  • 
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whence  it  appears  that^  when 


150.     We  will  now  proceed  to  fractional  functions, 
and  to  begin  with  a  verjr  simple  case,  we  will  Wppose  that 

a  a 

and  consequently 

expanding  (z-t  )"*,  multiplying  the  result  by  d  z,  and 
then  dividing  by  z*,  we  shall  have  a  series  of  terms  involving 
simply  powers  of  the  variable  and  constant  quantities^ 
which  may  be  integrated  by  the  rule  in  No.  146. 

Let  us  take^  for  example,  the  case  of  mizS,  and  »=:2 ; 
then 

dy=.:iS^^^Al  =  ^\zdZ''3bdz  +  Si*z-'dz-li'z-''dz2: 
applying  to  each  of  these  terms  the  general  rule^  we  have 

We  will  now  substitute  for  z  its  value,  and  we  shall  find 

that  when 

,    _   A  x^  d  X 

y:=:^[i{aX'\'by-3i{ax  +  b)-^3bH{ax  +  i)  +  P(ax  +  h)-^]-{^ 
a* 

We  might  deduce,  without  difficulty,  the  general  for- 
mula ;  and  if  we  had 


J,= 
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At'  d:f+Bl'dl-VCt*  d  X., 


■t  037  write  it  thus, 

.       Ai-4i  ^  Bx'dx  j_  Cx,di  ,  , 

wbne  everj  term  ma^be  integrated  in  the  same  manner  aa 
AeEnt. 

161.     All  differentials)  which  are  rational  functions, 
Mf  be  comprehended  under  this  general  form, 

Ax^  +  B-x-'  +  C-ir'^ ' 

■Udi,  for  the  sake  of  brevity,  we  shall  represent  by  — —  • 

Now,  in  the  first  place,  we  may  remark  that  the  greatest 
exponent  of  the  powers  of  x  in  the  numerator  may  be  sup- 
posed to  be  less  than  that  of  its  powers  in  the  denomina- 
tor; for  if  it  were  not  so,  by  dividing  i/by  ^,  and  calling 
Qtbe  quotient  of  the  division,  and  R  the  remainder,  we 

4(«ldhave/'i^=/Q</ir+y*:^i  but  Q  being 

intiooal  and  integral  function  of  Xy  the  integral  of  Qrfx 
nay  be  found  by  the  immediate  application  of  the  rule  in 
No.  J46}    and    there    will    remain    nothing   to    find    but 


f 


dimennons  with  respect  to  *,  than  the  function  V.    The 
amt  general  form,  therefore,  which  the  function  ■  can 

!,  will  be 
{Ax*~^  +Bi"-'+C3r"-' +  r)Jj. 


»  +  B'3 — =  +  C'x'-». 


..  +  T 


The  general  method  of  integrating  dlSerentials  of  the 
above  form,  consists  in  decomposing  them  into  others, 
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whose  denominators  are  more  simple,  which  we  designate 
by  the  name  of  partial  fractions^  and  which  we  obtain  in 
the  following  manner : 

If  we  make  the  denominator  of  the  proposed  fraction 
equal  to  nothing,  we  shall  form  the  equation 

aj*  +  J'a'-i+-B'a^-*  +  &c T'sQ, 

and  supposing  that  we  have  determined  all  the  roots  of  diis 
equation,  we  may  represent  them  by 

^a,     -fl',     -a",     ^d\     &c. 

supposing  them  all  to  be  different  from  each  other:  by  tlus 
means,  the  first  side  of  the  proposed  equation  will  assume 
the  form  of  a  product  of  n  factors 

«+«,     Jr  +  tf>     Jf+tf",  x  +  fl'",     &c. 

This  done,  we  shall  consider  the  proposed  fraction  as  the. 
sum  of  the  fractions 


x+fl'       x  +  tf   '        a+<j"' 

whose  denominators  are  the  factors  of  the  denominatpr  of 
the  proposed  fraction,  and  whose  numerators  are  undeter« 
mined  constants. 

We  will  suppose,  as  an  illustration  of  the  above,  that 

the  differential  which  it  is  proposed  to  integrate,   is  the 

following : 

(^x^-f  .gx-f  C)  Jr 

x»  +  ^V+JB'x  +  C'  ' 
and  that  we  know  that 

Reducing  to  the  same  denominator  the  fractions 

Hdx    '     N'dx         N'^dx 
x+tf*       x  +  fl'  '       xT?^* 

and  adding  them  together,  we  shall  have 

[N(x+i/){x  +  i/')  +  N'{x  +  a)(x-\'ir)'\-N'Xr'ha)(X'{-i/y]dx 

(x+j)  (x+^)(x  +  0 


Hie  denominator  is  the  same  as  that  of  the  proposed 
inccion,  and  the  numerator  will  necessarily  be  a  function 
of  a  degree  next  inferior  to  that  of  the  denominator,  that  i$, 
of  the  second  degree ;  for,  by  performing  the  multiplica- 
tion!, we  have 

+  Nff- a"  + /IT  fl  a"  +  Jtf-  ,.  a']  d  r. 

I  Tlus  function  being  compared  with  the  numerator  of  the 
proposed  fraction,  gives  these  three  equations : 

'N+k'+t!f''~J\-  -'■'■■  '■'■^'    ■:■'■ 

rtkh  XK  only  of  the  fiis^  degree,  ^ri&  re^Mk^tb'^tni- 
'detoonbed  quantities  N^  N',  H";  retDbiiig  diese  mar 
^weihallhave 

Ibluw  Ji+aas.  we  Ke  that  Ae  di0^i^tial=^,  wiUbe 

x+a 

tramfbrmed  into the  integral  of  ^riiich  is  HI  %,  or 

AI  C>+«)>     We  find^  in  the  same  'way,  that 

and  we  dull  therefore  hare 

■^A'x^-^B'x  +  C 
=  Nl(x  +  o)  +  iVl(a;+o')  +  JV"10»  +  <i^  +  con8t. 
=  1  \  Cz  +  fl^J^L*  +  «0N'Cx+/ON"J+const. 

This  process,  which  may  be  easily  extended  to  die  gc- 
oenl  foimula  cited  at  the  beginning  of  thii  article^  shows 


/; 


w 


188  INTEGRAL    CALCULUS. 

that  the  integration  of  rational  fractions,  in  the  cases  whvn 
the  denominators  are  decomposable  into  factors  which 
are  real  and  unequal,  has  no  difficulty  independent  of  this 
decomposition,  and  consequently  depends  upon  the  nume- 
rical resolution  of  equations. 

152.  In  what  precedes  we  have  supposed  all  the  fac- 
tors of  the  denominator  of  the  proposed  frartion,  to  be 
unequal ;  for  if  this  be  not  the  case,  the  decomposition  of 
this  fraction  can  no  longer  be  effected  under  the  above- 
mentioned  form.     W^e  see  this  immediately  ir   - 


which  we  cannot  represent  by 

two   fractions,   when   combined, 
N+N' 


N 


N' 


i^-i 


,  since  these 
the   simple  one, 


|i  If  the  denominator  .r*+^' !■'->  + &c +  r,of  the 

proposed  fraction,  contain  a  factor  (t  +  o)',  it  will  be  ne- 
cessary to  assumefor  this  factor,  a  partial  faction  of  thefonn 

(Pjr'-'  +  6j*-''  +  Jgi^-'  +  8t:c r)dx 

(^  +  ^)' 
we  should  determine  the  coefRcients  of  its  numerator,   by 
I  reducing  this   and  the  other  pariial  fractions  to  the  same 

denominator,    and  then  comparing  the  sum  of  the  numera- 
tors with  that  of  the  proposed  fraction  (151.)- 

We  might  then  integrate,  by  the  rule  in  No.  150;  but 
I  it  is  easily  seen,  that  we  may  substitute  for  the  fraction 

I' 


N-"'  • 


the  expression 

Ndx  ^      Ndx 
iX  +  ay'      (j  +  «)'"" 

For,  byreducing  all  the  terms  of  this  expression  to  the  same 
denominator,  the  numerator  which  we  obtain  n  ill  be  of  the 
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RDie  form  with  that  of  the  first  Action.    This  done,  let 
i+-a=Xf  and  we  have 
/•Vrfjr  /*NtIx   _N ■:-'+'  _  N 


1- 

ve  shall  find,  in  the  same  way, 

■   Wdx 


/<! 


ud  BO  on  (or  the  others  :  all  these  integrals  will  he  alge- 
braical, except  the  last  /  —~ — ~  ,  which  will  io- 
nlTe  a  logarithm. 

153.  If  the  values  of  a,  a',  a",  Bcc.  were  imaginary, 
they  would  introduce  expressions  of  this  nature  into  the 
numetators  of  the  partial  fractions.  We  might,  indeed, 
niike  these  impossible  parts  disappear;  but  this  would 
make  the  calculation  very  complicated,  and  we  may  avoid 
this  diihculty  by  decomposing  the  denominator  of  the  pro- 
posed fraction  into  real  factors,  either  of  the  first  or  second 
degree,  which  is  in  all  cases  possible  {Compi.  d'A/g.  27). 
The  factors  of  the  second  degree,  which  contain  the  im- 
possible roots,  may  be  represented  by 

and  if  there  are  several  of  these  factors  which  are  equal  to 
each  other,  the  denominator  of  the  proposed  fraction  will 
hav«  fictors  of  the  form 

(jVa-J  +  a'  +  S*)'. 

To  the  simple  factor  x'  +  2  «  jr  -l-  «*  +  jS*,  there  will  correy* 
pond  the  partial  fraction 


and 


3  factors  of  the  second  kind,  the  fraction 


(jT'  +  a-j+.'  +  p*)'; 
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but  to  facilitate  the  integration,  and  to  prtBeiwe  the  andogy 
with  the  formulas  in  the  preceding  No.  we  may  substitute  for 
this  last  the  following  expression : 

(Kx-\-L)dx  ilCx'hL')dx 


(K"''**X'^If'***dx 


The  coefficients  of.  the  numerators  may  be  determined  in 
the  manner  we  have  indicated  in  Nos.  15 1|  152. 

To  integrate  the  fraction 

(JTt  +  Z)  dx 

we  observe  that 
and  if  we  make 

X  +  assz, 

there  will  arise 
{Kx-^-Ddx  _  (Kz+L''K»)dz  _  (Kz+L,)dz 

by  putting  r      vr       T 

But 

(K%+L^)  d  z  _Kzdz   ,L^dz 

The  first  part  of  the  second  member  of  this  equation  is  an 
algebraical  integral;  for  by  making  z'^+^zzu,  we  have 

zdz=: ,  which  gives 

J     z'+e*       'ij     «  S 

With  respect  to  the  second  part,  if  we  make  2  =P  u,  we 
shall  have 
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Lidt .     Lf    du 

lit  velkfe  teen  in  No.  S^,  "tbat  -If-  is  die  ^fieiaitul 
cf  die  lie  wbote  tan.  saui  tberefore 


/ 


fi    i?+l"  0 


i)4-oontt. 


^  arc  rtaaL:z!Lj+eomU 


e 

Adding  together  tiieae  two  results,  vm  thill  get 

-f*  const. 
It  is  pt^per  to  remark,  that  the  sine  of  the  arc  ^^rfiose 

<"g">»|fi»  '■>■/    1 1 » and  its  cosine    /i       i  ;    fo 

^       ^      V7+F  y^W 

this  oumderatioa  affords  the  meatas  of  piesentii^  dbe  pfo* 
poaed  integral  under  difierent  formsy  hy  designating  the  arc 
bj  its  sine  or  its  cosine. 

When  we  replace  the  value  of  z,  we  have 

rjKx±Lidx_^ 

^K 1  Vx*+2«*+«»+^+     "^       arc  ^tan.=  ^j^)  . 

To  integrate  the  differential 

{Kx'\'L)dx 

we  shall  at  once  make  jr+aflbx,  and  L-^Ka^Lx  \  by  this 
means  we  shall  only  hare  to  find  /  i — J\,gMf —  *  ^^^ 
may  also  be  written  thus :  ^ 
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The  first  part  is  integrable  immediately ;  for  it  is  ob" 
vious  that  by  making  2*-fjP=ri/,  we  have zdzsz  —  ^ 

and  consequently 

J  {z*+0*r  '^  ^J  1^    2  (i-y)  * 

and  the  integration  pf  the  second  part  we  may  make  de- 

dz 
pendent  on  that  of  the  formula  — ; — "^     _^ » in  which  the 

index  of  the  denominator  is  less  by  unity  than  in  the,ffirst. 

154.     In  short,  if  we  assume  the  equation 

y^      dz      _         Gz         +H   r         ^^         ' 

where  G  and  H  are  indeterminate  quantitiesy  and  if  we 
take  the  differentials  of  each  member,  and  reduce  ail  the 
terms  of  the  result  to  the  same  denominator,  we  shall  be 
able  to  suppress  this  denominator,  as  well  as  the  coomxm 
factor  dz ;  there  will  result 

l=G(f*+jS»)-.2  (y-1)  Gz*+/f(2:*+l3*)j 

and  then  comparing  similar  terms,  we  shall  form  two  equa- 
tions 

l=Ge*+/f^,    G-2(sr-l)G+if=0, 

which  will  give 

(2y-2)g*'  (2y-2)e*' 

we  consequently  shall  have 

/dz      _  J  1  g 

{z^+Sy       i  (2  j-2)iS»  '  (z*+^)«-^ 

+  ilLliL    r         ^^         I      .(a^ 

^(2j-2)^y  {z*+0*y-'i  •  ^  '^ 
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This  fennula  furnishes  the  means  of  depressmg  to 
onitf  die  index  of  the  denommator  of  the  proposed  fr^c- ' 
000}  for  if  we  put  q^  I  in  the  place  of  jr,  )¥e. shall  find   ■  - 

dz  I  z 


/ 


(**+r)»-»      (8j-4)^  («*t'^) 


>-»2 


+JlizAL   f. 


dz 


z»+0O"-** 


nbidtnting  tlus  Talue  in  the  same  equation  (a),  there  will 
lemlt 

/dt  f.        1  I 

l.(By-3)  r 

(2f-2)(2j-4)0*    *  (r*  +  ^)»-» 

(gg-8)(gg-5)        /»  <^z         )  /r^ 

*{2j-2)(2y-4)5*  ^    (z'  +  /9»)'--*  i  ■  *  "^ '^ 

We  maj  obtain^    in  the   same  manner,    the  value  of 
f  ■—-—-— -—  ,  by  changing  q  into  7 — 2 ;  if  we  then  sub- 

tdtnte  this  value  in  the  equation  (Jt),  we  shall  have 

/dz         _     f         1  z 

+  1  .(2g-»)  z 

(2^-2)  {2<?-4)6*    ■  {z'  +  S^y-* 

l.(2g-9)(2g-5)  g  I         ,.v 

(2g-3)(2g-5)(2g-7)       P  __l±__ 
{,2q-2){2q-^){2q-6)^  J    {z+W)-^ 

If  we  were  again  to  deduce  from  equation  (a)  the  value 
of  /    — . — =r  t    we  should  obtain  a   new  value    of 

B  D 
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*^W+gv  '  '^'*^'*  *°"''*  ''^P"'*  "P'^y^'+y)*-'' 

By  continuing  to  operate  in  this  manner,  we  should 
form  a   series,    which  must   terminate    when  w«  arrive 

at    the    term    P  — 1- 1    for  die  term  followinc,  which 

would  inTolve  /    ^ .  would  have  an  infinite  coeffi- 

cient.  This  may  be  seen  by  making  7  =  3  and  f =3,  in  the 
equations  (^)  and  ic') ;  and  it  is  easy  to  discover  the  reason 
of  this  circumstance  •,  for  if  we  could  arrive  at  the  term 
of  which  we  have  just  spoken,  we  should  then  have  a  com- 
plete algebraical  integral  of  the  proposed  fraction,  since 


/ 


We  here  see  the  origin  of  a  method  of  integration, 
as  fertile  as  it  is  elegant  :  it  is  that  by  which  we  pass 
from  one  integral  to  another.  We  shall  explain  it 
hereafter,  in  a  manner  more  general. 

In  comparing  the  results  of  the  preceding  Nos.  we  shall 
undoubtedly  have  remarked,  that  differentials  which  pre- 
sent themselves  under  the  form  of  rational  fractions,  may 
be  always  integrated,  cither  algebraically,  or  by  means  of 
logarithms  or  circular  arcs ;  and  that  no  other  preparation 
is  necessary,  than  to  decompose  them  into  fractions  whose' 
denominators  are  either  binomial  or  trinomial  <]uantities. 
We  have  hitherto  only  indicated  for  this  purpose,  the  method 
of  indeterminate  coeCHcients,  it  bdng  that  which  presents 
itself  the  first}  but  there  are  many  other  which  require 
less  complicated  calculations. 

155,   Let  us  resume  the  fraction  — .    Let  x  + a  be  one 

of  the  unequal  factors  of  tlie  denominator  V^  so  that  wa 
have  V=.  ( .r  +  J )  Q,  where  g  does  not  involve  f  ■(-  a  u  a 


L 
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hetat:  if  we  make  —  = 


,  P  being  an  indeter- 


nuute  function  of  .r,  but  into  which  this  qaantity  does  aot 
enter  as  a  divisor,  we  shall  have  U=AQ  +  P\x  +  a),  and 

toniequently  P= — =  .      Since  P  ought  to  be    an 

integral  function  of  t,  the  quantity  U  —  A  Q,  which 
is  ilso  rational  and  integral,  must  be  divisible  by  '+"; 
«,  vhich  is  the  same  thing,  must  vanish  when  we 
Jnbstitute  for  x  the  value  —a,  which  makes  x-i-a  equal 
»  nothing  1  designating  then  by  u  and  by  y,  the  va- 
loei  of  U  and  Q  after  this  substitution,  which  does  not 
aJFect  the  value  of  the  indeterminate  quantity  A,  that 
being  independent  of  x,   there  wilt  result  u  — ^  ^  ~!=  0, 

aid  consequently  A=  -. 
9 
TTie  factor  Q  is  found  by  dividing  l^hy  x  +  a;  but  its 
nhe  f,  relative  to  the  hypothesis  of  .r  +  (i=0,  is  obtained 
inmediately  by  differentiating  the  equation  V=:  (.i  +  o)  Q, 
Inm  whence  there  arises 

MVif  in  this  equation  we  make  .r  +  a=0,  and  represent 
ky  w  the  value  of  t—  in  this  case,  we  shall  have  v=ff, 
mi  therefore  ^1  =  -  . 


The  quantity  A  - 


-  will  always  have  a  finite  value ; 


for  the  numerator  and  denominator  cannot  become  equal 
to  nothing,  since  the  proposed  fraction  is  reduced  to  its 
miMt  simple  terms,  and  therefore  the  function  U  cannot 
contain  the  factor  x  +  a,  which  makes  part  of  the  denomi- 
nator, and  which  only  appearing  in  it  once,  does  not  enter 


^ 


p 
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into  Q.  By  properly  applying  this  reasoning  to  all  the  dif- 
ferent cases  wliich  may  present  themselves,  we  shall  readily 
discover  that  the  decomposition  of  any  rational  fraction) 
under  the  forms  indicated  above,  is  always  possible. 

156.  Let  us  now  see  how  we  may  find  the  numerators 
of  the  partial  fractions)  which  correspond  to  equal  factors 
of  the  first  degree.  In  this  case  we  have  F=:Q  {x  +  af, 
and  we  must  suppose 

r       {x+a)-       C^+fl)--"       (x  +  tf)--*  x  +  a        g 

by  reducing  the  fractions  to  the  same  deoomiiutor,  we 
shall  get 
Q[^j+J,Cjr  +  o)  +  4^(T  +  a)'...+^._,CT+«)"-'j+Jt»+ 


I 


and  since  P  must  be  an  integral  function,  it  is  necessary 
that  the  numerator  of  the  expression  for  it  should  be  diti- 
sible  n  times  successively  by  x  +  a;  this  numerator  will 
vanish  therefore,  when  we  put  —  o  in  the  place  of  x.  We 
see  immediately,  that  it  reduces  itself  in  this  case  to 
U-QAgi  but  that  V-QJ^  may  be  divisible  by  x  +  e,if 
is  necessary  that,  preserving  the  same  notation  as  in 
the    preceding   Nos.  we    should  have   u  —  q  A^  =  0,  or 


This   value   will   change  the  quantity  V ~  Q Aetata 

U Q,  which  is  divisible  by  j  +  o;  and  we  shall  have, by 

9 
effacing  at  the  same  time  this  factor  in  the  denonunalor* 

and  malcing  for  greater  brevity,  t/— -  g=E/,  (r  +  tf), 

p_.Ut-Q[A,+A,(x+a)....  +^._.Cr+i,y-«T      i 
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Umborderto  obtain/^,,  we  must  make  x4-d=:0,  and  re- 
pmeoting  by«,,  the  value  of  U, ,  ari  sing  from  the  substitution 

of— J  in  theplaceof  T,  we  shall  have  h,  — y.4,  =0,  or^i  =  -J, 

9 
Substituting  for  Ai  its  value  in  I7[  —  Q  ^>  there  will  arise 

^  quantity  C/i 'Q,  which  vanishing  when  x-i-a^O, 

? 
will  be  diviuble  by  x+a,  and  consequently  P  will  reduce 
illdf  to 
p_  U,-Q[yl,+A,  (x+a)  . . .  .+yl.-i  (x+a)  —  ^ 

P,npresentiag  the  quotient  of  the  division  of  U,  -  —   g, 

f 
ifX+a.    By  continuing  the  same  process,  and  using  the 
mat  notatioD,  we  shall  again  find  Ug—q  '^1=0,  and  there- 
fate  Jt—  ~  t  and  so  on  for  the  others. 
? 
Hie  DiRerential  Calculus  rery  much  facilitates  the  pre- 
Cedisg  operations.      In    fact)    if  we    differentiate  n  —  1 
timet  in  succession,  the  equation 

ff=e  [^o+'*i  (^+'' )  +^^  f^+«)*  ■  ■  ■  ■ 

andtben  make  x+a  =  0,  both  in  this  equation,  and  in  those 
wtich  we  thus  deduce  from  it,  there  will  arise 

iV=A^dQ+A,Qdt 

JPV=A^  d' Q+2  A^dQd r+2  A^Qdx^ 

fU=.A^ d'Q+ZAid'Qd x+6  A.dQdx^+6A,Qd i\ 


equations  which  determine  each  of  the  unknown  quantities, 
A^  A^,  A^,  &c.  by  means  of  those  which  precede  it ;  it 
bnng  well  understood,  that  we  substitute  after  each  dif- 
ferentiation,  —a  in  the  place  of  J^^, . ^_^j.  ,i»y^ 


^^p 


'lite  INTEORAI,   CAfXULUS. 

The  most  ample  method  of  obtaining  the  vshie  6f  Q>  hi 
thii  case,  is  to  divide  V  hy  ( r+a )  * ;  nevertheless  we  msy 
airiye  at  the  same  result  by  differentiation,  as  in  the  preced- 
ingNo.;  for  since  we  have  V=(l  (r+a)',  by  differentiating 
n  times  successively  both  the  members  of  this  equation,  and  . 
then  making  x+fl=:0,  we  shall  find  rf"r=  I  .<l..  .nQ^dt 

(52),  and  consequently  Q  =  — -j— ,  ■ 

We  shall  arrive  at  the  expression  for  the  differentials  of 
C  upon  the  hypothesis  that  .r+j=0,  by  taking  successiTely 
the  differentials  ofthe  orders  1+1,  n+2,&c.  of  the  equation 
V=  Q,  (-r+o)' ;  for  it  is  readily  seen,  according  to  the  remark 
in  No.  52,  that  in  this  case  (i"  +  "  r=d"  +  ' .  g  (J+a)',  for 
example,  becomes  iJ' + '  /'=!  .2.  S  .  . .  .(«+!) rfgrfj*. 
It  follows  from  this,  that  ire  may  express  the  indeterminate 
quantities  A^,  A.^  Au  &c.  by  the  assistance  of  the  differen* 
tials  of  the  numerator  C/,  and  of  those  of  the  denominator 
Yi  of  the  proposed  fraction. 

157.  The  process  ia  No.  \b&.  a  little  modified,  sinea 
also  to  find  the  numerator  of  a  partial  fraction   of  die 


I' +2  ■  i+. 

+^ 

Auumiog 

U 
V 

=  .,■+■2..+. 

+3" 

+ 

P 

e 

and  reducing  the  second   member  of  the  equation  to  the  | 
same  denominator  as  the  first,  we  Sod 

from  which  we  get 


P= 


,_i;-g(.-«j+g, 


A*  P  ought  always  to  be  an  integral  function  with  i 
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B^lbeqnantity  U-Q{Ax+B),  must  be  dmslblc  by 
T*+8  «  x+x*+0'  i  it  must,  therefore,  contain  among  its 
licton,  those  of  this  last  quantitjr,  and  must  vanish  under 
&t  time  circumstances.  But  the  factors  of  x^+2  a,  x-f- 
»'+^,  are  j+a+flv'-  i,  i+a  -  g\^— 1 ;  and  if  these 
each  =  0,  we  shall  have  xr:  -  (»+flV^>, 
( «  —  a  VTT) :  these  values  being  substituted  In 
l(^r+^i  ought  to  cause  this  quantity  to  vanish.  If 
Aen  we  denote  by  m ± «'  *'-  1,  and  by  5 ± y V  - 1 ,  what 
Viod  Q  respectively  become  after  this  substitution,  we 
ikllhave 

Tins  equation  is  two-fold,  in  consequence  of  the  sign  ± , 
by  wluch  several  of  its  terms  are  affected ;  and  it  is  equiva- 
lent to  those  that  would  be  formed  by  putting  the  real  and 
imipnary  part  separately  equal  to  nothing :  from  th)S>(!1»H 
ndention,  we  shall  have 

U-\-qa.  A-q&A-q  B  =  0, 

cqnationE  which  will  give  us  the  values  of  A  and  B. 

We  may  find  q  and  ^'very  nearly  in  the  same  way  as 
we  found  jf,  in  No.  155,  In  fact,  if  we  diiferentiate  each 
ndc  of  the  equation 

nd  afterwards  make 

x^+2  .j-l-»»-fS»=0, 
diete  will  result 

d  y 


4 


C(2zrfj+2i.</^)=rfr,  or  Q 
obltitDting  in  the  place  of 
f*ptetenting  by  v  ±  v'v  —  1 ,  what  the  expression  -r 


X  d  x-^2  •  rf  T  ' 
its  two  values  —i,»-±$*/—l)f 

be- 
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comes  by  this  substitution,  and  writing  q  ±  jV-  l,  in  the 
place  of  Q,  we  shall  get 


±,vn= 


J±J 


/I'TT 


8v'  = 


multiplying  both  the  terms  of  the  fraction  which  forms  the  - 
second  member  of  the  equation  by  v  _  i ,  and.  then  equa- 
ting the  real  and  imaginary  terms  on  each   side  of  the 
equation,  we  shall  have  I 


*  as*  '      IS' 

158.  I/thefactor  j-»-(-2  a  x+a'  +  S»,  which,  forbre- 
vity's  sake,  we  will  represent  by  JZ,  is  found  several  timet 
in  the  denominator  V,  so  that 

I  assume,  in  this  case  (153.), 


reducing  this  expression  to  a  common  denominator,   and 
thence  deducing  the  value  of  P,  we  obtain 


By  reasoning  in  this  as  in  the  preceding  cases,  it  01x7 
be  concluded,  that  the  numerator  of  this  expression  ought 
to  vanish  by  the  substitution  of  -(»  iffV'-  1),  which  also 
renders  x=0;  and  using  the  same  notation  as  before,  we 
shall  have,  from  this  substitution, 

which    will  furnish  for   the    determination  of    A  and    Sy 
the  same   equations  as    in  the  preceding  No.      Having  ■ 
found  the  values  of  these  quantities,   ne  substitute  them 
in  the  numerator  of  P;  and  the  terms  t/—  Q.^'^^^+B^, 
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being  divisible  by  if,  or  t*+2  »  r+»*4-ff*,  the  whole  expres- 
sion will  be  so  likewise.  Denoting  hj  Uiy  the  quotient  of  the 
dirision  of  U-Q^^AqX+B^)  by  x*+2«j:+»*+jSS  wejiave 

P     U;-  Q  [A^  x+Bi+  {A^  x+Be)  R+ ] 

Ify  in  this  new  numerator,  we  put  for  x,  its  values  derived 
from  the  equation  12=0,  and  make  the  result  s  0,  we 
shall  determine  A^  and  B^y  in  the  same  way  as  we  have 
before  determined  A  and  B  \  and  we  must  continue  to 
operate  in  the  same  way,  to  determine  the  values  of  A^ 

*£l  ^»  -Bs,  &c. 

This  case  is  quite  analogous  to  that  which  has  been 
considered  in  No.  \56\  and  the  Differential  Calculus  is 
equally  applicable  to  one  as  to  the  other,  by  means  of  the 

equation 

^= e  [^o  j^+^o+  (^1  ^+^0  R+  (^«  ^+Bi)  R-+. . . .  ] 

audits  diflferentials,  in  which,  as  far  as  the  n~  1th  order 
inclusively,  the  term  PR*  disappears,  by  making  J!!  =  0. 
We  shall  obtain  in  this  manner  the  equations 

V^{A^x+B^)il 

d  Uzz  {A^T+B^)  d  d+A^Q^  d  1+  {A,  x+B,)  Q  d  R,  Sec. 

each  of  which  becomes  two-fold,  when  we  substitute  for  x 
the  two  values  of  which  it  is  susceptible  in  virtue  of  the  equa- 
tion  iJ  =  0,  or  jr*  +  2  a  x  +  a^+/S^  =0.  By  making  the  real 
and  imaginary  part  separately  equal  to  nothing,  we  shall 
obtain  a  sufficient  number  of  equations  to  determine -4^,  B^y 

It  may  yet  be  remarked,  that  from  the  equation 
we  find 

c  c 
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when  we  suppose 

We  shall  find  dQ^i^Q^tic.  upon  the  samehjpotheriSy  hj 
means  of  /i  +  If  n  -h  S,  Su:.  diflfc^ntiations  of  the  equs^n 

and  by  suppressing  all  those  terms  which  this  hypotheos 
makes  equal  to  nothing. 

159.    We  shall  now  proceed  to  gire  some  applioir 
tions  of  the  foregoing  theory.    Let  there  be  the  fraction 

:: r ^ ;  the  factors  of  its  denominator  are  easily 

discovered ;  for  it  may  be  put  under  this  form 

The  factor  a*—  1  may  be  resolved  into  j:*—  1  and  x*+  1,  or 
X—  1,  j+  I,  and  x*  + 1 2  we  have  therefore 

a«  +  x7-j*-x^=j:»(j:-l)(x+l)*(r*+l); 

and  consequently  the  proposed  fraction  may  be  decomposed 
as  follows  (151,  152,  153): 

Adx  Bdx  Cdx 

x-1  («+!)*  *+l 

Ddx         Edx        Fdx        (Gx  +  H)dx 
J*  X*  X  1  +  j:* 

By  reducing  these  fractions  to  the  same  denominator,  and 

d  X 
comparing  the  result  with  — ^ — — , ,  we  iptght  de* 

termine  the  unknown  numerators;  but  we   shall  rather 
make  use  of  the  methods  already  explained. 

For  this  purpose  we  shall  consider  separately  the  four 
factors, 

x-\,      {x-hiy,      t\    andx*+l, 
which  compose  the  denominator  of  the  proposed  fraction ;  to 
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teamtpoodi  a  firactum^kf  the  foim  •^— 7>  whote  d*» 


beiqg  nude  eqnal  to  sen^  glrci  ±aB  1 ;  tlieqiumti^ 

1 


^      '  8 

^  !       1 


^     aad  tbe  fim  partutt 


ncmi  —  ^ 

8   «-l 


To  the  factor  (X'f  l^Hhere  cerrespond  two  partial  firac* 
tmoftfaeOfffif:^  4   -^  (1S6).     Hi^Iiig,  U 

Aefim  phce  fonndt  that 

vcmyb  jv-f  1  -=0,  firom whence  xss  —  i,  qss^  and  -  =:  7  » 

•  1      1 
90  nt  die  second  putial  traction  is  .^4  • 

In  die  ezpresiiott  f or  Uif  (156)9  putting  in  the  place  of 
ifoi  its  Talue  2 »  vd  have 

=  - 4 ' 

iriA  ^ch  ther^  arises  -^  =  —  s  ^  ;  iltr^  liave  t&imfore. 
Ibr  die  diird^ partial'  fribtSon,  |  — ^. 


To  apply  in  this  ca^e  the  Diflhrenfial  Csdcidtts,  we  must 
fbfm  the  equation  (156) 
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which  it  will  be  sufEcient  to  differentiate  once ;  and  thci* 
making  t=  -  1,  we  shall  have 

Qheing  jfi—x^+x^—r\  the  first  of  these  equations  gireaf 
-^o=i,  and  the  second -^j  ss  ^ . 

The  factor  i'  furnishes  the  three  partial  fractions 

which  we  determine  by  means  of  the  equation ' 

and  its  first  and  second  differentials.  By  observing  that 
Q=j:^+ap* - r—  1,  and  making  r  =  0,  in  gi  </ (2  and  rf^g, 
we  find 

we  have,  therefore, •    +    ~  —  -  . 

x^         x^       X 

There  yet  remains  the  partial  fraction  corresponding  to 

the  factor  x*  + 1,  and  whose  form  is     ,.  ,    -  .     We  mi^ht 

*  +1 

determme  it,  by  subtracting  all  the  preceding  partial  frac- 
tions from  the  one  proposed  :  but  we  proceed  to  find  it 
directly,  from  the  formulae  in  No.  157.  In  the  first  place 
we  have  (2=i^+J^--'^*--^>  next,  the  factor  x*+l,  being 
made  equal  to  zero,  gives  xzz ±  v^-1,  azzO,  gassl,  from 
which  we  find  q  ±  jrV—  i  =  — 2  ±2^^131,  u=  1,  andi/^sO: 
the  equations  which  determine  A  and  B^  become 

l+2^+2JJ=0,        2A^2Bm0i 

and  we  consequentiy  find  Az:B=  —  -  . 

4 

W«  have  thus  decomposed  the   proposed    fraction 


uraussuh  CMxcmAin.  ^W& 

--!![£+ i^—^- ll£±llf[j? 

Hk  integration  of  each  of  these  fractiofis  is  effected  With- 
out dBpcttltjr,  and  we  fhall  have  for  the  wMt 

1 
■  J  «  - 

+|i(x+i)+5^-|-ix 


•f 


-  -  1  («^+l)-  7  arc  (tan=:r)+con8t. 
The  aggregation  of  all  the  algebraical  terms  will  produce 

£f      Of*      K  v^ 

Aefetttion  *    YlT.   T  >  ^  ^^  ^^  ^®  logarithmic 

loiQS}  inll  give 

tl(x-l)+il(*+l)+l(z+l)-fl(x*4-l)-la 

we  hare,  therefore,  upon  the  whole, 

+ 1  (—-)  -i  arc  ( tan  =  *)+  const. 
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On  the  Integration  of  Irrational  Functions. 

160.  Irfadonal  functioiis  ought  to  be  considered  ^^ 
integrated^  in  all  cases  wbete  by  any  transformation^  they 
are  made  rational,  or  at  least  reduced  to  any  number  Kpt 
irrational  quantities,  consisting  of  one  term  only  %  for 
we  can  apply  directly  the  preceding  rules. 

Let  us  take,  for  example. 


VJZ V — L-f;   it  is  evident,  that  by  msdcing  xss2^, 

all  the  extractions  indicated  by  the'  radical  signs,    waj 

be  effected,  and  we  shall  thus  haVe  — = — ■    .;  /  , \  di» 

'  l-fz 

viding  by  1+z*,  there  results 

whose  integral  is 

-6    —  -"4^"-  ^  +  ^"  %+  j:^aro(tan  =?)    +const. 
L  8        7        o       5        5  J 

and  replacing  %  by  its  vahie  ^jr,  we  shall  have 

+  6  arc  (tan=^x  )  +const. 

idl.  We  sfeU  fif^t  consider  those  irratioiiat  functions 

which  include  the  radical  ^  A  +Bx+  C  x*  only,  and 
which  can  only  appear  urider  one  or  other  of  the  forms 

rational  function  of  x.  It  may  be  observed,  that  one  of 
these  forms  is  included  in  the  other ;  for  we  may  write  the 
first  as  follows : 
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aw 


v'3+3T-fc7"     ' 


4 


and  the  numerator  of  the  resulting  fraction  then  becomes  a 

rational  function. 

Before  we  proceed  to  explain  the  method  of 
making  the  expression  V^+^a+Ci'  rational,  with  re- 
spect to  J,  we  will  put  the  quantity  A+B  j+C  x\  under 
dus  form, 

'^(^§'  +  -> 

and  tken,  for  the  sake  of  brevity,  making 

r-  ■        ^  •»  -s 


We  shall  have  V^+fi  j-+C  x'=y*'«+e  j+jt*. 

Tliis  done,  if  we  assume  ^a-\-$  x+i^  =  i'-i-z,  and  square 
both  tides  of  the  equation,  there  will  result  »+f3  j:  =  2  i  s 


{2:-^' 
By  means  of  those  values,  we  shall  transform  the  dif- 
^ential    ■,     -_  into  another  of  the  form  Z  rf  z, 

^being  a  rational  function  of  z,   and  also  real,  if  C  be 
itive  quantity ;  for  if  C  was  negative.  >  would  become 
iry,  and  the  transformed  expression  would  becqme. 
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In  this  case^  we  have  to  consider  ^A^B  jp— Cj**, 

and  making 

it  becomes  v^a+5  j? - r*.  The  quantity  x^-Bx  -»f  ma- 
always  be  decomposed  into  real  factors  of  the  first  d&^ 
gree ;  if  we  represent  them  hj  x  —  a  and  x—  a,  it  is  c?^.- 
dent,  that 

Then  making  \^  {x-a)  (a—x)^  (x—d)  z,  and  squarLsig 
both  sides  of  the  equation,  it  becomes  divisible  by  x — a, 
and  we  have  a  -x^lx-a)  z\  from  which  we  find 

X  ^ •    (X  —  a)  Zsz  .I—.-.—.-.  %  a  X  zz  ■    ^ 

2''+l   •    ^  ^  ;z^+l    '  "^-  (;,»+l;         * 

values  which  will  also  render  rational  the  proposed  difii^ 
rential. 

162.    We  will  take  for  our  first  example  the  difiixer*" 

d  X 
tial  ;  the  first  of  the  preceding  transfer* 

v^+5x+Cx* 
mations  gives  -^ — |-,  >  whose  integral  is  -  -  1  (2  z  -    ^ 

+  const.  Substituting  now  for  z  its  value  -  x+^a+ffi+'^^f 
and  for  «,  /S»  and  y,  the  quantities  which  they  severally  ^'e- 
present,  it  will  become 

a  result  to  which  we  may  give  the  form 

+  const. 


;  i^.r**'  It..    ' 


mnaua  cauwuts.  %IS 

^lMli4W  9mfmm^{  *?*  ol?»ermig  diat  tlieadi- 
aii^ttnHcsptiUeoflliengn  ±,w»aiiaDlunre      » 


•{•  COQtti 

IfLFl^ftMtake^'fQrmtteoiidcalinv^  ^Wj  ^(<j^ 
dking'iu^ 49f  die  bit  transfoniBtdbn  in  No.  161,  we  shall 

Q  ... 

~  -  arc  (tan  s  x)  +  contt. 

r  ■ 

Snktitminf  for  jr^itSTalae^  j  f      ,  deduced  from  the 
•P<K»i  tf^x^  (*-«) «%  and  puttbg  ^  for  y,  we  shall 

•Wl  ^  bring  the  roots  of  the  eqttatioa 

-a     ^        ^     ^ 
;r—  -^j?—  ^  esO. 

C         C 
If  we  suppose  AmC^\^  and  B*=  Oj  the  proposed 
*feential  becomes,  in  this  particular  case,  -.  -^  and 

«  preceding  formula  gives,  for  its  integral,   -  2,  arc 

^dn  a  ^ — f  ^+const. ;  for  ^  and  a\  being  the  roots  of 

^  equation  x*-  1  =0,  we  must  uke  «  =  -  1,  anda'=  1,  to 
noid  an  imaginary  expression. 

We  now  proceed  to  shew,  that  this  result  is  identical 
vkfa  an  arc  whose  sine  =  jt,  the  diflFerential  of  which  we 

D  n       # 
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Dnigfnaring  this  hst  arc  by  /^  m  shall  hzvc 


aiul  inoorpcrating  —       with  the  2ilHtnry  ooostact,  thov 
We  will  also  obsenre.  that  we  roar  directiT  reduce  die 

'  4  4 

differentiaJ      .  —  —— ======r-_     to  that  of     1 

the  arc  of  a  circle  ;  for  by  making  at  first  x—  -    =  z,  ire 
(hall  get  — p=--,.   -._   ;  then  putting  »+i^=  jf^,  and 

z  z=i  g  Uf   we  shall  obtain  ,   whose  integral    ^^ 

>V  1  —  tt* 

-  .-arc  (sin  =  wy+const. 
y 

l04f.    The  integration  of  the  expression  — — — 


in  w 
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iMt  ifttitti  ^.taMBiit  jof  kgaritliins^ .  a  metlwd  wUch 
Ui^'lvmrf  iwteiHbb  imagiiudrfLezpcfSiioiMi  lor  the 
■K  tDs  ootine* 


OOIII|NUriBI^ 


J^  l(  B«iO„  Cv,-'  1 1  and.tfae  fpnenl  integnl 
0*8.)  .  '         "  .      ' 


1  ■         ** 


K  we  represent  bf  x-tlift  arc,  of  which   '     ■■m  ^  U    the 
iAmdaly  we  dull  theq  hare   . 

«  «  -7==1  (^VPT4Vl  -  r*)  +coiist. 

litif  we  wish  that  this  arc  should  be  nothing  at  the  same 
■tt  mOk  sPf  w^  smttevmnesi'-uie  arUlfaf  j  constant ;'  foif 
if aaUng  fabOy  the  iecQod  member  rediicee  itself  to  tUa 
fsmmit  inasnMMh  u  11  sO. 

TUi  done,  and  obsening  dat  if  r  be  the  sine  of  the  ^ 
tf  dien  ^1  —a*  is  its  cosine^  the  equation  shore  wUl 
bfcoBie 

z  v/--r=l  (cos  «+v/^l  sin  z)  J 
nd  if  we  suppose  z  negatire,  since 

Sm  (-Z)=:— sin  Zy      COS(  — z)a5C08  z, 

«e  dkaD  have^  in  this  case  also, 

— z  \/~sB  1  (cos  z-\/^  sin  z), 

a  mult  which '  may  be  joined  with  the  precedingj  in  the 
donbk  equation 

±»\/^=l  (cos  z±\/^l  sin  z).  * 


<f« 


*  The  eapresiion  dz  ss  y^     ■    ,  is  changed  immediately  into 

aloga- 
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Passing  now  in  each  member  of  the  equation,  ftom 
the  logarithms  to  the  numbers  to  which  they  comspondi 
we  shall  have 

i-''^  ~'  =  coa  z±x/~}  sin  ;, 
an  equation,  which  furnishes  the  two  following 
/•*' ~*=co*  z4V~  sin  r, 

*~'*'  ~'=  cos  r— v^—  I  sin  :■ 
If  we  add  these  together,  We  shall  find 


and  subtracting  the  second  from  the  first,  there  will  n- 
sulc 

""  '  ^  sV^^^ ' 
These  expressions  are  iiothing  more  in  reality  than  pure 
algebraical  symbols,  which  represent,  Oiider  an  abridgei! 
form,  the  series  in  No.  36,  of  which  w*  may  be  saiisfieti, 
by  substituting  for  the  exponential  quantities  r'  ^  ~  '•  »oi 
t~''^~—^,  their  developements,  formed  after  the  series  in 
No.  25 ;  but  these  symbols,  though  we  cannot  assign  theil 
value,  under  any  real  finite  form,  are  nevertheless  of  the 
greatest  use  in  analysis,  and  exhibit  all  the  properties  of  the 
trigonometrical  lines  which  they  represent. 


a  logaTithmic  difTeieniial,  when  we  multiply  both  its  oumerator    I 
and    its  denominator  by  the  factor  x\/  —  l  +v^l  —  j'.     There 
srises,  from  this  opcratioD,  , 

*  d  t<i/~    ,    .  ,       ,, — -       J[  d-i 


d.=     k/1-^ 


+d. 


-I- 


v/T^^ 


.r  v-^+v^l  -*'  i/-  I  '  \/~  I  4-  n/i- 
where  we  may  easily  perceive,  that  the  numerator  of  the  aecond 
fraction  is  the  diaireulial  of  its  denominator  ;  from  wheace  w» 
cunclude,  as  before,  t 


=  i(iv/-i+»/r^). 
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g;  fl  X  instead  of  z,  in  the  eqtutioo 
=  cosr±\/-  I  Ein  z. 


=  cos  n  s  ±  v/  -  1 


'  *itl  «nl 


But  ve  have  also 

f=^"'^'^'  =  (**"^~')"=  cos  i±  y/^v  imzf; 
md  consequently 

(cos  : ±  \/— 1  sin  z)'=co9  tt  t±  s/  —  1  sm  n  t. 
Tlii  last  equation  leads  to  results  of  great  importance, 
which  we  shall  develope  hereafter,  whenever  they  are  re- 
quired. We  shall  here  confine  ourselves  to  the  use  which 
vc  may  make  of  them,  in  discovering  the  factors  of  bino* 
nials,  of  the  form  .i"  ti"»  since  this  inquiry  is  necessary, 
io  the    integration   of    rational    ^ctionS}    of  the  fbrm 

I65.  The  function  a"  ^  a"  is  transformed  into  a"  (y"  T  l)f 
by  making  J  =11 ;;  and  to  discover  its  factors,  it  is  only 
tecjoired  to  solve  the  equation 

which  is  the  same  thing  as 

y=±l. 

The  expression  y  =  cos  i  +  ^-  l  sin  z,  satisfies  this  equa- 
tion by  a  very  simple  determination  of  the  arc  z;  for  we  have 

jf*=Cco9  z-^>/^\  sin  z)*  =  co8  n  «  +  v/-  1  sin  n  z; 
aod  since,  putting  ^  to  denote  the  semi-circumference,  and 
M  any  whole  number,  we  have 

sin  m  »  =  0,  COB  m  t=  ±  I, 

according  as  m  is  an  even  or  odd  number,  we  have  only  to 
luppose  M  z=mT,  in  order  to  obtain  y"=  ±.  1. 

That  we  may  distinguish  more  particularly  the  case  in 
which  m  is  even,  from  that  in  which  it  is  odd,  we  shall 
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write  for  the  first  2  m^  and  fbr  the  second  2m+l ; 
therefore  make 

/izs2  mw^  and  n  z=  (2i»+l)  v* 
From  the  first  h^rpothesisy  we  find 

Mil  2  m  IT  . —    , .  2  III  r 

and  from  the  second  * 

1  -^^.(2w+l>r,     y— ro;«^2lll+l)•' 

«*=:  —  I.    ysscos^        '■  ■  -+\/ — 1  sm  ■    , 

By  means  of  the  indeterminate  number  m,  ea  chof  tbeee 
expressions  for  y  famishes  all  the  values  of  which  this 
quantity  is  susceptible ;  for  we  may  take  succetaively 

iffssO,     iyf:=l,     m=2y     msS,   &c. 

The  fir^  formula  giyes 

^=cosO.T=l. 

^    2t  . 2ir 

^=cos-— +^_l  sin— -» 
&C. 

and  it  isxvident,  that  we  shall  always  have  different  results 
ts  far  as  m^n-^l  ;  for,  by  supposing  n:^mf  we  have 
y=si  cos  2  ir  =  ly  which  is  the  same  as  the  first  of  the  values 
already  obtained;  and  if  we  suppose  m=:ft+]f  then 

cos  i: • — i-  3s  cos  (  2  ir+ )  s=  COS  — (Tng.  22.) 

.      (2  «+2) »         •     /^o       •    2  XX         .    2  fr 

sm ^        =  sm  V2  vH )  =  sm  — : 

n  n  /  n 

which  leads  to  a  value  of  y^  the  same  with  the  second^ 
and  so  on  with  respect  to  the  others. 

The  second  general  formula  for  y,  which  is  relative  to 
the  equation  ^"+1  =0,  in  the  same  manner  will  only  give 
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dt&Knt  rallies  (mm  msO,  to  m=n-  1,  inclusively;  for  if 
nciieis=n,  then 

COS '^  "+'''=  cos(2^  +  ^^=cosZ 

n  \  ttJ  n         "y 

tin  ^ ■  .-.=  8in(2«-  +  - )=3ui-. 

166,  By  this  mode  of  proceeding  we  shall  not  only 
obtain  the  roots  of  the  equation  ^^1=0-,  but,  with  a 
little  attention,  we  shall  discover  that  these  roots  may  be 
unnged  in  pairs,  by  bringing  together  those  which  only 
differ  in  the  sign  of  the  radical  ^—  I  j   for  since 

cos  (2  r-^)=cos^,  and  sin  (2  »-^)=  — sin/J, 
it  fellows.  th» 


(« 


Now  it  is  easily  seen,  that  the  numbers  rt  +  j  and  n  — 5  are 
both  even  or  both  odd  at  the  same  time ;  we  may  therefore 
in  the  expressions  for  i/,  enumerated  above,  confine  ourselves 
to  [hose  multiples  of  v  which  do  not  exceed  n  s,  provided 
that  we  take  the  radical  v'— i  alternately  +  and  — ,  and 
they  will  consequently  become 

y=cos  _—  iV^TT  sin  — -—  . 


I 


"When  n  is  even,   the  values  of  m  in  the  first  formula 

ooeht  to  be  all  the  whole  numbers  from  0  to  -  inclusive- 
^  2 

ly,  and  only  as  far  as   ■ in  the  second  ;  and  when  n  i^ 
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oddy  thie  values  ot  m  must  ia  both  cases  be  ezteiidied  ae  far 

as  • 

The  two  values  comprehended  in  the  foimula 
y  =:cos  — — •  .±%/^  sia  — :— • 

give  for  factors  of  the  first  degree  of  the  quantity  y—  l, 
he  two  imaginary  expressions 

2/n 


y-cos  ——)  -^/Zi  sin  — 


y-cos-_^+v/Zlsin-;j-5 
and  the  product  of  these  is  the  expression 

y*-?ycos + 1, 

/  ft 

which  comprehends  all  the  real  factors  of  the  second  de- 
gree. 

We  find,  in  the  same  manner,   that  the  factors  of  the 
second  degree  of  the  quantity  y*  +  1  are 

i    ^           (2  m+l)ir  .   , 
y»-CyC08^ ^  +  1. 

167.    Let  us  take,  as  an  example  of  the  formula, 

2  m  w  .    2m  V 


y=co8— —   ±^^\ 


sm 


n 

the  list  of  the  factors  of  the  first  degree  contained  in  the 
function^—  I 

y-1 

y-{cos  —  i:v/-i  8m-;g-y 
y+1 
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The  formula 

y»-2yco8 +1 

■  n 

giTes,  as  factors  of  the  second  degree  t 

jf«— a^cos-^   +  1 

5'-2ycos  ^  +1 

y  +  2y+l. 

The  first  and  the  last  of  these  factors  are  the  squares 
of  jf-  1  and  jr+  If  of  which  only  the  first  degree  enters 
into  the  proposed  function;  it  will  be  necessary  then, 
when  we  employ  the  factors  of  the  second  degree,  to  re- 
place the  first  and  the  last  by 

We  have,  for  the  factors  of  the  first  degree  of  the 
fiinctiony'^1 

jr-i 

y«(^cos  —^^/ITism— ) 

4t  .4 


-(cos  — ±^^ism— ^ 


lliose  of  tbe  second  degree  are 


jf'-^^y  cos  —   +1 

y— 2j^cos  7^+1; 

but  it  must  be  observed,,  that  the  first  factor  of  the  second 
degree  is  the  square  of  the  factor  j^  —  1 ,  which  enters  only 
once  into  the  proposed  function. 

E  E 
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By  tbe  formula 

(2ifi+l)»      'j —        (2m+l)T 
y^cosi^ ±\/ririn^ -— ^« 


n  '       n 

the  factors  of  the  first  degree  of  y*  +  1,  are 

y  -  (cos  ^   ±V^8in  g  ) 


•^^  ,^.*  *w.^*^  y  - -^  -w^  — i-  +  1  gives  us 

19 

y-2y  COS  5+1 

S  V 

y»-2yC08-~+l, 

The  function^  +  1  has  for  factors  of  the  first  degree 
y- (cos  i   ±v/^l  sin  g) 

y  -  Vcos  -g-  ±  V -1  sm  —  J,  orifq:\/iri 

y-(co8-g-±v^-lsm    ^  ^, 

and  for  factors  of  the  second^ 

y-2j^  cos  g   +  1 

y-oycos—  +1,  ory+1 

y— 2y  cos  —  +  1. 

6 

168.     Such  functions  as  are  of  the  form  x^*— 2/;  j"  +  y 
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naj  be  treated  in  the  same  manner  as  those  which  include 
onlj  two  terms.  By  resolving  them  in  the  manner  of  an 
equatioa  of  the  second  d^ee,  we  shall  find  the  factors  to 
be 

which  ^inll  be  real,  if /»^  exceed  q  /  and  by  making,  in  that 


shall  have  functions  of  the  form 

to  resohre  into  factors. 

When  we  have  p*  <  j,  we  put /?=•*,  J=3^>  x^Pjff 
and  the  function  becomes 

^^^2«»e*y+/?-=|P»(y^--^y+l); 

but  the  condition  p^  <  q,  or  a'*  <  ff**,  giving  «"  <  g*  the 
quantity  —  is  a  proper  fraction,  and  may  be  represented 

by  the  cosine  of  a  given  arc  ^;  and  the  proposed  function 
will  be  reduced  to 

/y»»  (y*-2y  cos^+1), 
and  we  have  only  to  resolve  the  equation 

^**-2^**  cos  ^+l5sO. 
We  immediately  find 

^*  =  cos  ^  ±  v— 1  sin  ^ ; 
then  assuming 

y =cos  z  ±  \/  —  1  sin  z, 

we  find  (164)  

^"ncos  n  z±\/ -  1  sin  n  z, 

and  composing  this  value  of  ^"  with  the  former,  we  obtain 

cos  n  z  =  cos  },     sin  n  z=:sin  }. 
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These  rdbtions  will^  be  satUfied,  if  we'  tuppoee  n  x: 
£  if9  V +^^  m  being  any  whdie  namber  (  for 

cos  (9mv+^)zicosif        aii(fvfv4-)')sdn  7; 

we  shall  have,  therefore^ 

X5« — — i-.ry=cos -^±\/^l  sift         '^  9 

n  n  n 

and  the  factors  of  the  first  degree  of  the  function 

y— ay'cosi+i 

will  consequently  be  comprehended  in  this  formula 

j,-.|cos  --— ^^/risin r-y 

If  we  had  Jc*'+2  />  x^+yasO,   we  i^ust.  sdll 

-=cos  >;  but  we  must  take 

F 

y"— ay'cos  (»— >) +1; 

since  cos  ( ir  —  >  )  =  —  cos  I.    This  done,  there  will  arise 

cos  fisscos  (»— ^)>     sin  n^^ssin  («-*^)| 
and  consequently 

,  «  zssS  iwir+«'->=(2m+l)«'— I  * 


*  The  formulae  in  Nos.  I66,  167,  \6%,  comprehend  impli. 
citly  the  theorems  of  Cotes  and  Demoitre^  and  indeed  moi:«  than 
supply  the  place  of  those  theorems,  which  hereafter  are  an 
object  of  mere  cariosity.  We  have,  on  this  account,  thought  it 
unnecessary  to  insert  them  here.  The  reader  will  find' them  fully 
discussed  in  the  large  TrtaiiK  on  the  Differential  and  Lu^jal 
Cakultu. 
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♦  •      1       . 

. »    ■  •     ■ 


Owtke  JMegraH&nof  Binomal  Diffkrentials. 

a 

i€9.    Tbe«e  AifiereotiaU  are  represonted  bf  the'  &xf- 
rnula 

wbose  generality  will  not  be  affected  by  supposing  m  and  n 
to  be  whole  numbers. 

If  vehad,  for  example^  x^Jx  {  a+B  sr)  9 ,    we  may 
amme  x?=2^i  aiid  the  differential  would  becpm^  6.1;^  d  z 

(tf-f^z')f.    We  may  also  consider /i  to  be^  in  all  cases^ 
poddTe^  inasmuch  as  in  the  case  in  which  we  have  x'^''^ 

iM  («-{.£  x^* )  f  9  we  may  suppose  x  s  -.  j  and  the  result 

z 

61  diis  substhudoh  will  be  -z -^-^ »'rf 2  (  a+g  't^T. 

To  find  in  what  case  j^""^  Jar  («+*  j?*)  T,  may  become 

■  -'■     '■> 
ntional,  we  a^ume'ii+ia:*=z*,   so  that  (  a+i  2*  )7  =:z' ; 

we  dien  find 

and  the  proposed  differential  is  transformed  into 


nb  \     b    J 


m 


tn  expression  %vhich  is  evidently  rational  whenever  ^   is  a 

n 

whole  number. 

The  differential  j®  d  x  ( a+b  x^)  7  satisfies  this  condi- 

tion^  since  i7f =9,  /i=:S, —  =  3;   and  it  is  transformed 

n 

into 
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h'*'-"<^^ 


The  expression  M^-~i|2T(a+^x")f  is  susceptible  of 
another  form,  by  making  the  index  of  d  between  the 
brackets  negative,  or  by  dirtding  th&  quantity  a+h  j^  by  x^; 
then  we  have 

and  by  the  process  preceding,  the  last  of  these  expressbnt 

?  . 
may  be  made  rational,  whenever is  a  whole  nunw 

n 
ben  or  what  is  the  same  thing,  whenever — h^  is  an  in- 
teger. 

The  differential 

is  of  this  description,  since 

«        3*   J       3*    /I       J      3 
In  applying  to  the  differential 

the  substitution  indicated  for  the  first  form  of  this  differen- 
tial, we  shall  make 

from  which  we  deduce 

and  if  we  transform  immediately  the  expression  o:*"""^  d  x 
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(a-^itf)t ,  by  means  of  the  equation  preceding,  we  shall 
tnieatij  obtain  the  same  result,  as  if  one  had  at  first 


jimn 


t  the  form 


ITO.  Since  it  is  not  possible,  in  every  case,  to  integral  i 

the  expression  jf  —  'dx  (.a+6  ^' ) «,  the  method  of  pro-  I 
cedure  which  first  suggests  itself,  is  to  endeavour  to  reducoS 
it  to  the  most  simple  cases  which  it  can  include,  as  we  have  | 

<Ione  in  No.  1 J4.  with  respect  to    /    -—  ,    which  is 

reduced  to  /*-•—■-: .     We  shall  effect  this,  by  the 


n  No.  1*8.,  in  which  we  observett,  1 
'«i  forif  we  decompose  the  quaD-  I 


sistance  of  the  remark  ii 
thax/udv=uv-/vii 

tiljr  J("~'^  :r  (fl+i**)«  into  two  factors,  of  which  one 
b^g  integrable,  may  be  represented  by  d  v,  and  the  other 
by  u,  wc  shall  make  the  integrati  on  of  the  proposed  expres- 
sion, depend  on  that  of  tii/(/,  which,  in  certain  cases,  will  be 
more  simple  than  the  given  differential,  as  we  shall  proceed 
to  shew.  This  method,  which  is  at  once  extensive  and 
curious,  is  called  Integration  by  Parts. 

For  the  sake  of  abridging  the  results,  we  shall  write  p  in 

the  place  of  -  ,  supposing  p  to  represent  any  fractional 

Hier,  the  formula  will  then  become 
i  3r-^dx{a-\-b  I*)'. 

Siong  the  different  ways  of  resolving  this  differential 
factors,   we   shall   choose  that  which  diminishes  the 
*     index  of  j  without  the  parenthesis  i  which  is  effected  by 
g  the  proposed  differential  thus, 

J*-"  .  x'-^dx  (a+i  1')*. 
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By  this  means  the  factor  x*^' dx  (a  +  i  ^) 'is  inCegrable, 
whatever  b^  the  value oip  (149.):  representing it^  therefore, 
by  d  V,  we  have 

ya  \        ,       ,    I    and  «=»*-"  J 

whence  there  results 

far-^dx{a^bixf^w^ 

but 

/«-— *dx  (fl+*  «*)'  +  « 

Substituting  now  this  last  value  in  the  preceding  equation, 
and  collecting  into  one  the  terms  involving  the  integral 
/x"—- "I'if  X  (ii+*  3^y,  we  find 

'^  (ji+l)nb 

from  which  we  get  (-4)... /x^—^dx  (a+b  a*)' 

_  j:'"-*(a  +  ty")^  +  ^- a  (^- «)/j* -"-^^  j(fl+*  j'jj' 

b  {p  n  +  tn) 

It  is  readily  seen,  that  since  we  may  reduce,  by  this  for- 
mula, the  determination  of  fx^"^  dx  (,a-\-bx^)Pf  to  that 
of/xf^^*"^  d  X  (a  +  b  j^)',  we  may  also  reduce  this  last 
to  that  of  fj^'-^^'-^dx  (/I  +* x")',  by  writing  w— «  in 
the  place  of  m,  in  the  equation  {A);  then,  by  changing 
m—n  into  m—Qn,  in  this  last  equation,  we  shall  be 
able  to  determine  fx^^^'^  —  ^dx^a-^b  **)',  by  means  of 
/x'^^^'-'^d  X  (a  +  b  a")',  and  so  on. 

In  general,  if  r  denote  the  number  of  reductions,  we 
shall  at  last  come  to/^"*""*^"""'  dx (a-i-b  a")^,  and  the  last 
formula  will  be 
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^^^~'^(*^^i^r^^  +  ^-fl(w-»^/l)/J"-"-'<fJ(a^-if■)^ 
*[/">  +  "-(•■- O"] 
It  is  eTident,  from  this  formula,  that  if  m  be  a  multiple 
of  II,  thea/j"-'rfj  ^a  +  ix-)'  will  be  a  finite  algebraical 
quantity  i  for  in  that  case  the  coefficient  m  —  rn=0,  and 
therefore  the  term  containing/;tf"-''~'£/x(d  +  *i*)'will 
Taoisb.  This  result  agrees  with  what  we  have  already 
fonnd  in  No.  169. 

1?  I.    There  is  another  method  of  reduction,  by  which 

etponent  of  the  quantity  within  the  parenthesis  may  be 

by  unity  j  for  this  purpose  it  Is  sufficient  to  ob- 


and  that  the  formula  (i4),  by  changing  m  into  m-t-n,  and 
fiMitojf—1,  gives 

Snbatituting  this  value   in  the   preceding  equation,   we 

lim(£). /« —  'd  r  (a  +  4  x^y^ 

x-ja-htx'y  +  pna/s — '  rf  x  (a+i  3.')'  - ' 
(p  n+m) 

By  means  of  the  formula  (B)  we  may  take  away  succes- 
ihrely  from  p,  as  many  unities  as  it  contains ;  and  by  the 
application  of  this  formula,  and  also  of  formula  (J),  we 
may  make  the  integral /j*~'ifx  (a+i  z")'  depend  on 
,/^~'"~'  d  I  {a-\-bx')'~',  r  n  being  the  greatest  multi- 
ffe  of  M  contained  in  m-  1,  and  /  the  greatest  whole  num- 
ber in  p- 

The  integral  f  x' dx  (a+A  j')*",  for  example,  may  be 
reduced  by  the  formula  (^),  successively,  To 

fj*dx  (a+^  x»r,      fxdx  (fl  +  *  x')\ 
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and  by  the  formula  (B)  fxdx  (a +i  x*)^  is  reduced  to 

/xdx(a+bx*)^,  and  that  again  to/xdx  (a-^h^y^ 

172.  It  is  eridenty  that  if  m  and  p  were  negatiTe,  tihe 
formulas  (A)  and  (B)  would  not  answer  the  purpose  for 
which  they  hare  been  investigated :  in  that  case  they  would 
increase  the  exponent  of  x  without  the  parenthesisi  as  welf 
as  that  of  the  parenthesis  itself.  If,  however^  we  reverse 
them,  we  shall  find  that  they  then  apply  to  the  case  under 
consideration. 

From  the  formula  (A)  we  deduce 

SS    i  I  .If      ■  ■■     I  ■  ,  ^,|,^      J 

substitute  m-f-^y,  in  the  place  of  iti,  and  it  becomes  (C> 

a  m 
a  formula  which  diminishes  the  exponent  of  x  without  the 
parenthesis,  since  iw+«  —  1  becomes  —  «+  n^l^  when 
we  put  —  iw  in  the  place  of  i«. 

To  reverse  the  formula  (/i),  we  take 

p  n  a 
then,  writing  j»+  1  in  the  place  of  jt?,  we  find  (£>) 

This  formula  answers  the  object  in  view,  since ^+1  be- 
comes — /7+l>  when  p  is  negative. 

The  formulae  {A\  (U),  (C),  (Z)),  cannot  be  applied 
when  their  denominators  vanish.  This  is  the  case  with  the 
formula  (-4),  for  example,  when  w  =  —  « jt? ;  but  in  all  such 
cases  the  proposed  function  is  integrable,  either  algebrai- 
callyi  or  by  logarithms. 


IfS.    ]>t  die  £Drmubl>ftY-^ar=3r-»  where  mUjui 
ityiljin^jmriti^  duober^t  wefihd  b|r tIiefbntiida(ilX 

vndnf  iife|die'||Iaceo£4e---l,itbecom      ■       : 


niib  the  odd  mimben.  we  shall  luTe 

J         .      ■.-••-..      .    ,       .         * 

=  -V^l-jp*+coiitt. 


From  which  we  find 
X  d  X 


r  f     \  =  —  VT^+  const. 

7r^?-=-(7*'+6:7'  +?:877^  +7:375-7)^^ -»•+« 

&c 

The  law  of  Aese  values  is  evident. 
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Passing  now  to  the  even  values  of  #» ,  and  supposing 
m&2f  m^4f,  m^S,  &c.  we  find 

J  Vi-x*        a  a*/  VI- X* 


/dx 


o?dx 

&c. 

ese  cases  the  proposed  integrals  will  depend 
dx 


s  arc  (8in=:x)  +  const.  (35.) 

and  if  we  represent  this  arc  by  A^  we  shall  have 

/ix  M 

•>,  ssA  +  const. 


/;^=-i-^rriF+^J^+ const. 

&c. 

174.  We  now  proceed  to  find  the  fonnulx  for  those 
cases  in  which  m  is  a  negative  number.  We  have  then* 
by  formula  (C)(  172.) 

and  writing  —m^  in  the  place  of  —m—l,  it  becomes 

y' dx        __       vTTp  m-2    /^         i/j 
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We  cannot  here  suppose  ms  1^  since  that  value  would 
tender  the  denominator  =  0 ;  we  must  therefore  previ- 

/d  X 
—  We  shall 

find  it  easily  from  what  has  been  said  in  No.  16 1 ;  but  we 
may  also  arrive  at  it  in  the  following  manner:  make 
1— **s«z*;  from  which  we  haye 

and  consequently 

d  Jt  —  dz 

an  equation,  the  integral  of  whose  second  member  is 

-41(i+z)+il(i-z)=-4l(|±^^); 

and  subsdtutmg  for  z  its  value,  we  hare 

multiplying  by  1+V^l— «%  the  two  members  of  the  frac» 
tion  comprised  under  the  sign  1,  we  shall  get 

we  shall  have  then  finally 

r     f'         =  -  1  (tt^^E^)  +  const. 

And  making  m  =  3,  mzzb,  &c.  we  shall  find 

/dx       _  _  v^rTF       1    /*_4=L 


A* 
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&c. 

Agaitiy  making  m=:2,  fnss4,  ntssS,  Sec.  we  shall  find 


*vrr^'" 


+  const. 


/ 

/dx        _       i/r^T?      2     /*       rfjf 

&c. 

From  these  two  series  of  equations  we  shall  be  able  to  de- 
duce, as  in  the  preceding  No.  one  class  of  formulas  inte- 
grated by  logarithms,  and  another  class  which  will  be 
entirely  algebraical. 


On  Integration  hy  Series. 

175.  The  integral  oi  X  d  x  is  easily  found,  when  we 
have  expanded  the  function  ^  in  a  series,  since  in  that 
case  nothing  remains,  but  to  apply  the  rule  in  No.  146,  to 
integrate  every  term  in  succession.  Thus,  let  XzzA  **+ 
JB  a:«  +  "+C*'"  +  ^"^-jDj:^  +  '•^  ^.  &c.;  if  we  multiply  the  two 
members  of  this  equation  by  d  x,  and  then  separately  inte^ 
grate  every  term  of  the  second,  we  shall  get 

7W+1  WI+W+1  f«+^«+l 

If,  in  the  expansion  of  X,  we  meet  with  any  term  of 
the  form  —  ,  the  integral  corresponding  to  that  term  wiU 
be^li-CU?). 
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176«    The  most  simple  function  of  x  that  can  be  ex- 
panded in  a  series,  is ,  which  becomes 

a      a"     a'       tf*  ^  ^* ' 
firom  wluch  we  have 

/"if  =  f  -^  +  4  -  ^+  &c.  +  const. 

=:  1  (fl+jr)  :  therefore 

1  (ii+jr)  =  f  --£.+  *-.*+  &c.  +  const. 

To  find  the  nature  and  value  of  the  constant  quantity,  we 
hare  only  to  make<r=0;   for  then  the  equation  becomes 
1  tf  ssconst. 
and  consequently 

a  result  conformable  to  that  in  No.  ^. 

Let  the  diflferential  be  -— ^ — ,  which  may  be  put  under 
d  X 


the  form      m        ,  and  which  consequently  belongs  to  an 


JT* 


1+^ 


tf* 


arc  whose  tangent  =  -  :   by  reducing  -^        into  a  series, 
we  find 

and  by  integrating  each  term  separately,  we  have 


9» 
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a       3a'       So*       7  o' 
If  we  vnth  todeduce,  from  this  equation,  the  nlue  of 
the  least  arc  whose  tangent  is  -  ,  we  must  suppress  the  ir- 
the  arc  sought  for  it  =0,  when  <kO| 


bitrary  constant,  si 
and  we  shall  have 


:(«..=5)  = 


a  result  which  agrees  with  that 
law  is  Bunifest. 


Saf 
»No.  37i 


7  a' 
but  here  die 


B]r  operating  in  the  same  manner  upon 

/afdx 
0"  +  !' 


(m 


—  &c.  4- const. 


n+l)a' 


177,  Theobject  of  integration  by  series  being  to  ob- 
tain approximate  values  of  the  integrals  which  we  camiot 
obtain  accurately,  it  is  of  consequence  to  have  several 
series,  so  that  we  may  be  able  to  choose  that  which  becomes 
convergent  upon  the  substitution  of  a  proposed  value  of  *. 
Those  series  which  proceed  by  positive  and  increasing 
powers  of  x;  or  ascending  seriet  in  general,  do  not  con- 
verge, unless  when  x  is  very  small ;  whilst  those  which  pro* 
ceed  by  the  negative  powers  of  jt,  or  de/cending  teriut 
become  convergent  only  when  x  is  very  large. 

To  obtain  a  series  of  this  kind  in  the  example  given 
above,  we  must  change  the  order  of  the  terms  of  the  bino- 
mial d'+'C'',  or  we  mustput  x  in  the  place  of  a  in  the  de- 


velopement  of  - 


'+1- 


,  and  we  shall  have 
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x^+fl*       j:*       X**      x**      x^ 

and  it  will  become,  after  multiplying  hj  i^d  x  and  inte- 
grating, 


/ 


x^d  X  1 


. ^ a^» 

+  Slc.  +  const. 
This  series  would  fail|  if  any  one  of  its  denominators, 
which  are  comprised  in  the  fonnula  in  —  m—l^  should 
bjccome  equal  to  nothing,  which  would  be  the  case  if  m  +  1 
were  a  multiple  of  /i :  in  this  case  the  expanded  differen- 

d  IT 

dal  would  contain  a  term  of  the  form  a  (•  ~"  *)*  — ,  whose  in- 

X 

tegrali«flC-0»lx. 

If  in  the  series  above  mentioned  we  make  m=0,  /i=:2, 
andj=:l,  it  becomes 


/ 


+  -— ^  —  ——  +  &C.  + const. 


1+a:*  X       Si'      5  X* 


m  d    X 

but  although  .the  expression is  the  differential  of  the 

■ 

arc,  whose  tangent  is  r,  we  should  not  therefore  conclude, 
that  the  preceding  scries  is  the  developement  of  this  arc, 
since  it  becomes  infinite  when  xzzO.  The  consideration 
of  the  arbitrary  constant  will  remove  this  difficulty,  if  we 
consider,  that,  in  order  to  know  the  true  value  of  a  series, 
we  must  always  begin  with  the  case,  in  which  it  is  conver- 
gent.   Now  the  series 

X      3  x^       o  x^ 

converges  so  much  the  faster  as  x  is  greater,  and  it  vanishes 
when  X  is  infinite.    The  equation 

G   G 
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arc  (tan.=jr)2=  —  +  ---».  — -r-v  +8cc.  +  con8t. 

X       o  XT         o  Jr 

will  become  in  this  extreme  case  arc  ss  ^  =  const*,  and 

3 

substituting  this  value  of  the  constant,  we  shall  have 

arc  (tan.=x)  =  5  -  -  +  -— -i  +  &c, 

'      C      X      ^  x^      b  x^ 

TT  d  T 

We  might  also  integrate  the  rational  fraction         ■ 

(151),  by  expanding  the  quantity  pinto  a  series ;   but  this 

method  would  lead  us  to  results  very  complicated,  and  sel- 
dom convergent ;  besides,  this  manner  of  integrating  is 
in  this  case  almost  useless  ;  since  we  know  how  to  reduce 
this  differential  quantity  to  arcs  of  circles,  or  to  logarithms, 
the^  values  of  which  are  easily  found  from  the  common 
tables. 

178.  The  formula  x^"^  J x  (^j  +  ix*)ff  is  easily  inte- 
grated by  the  expansion  of  the  quantity  (j  +  A  or**) »  into  a 
series ;  from  which  we  obtain 

'       £  f  x^       £7  ^  j:**  +  " 
•'  im        qam+n 

+  con 

If  we  wished  to  have  a  descending  series  with  respect 
to  X,   we  must  give  the  proposed  differential   the  form 


!!f  — 1  *t 


a"'  +  '9         d  x{b+a  x—"")    ;    and  we  should   find  by  ex- 

panding  ( 3  +  ^  x ""  ")  ? ,  multiplying  by  x^  +  -  ""  ^  rfx,    and 
integrating  the  result,  that  ■ 
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« 


qi  mq'k'{p-q)n  '^  I  .2  .q^  i^  mq  +  {p''2q)n  ) 

+  const. 

Whenever  a  and  b  are  both  positive,  or  q  an  odd  number, 
we  may  make  use  at  pleasure,  of  either  this  or  the  preceding 
series;  but  when  q  is  even,  the  first  formula  will  become 

inu^nary  from  the  factor  a  ?*,  if  a''  be  negative,  which 
will  also  happen  to  the  second,  if  f  be  negative. 

/        179.    Let  us  take  for  example   77j=\  >  a  quantity 

which  is  the  differential  of  the  arc  whose  sine  =  j:  j  we 
shall  have 

1  1,1-3,1  .3.5   ^      1  .3.5.7  ^      ^ 

Vi-x*  2  2.4  2.4.0  2.4.0.8      * 

and  consequently 

By  suppressing  the  constant  the  series  will  vanish,  when 
j=0 ;  it  will  consequently  express  the  value  of  the  least 
arc,  whose  sine  z=  j,  as  in  No.  37. 

We  shall  here  add  a  few  results,  which  are  easily  ob- 
tained from  what  has  preceded,  and  are  useful  in  them- 
selves. 

2d  u 
have     .         .^;  but  from  the  preceding  series,  we  have 

/ -2(u+-i  -  + ;   +  77—7-7.  -r  +&C.  )  +  const 

vi-w*         V      2    3       12.4   5        *i.4.()  7   •  /    ' 
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therefore, 

/dx         oA  .  ^*  j_  ^-3**  ^  1.3.5 x^      .      \^ 


now 


V        2fl>'  22a      2.44fl*      2.4.6  8a^ 

therefore, 

'2    3     1    2x4         1.1    2  XT 


fdx^/2ax-^x-^(%x^-l± 


2fl       2.47.4a» 
1.1.3  2*4 


-  &c.)\/2 


fl  +  const. 


2.4.6  9. «fl* 
gires 

X   -V3      2  ^.2^      2.4  7.4a» 

_  I  .  1  . 3      a'  .     \         , 

27476  ^Ts^-^'^'P'^'^^^^^coTi^U 

q  J  /•        d  X  1 

*^    i^T+p8^^^^'  ^y  expanding,  .into  a 

series,  and  integrating  the  terms  of  the  expansion,  when 
multiplied  by  dxy 

/dx        '     -     1   r^    .1  .3  j:^        1  .3.5    x*^    ^  ^ 
v^rr;^ ■"     25    2.4  5    2.4.6  7 

+  const 

yd  X  1 1  .3  1.3.5 

V^-P»_l  -  ^"^       1.2a*       2.4.4a^      2.4.66x^ 

-  &c.  +  const. 

This  series,  which  includes  the  transcendental  quantity  Ix, 
is  by  so  much  the  more  convergent,  the  greater  the  value 
of  X ;  we  may  obtain  another  series  for  this  integral,  which 
is  entirely  algebraical,  and  which  will  be  the  more  conver- 
gent the  nearer  x  is  to  unity.  For  this  purpose  we  must 
make  x=  1  +f/,  a  transformation  which  gives 


4th 
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panding  f  1  +!f  I ""',  multiplying  each  term  by  «  '"Vi/, 

and  integrating,  we  find 

f     du        _ 

^V  23.2     2.45.4     12.4.67.8  ^ 

(l.fi      ,     1.3.tt*        1.3.5.1/^      „     \   /r- 

and  since  v=x-—l,  the  terms  of  this  series  are  so  much 
the  less,  the  less  the  value  of  j:  —  1 . 

180.  The  object  of  the  reduction  of  differentials  into 
series  is  to  transform  them  into  a  series  of  terms  each  of 
which  is  separately  integrable,  and  it  is  not  always  neces- 
sary for  this  purpose,  that  all  the  terms  should  be  quantities 

m 

of  the  form  A  x»  dx. 

If  we  havej  for  example, 

when  tf  is  a  very  small  quantity,  we  may  expand  \/i—e^x* 
into  a  series,  converging  with  great  rapidity,  inasmuch  as 

in  the  proposed  differential  j*  is  always  <!  1,  on  account 
of  the  radical  ^1  —  x'  j  we  find 

and  we  shall  have,  in  consequence,  to  integrate   the   ex- 
pression 

J    4/nrrV  2  2.4  2.4.6  / 


X 
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eadi  tsrm  of  which  is  comprised  In  the  general  fonnsla 

/■■■-     ^   1  considered  in  Nos.  173.   1 7*.     Substituting     I 


in  the  place  of 
dx 


y'     dx  p^dx  p  1*  dx 


,  &C. 


Ae  expressions  given  in  No.  1 73,    Ke  shall  deriTe  fnKn    ^ 
thence 


/■ 


_^  1.1  .3.  f/l    .  ,  1.5   .      1.3.5    \/ J     1.3.5 


+  &c +  const. 

We  might  also  treat,  in  a  similar  manner,  the  difTeren* 

dx  d  X  1 


tial 


bjr  reducing  into  a  series  the  quantity 

It  is  pioper  to  remark,  that  the  foimula 


V  (-2  ««-«»)  („_»)' 

which  is  met  with  in  some  applications  of  this  Calculos  to 
mechanical  problems}  reduces  itself  to 
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-1     P  dx 


/dx 

fcymakbg 


m—u^mfff  and s  a. 

in 


Off  fA«  Integration  of  Logarithmic  and  Exponen- 

tial  Quantities. 

y  181.  Let  us  first  take  the  formula /P  rfr  (Ix)", 
where  P  is  an  algebraical  function  of  ;c ;  by  applying  to 
this  the  principle  of  reductiqn  indicated  by  the  formula 
Juiv  ^  uv  —fvduf  and  making  for  greater  shortness 
/Prfj=N,we  get 

/Pdx(lx)»=N(lA?)*-«  f—iyxy-^N. 

%/     X 
If  we  represent  /  —  N  by  Mf  and  change  in  the  preceding 
formula  N  into  M,  and  n  into  /i—  1,  we  shall  have  . 

By  a  series  of  similar  reductions,  we  shall  obtain 
fPdx{\  xy  =  N  (1  xT-n  M(\xy-^  +  n{n-l)L(}  i)" 

-//(/i-l;   (/I-2)   K  (lx)'»-^  +  &c. 


—  2' 


and  consequently  the  proposed  integral  will  be  algebraical, 
in  the  case  in  which  //  is  a  whole  number,  and  where  the 
quantities  represented  by  N,  iV/,  L,  Ky  are  all  algebraical 
functions ;    the  examples  which  follow  will  illustrate  this 

more  completely. 

18C.     The  differential  x"'  d  x  (\  x)  gives 

^OT-f.   1 

/Pdx=/x^dXz=z    =y. 
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and  consequently 

iff+1  m+K  ' 

If  in  this  equation  we  change  successirely  n  into  #f  —  1^ 
1%—%  &c.  we  shall  find 

&c. 

By  continuing  these  reductions^  and  then  ascending 
from  the  last  to  the  first,  we  shall  obtain  the  following 
general  formula : 

It  is  obvious  that  this  series  will  terminate  in  all  cases 
in  which  «  is  a  whole  positive  number. 

By  taking  «=1,  and  n=^%  we  get 

/^£/x(lx)=: \{\x) 7  \  +const. 

•^  ^     '      m+1  I  iw+1  3 

•^  '        f»+l  t  m+  I  (/n+l)*j 

When  w=  —  1,  we  have 

/ilaxfzz.  -J— (lx)*  +  i  +  const. 
In  general,  the  differential  —  17,   in  which  IJ  denotes 
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in  algebnuctl  function  of  1  «j  win  become  algebraical  by 
making  I  jpiTtf. 

When  n  is  negatiTe9  or  fractional,  the  scries  proceeds  In 

1  • 

rdvm  by  making  n^  -  ^ ,  for  instance,  there  arises 

£+jrJ_.+  _._iji + Li 

«+l  ((!*)*      «(w+l)  (U)4      4(m+l)*(lJt)T 

K3.5  ■    -)   . 

+ r  +  &c.  f  +  const. 

*     '  8(w+l)*(l*)'^  ^ 

183.  Instead  of  making  use  of  the  formula  in  the  pre- 
ceding No.  in  which,  when  n  is  negative,  the  exponent  of 
l/incfeascs  without  limit,  we  may,  by  a  method  which  we 
ihaH  now  proceed  to  state,  reduce  the  integration  of  the 
fcrmula/Prfx  (1  *)"*  to  another  of  the  ioxmfVdx  (i  xy'\ 
ifffis  a  whole  number,  or  at  least  to  one  of  the  form 
f^i  jr  (1  x) — *  +  "•,  where  m  is  the  greatest  whole  number 
contained  in  n. 

The  differential  P  d  x  (l*r)""*  may  be  put  under  thf 

Ax  At 

fonn  P  X  —  (/j)r"j  but  the  integral  of  the  factor —  (/x)-" 

•*  I* 

'^Pdx  Px 


s 


Wxf  («-  1)  (ix)"-^ 

If  we  make  successively 

rf(Pj)=edx,      d{il$c)rmRdx^     d{Rx)=.Sdx,iu. 

and  then  change  n  into  /i-  1,  /i  — 2,  &c.  we  shall  obtain, 
by  continuing  the  reduction  indicated  above. 


H  H 
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Pdx_  Px  Qr 


J 


(1  xY       («  - 1)  (1  xY"^    («  -  i)  («-2)  (1  x)r-** 

Rx  ^ 


proceeding  with  this  series  till  we   meet  with,  a  term 

+  »   .        /  — - —  t  if  «  be  a  whole  ntunbeTy 

(ii-l)C«~2)..*..l*/      U    ' 

or  a  term 

^  1 f  ZAl^ 

(i»-l)(«-e) {n^m)J   (lx)»  — , 

where  in  is  the  greatest  whole  number  contained  in  ii. 

184.    If  we  take  P=zx^,we  shall  hare 

liW    (/f-i)(ix)— ^   «-ic/o«r-' 

and  continuing  this  reduction,  by  changing  n  into  n  *  1, 
is  — 2,  &c.  we  shall  get 


/ 


(Ix)-   ""      («-1)(1t)— *      («-l)(/»-«)(lx) 


M— « 


(«-.l)(^-2)(«-3)(la) 


,n~.  J 


(w-H)*-^  f\i'^dx  ' 

...   1  c/       1  ^'       • 


(«~1)(«~2).... 
by  supposing  n  to  be  a  whole  number. 

The  preceding  formula  leads  us^  when  ;»==  1,  to 
^    dx  1 


»/    X 


+  const. 


x{\xy  («-l)  (Ix)"-' 

It  gives  no  result  when  /?=  1 ;  but  if  we  had  at  the  same 

d  X 
time  msz-l  and  /i=  1,  the  differential  — --  ,  which  arises 

xlx 

from   that    hypothesis,     would    hare    for   it»    integral 
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I  (I  «r)  «f  const.^  mnce,  by  making  1  x  s  » ,  it  would   be 
tnntfonned  into  —  • 

— j ,  upon  which 

m,    depends^  when  n  is  a  whole  number,  ought  to 

•ODsdtote  a  peculiar  transcendant.     We  may  red^uce   it 
kowerer  to  a  more  simple  form  by  making  jf*  +  *=:z  ;  for 

then  we  have  oTd  xss  — ^.  Uzz  — L.,  and  consequently 


/sTdx  _    Pdj^ 


We  shall  hereafter  expand  this  latter  quantity,  int6 
t  series,  which  likewise  has  a  relation  to  exponential 
functions;   for  by  putting  Iz^u,  we  shall  havez=f% 

i%:z^     and  /  --f.  se  /  ^ — ?,  a  formula  whose  exact 

^     \z     J       u 

integral  has  not  yet  been  found. 

^  185.  We  shall  now  proceed  to  the  integration  of 
exponential  functions  :  we  shall  remark  in  the  first  place 
dm  the  equation  d  .  ffzztf  dx\a  (2709  gives 

iix-ZL  ^ —  d  .a^y  and  consequently /a' rfx=:  —  +  const. 

We  also  infer  from  this  that  dxas  ~^  :    by  this  means 

a  \a 

V  d  .  if 

the  differential  Frfx  becoming  ^ — ,  is  changed  into 

a'  la 

— ^^  when  we  make  tf^a^  and  is  entirely  algebraical 

with  respect  to  »,  when  V\^  an  algebraical  function  of  ^. 
We  find  by  this  transformation 


i^ 


M  XimmMk  camwmnm 


-  J  •  •  ■ 


1861.    Let  08  consider  the^diffetentiil  P^tf  x:  iMF 
U  deccNVlpote  k  intp  tW9  £Mltw»  4*^  «ffid  Pi  Ae-hto- 

1  of  the  first  b  —  0*1    and  we  amseqnentif  IttM 

*4  .  '.       '  .  1     •  •■ 

wXPtfr-    L/^fdP.       M«killg 

itid  eQodmdng  the  preeediag  fednctiea,  w«  ikdIdWi 
this  series :  ' 

the  sign  4*^corresiKm^g  to^  die  ^ate  in  whiA  m  U  bUf 
kad  titt  dgn -^  10  thttin  whi^ •  if  eye^* ' 

By  integratbg  at  first  the  part  P  J  x  of  tbe  Biopoitd 
difierentialy  Pa*  d  x,  and  Usdcing/P  d smtf,  W gil4il 

reduction: 

and  by  proceeding  with  it,  and  suppostng  /J(f  d  jf^mJi^ 
/M  d  xzzLy  we  find 

f  P  ^  d  x^if  N-{\a)  a'M^(\df  if  L. .  .±{\drfGi^dx. 

187.  The  application  of  the  first  ftMrmnla  in  Ae  pre- 
ceding will  lead  to  an  exact  integral,  whenerer  P  is  a  ra^ 
tional  and  integer  function ;  for  in  that  case  the  finmher 

of  the  quantities  0=  i^,  ie=4^,  S=~,  &c.  will 
be  limited;  the  last  will  be  constant  (18.)^  and  consequently 
/Ffl'dj:  willbe  changed  into  T/o* if  ^=:F£! -fccmil. 


tirmnAh  camvwb*  Sift 

let  tti  take,  for  exsunple,  Ps;  j* :  th^  eqiattioii 

keoomesj  in  this  case, 

%i  \  a        \a 

from  this  we  deduce 

la  i  a  ^ 

and  by  coQtittuii^  tbii  process,  we  obtain^  when  n  is  » 
irkle  positive  number, 

fifti'dx'SL 


^ii(ii— 1). ..1  .    . 

±      V.   ' —  V  +  const. 


(l^r 


1 


188.  Tlie  second  formula  in  No.  186.  only  applies  to 
4o8e  cases  in  which  the  quantities  NzzfPdx^  M^/Ndx^ 
L-fMdx^  ice.  maybe  obtained  algebraically:  it  may 
be  successfully  applied  to  the  example  in  the  preceding 
No.,  when  /i  is  a  whole  negative  number.  We  have 
dien 

P=  i,  N=l/P£/X=:-  ; ^~~ 

/4fdx  tf  .     1«      par  dx 

von  whence 

'^cf  dx  if  a'  \a 


•  •  •  • 


(^-*;^i»-2)^/i-3;;v— *  ^/i- 1)  ^/i-2).  ..l.;r 
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We    cannot   proceed  with'  Uie    reduction   bejoad 
^ ;  for  the  equation 

gives  no  result,  when  »=  I. 

We  again  in  this  example  meet  with  the  t^anscendant 


ds 


,  of  which  we  have  spoken  in  No.  184 1  and  if 


could  obtain  the  expression  for  it,  we  should  at  once  obtain 
the  integral/ii'  «"  ^  jt  for  all  the  cases  in  which  n  is  a  whole 
number. 

189.  When  if  is  a  fraction,  the  two  series  which  we 
hare  made  use  of  in  the  two  preceding  Nos.  will  not  ter* 
minate.  If  we  had  for  example  n  =:  —  |,  we  should  find 
by  the  first 

/i^dx         V     r       1^  1.3 


1.3.5     .w..  .^^^^j^^ 


and  by  the  second 


V*    -^'^    'U         1.3  1.3.5 

l.S.5.7  j 

It  is  necessary  to  observe,  that  in  the  case  in  which  the 
proposed  formula  is/^jr»  +  7rfjr,  n  being  a  whole  num- 
ber, we  may  reduce  it  to  fc^  x  7  dx,  by  means  of  the  first 
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uMf  if  «  be  positive^  and  by  means  of  the  second,  if  n  be 

190.    Replacing  a'  in  the  fiincdon/P  i^dx^hj  its  de^ 
fdopement  (27.),  we  shall  have 

,1  1   •  ^  ' 

A^fPx^dx+  ^il^fPx^dx  +  6u. 
1.2.3^  1.2.3.4'^ 

a  malt  which  will  furnish  us  with  a  new  developement  of 
fftfix^  vhenerer  we  can  determine  the  functions 
fPdx,   fPxdx, fPs^dx,   &c. 

tfPsj;^^  we  shall  get 
^  »  +  i        l(«  +  2)       1.2(»  +  3) 

1.2.3(if  +  4) 

aid  m  this  serieSs  we  must  put  1  a?  in  the  place  of : . 

wlien  n  is  a  whole  negative  number,  and  equal  to  —  t. 

The  application  of  this  method  to  the  integral  / 

giTes  the  developement 

<m  SCI  X  + "r  •  "T    '    '      '      "     "I 

J?  1.1        1.2.2        1.2.3.3 

+  — ^  \    , — 7  +  &c.  +  const. 
]  .2.3.4.4 

1  z 
If  we  suppose  a'sz,  from  which  we  get  x=   r — ,  and 

1  0 

1  jbII  ;2j-.n  J,  this  result  will  be  transposed  into 

y    _-i*^-r    ^        2    1.2        31.2.3 

+  i  — i — i +  &c.  +  const. 

4   1.2.3,4 
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19K    There  is  yet  anotlier  madiod  aS  integndiig 

compare  it  with  the  difierendal  of  the  function  ^  P, 
which  is  ^iJP-^Pdxyp  ^nd  i^  whidi  P  represent!  an 
algebraical  function  of  x.  The  example  proposed  being 
Teryttmple,  it  is  sufficient  to  make  l^xssti  we  bar^ 
then 

d  z 

and  with  a  little  attention  we  easily  <tiscorer  that   *-• 

z* 
being  the  differential  of  - ,  we  must  take  P  «=»  -  f  from 

whidi  we  get  the  integral  —  +  const.    Replacing  z  by  its 

if  z 

ralue,  we  find  f  I^JLlS  = +  const. 

J   (l+x)*       1+  X 


i*M 


•  On  the  Integration  of  Cirailar  Funcfions. 

m 

198.    Let  us  take  the  formula/ JTrf  a?  arc  (sin=x)5  if 
we  at  first  integrate  the  factor  Jfrfx,  and  observe  that 

dx 
d  .  arc  (sin=jr)=   ■ ^,  making  also/JTrfx^F",  we 

shall  have 

/Fdx 

the  integration  of  the  proposed  formula  will  then  be  re- 
duced to  that  of  an  algebraical  function,  if  F'be  alge- 
braical. 
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Taking  for  example /a:*  (2  x  arc  (8ms:«r)|  we  shall 
find  Tss •  and /a:*  d  x  arc  (sin=a:)  = 


— -  arc(8m=x) /    -  .  : 


.x^  +  ^rfx 


J  has  been  already  considered  in 

▼  1  ■""  x^ 

Nos.  173.  and  174. 


193.    Since  rf.  arc  (cos =x)=:-      *^* 


'/r:: 


d.  arc  (tan=x)  =  j~ji 
we  shall  hare^  in  the  same  manner  as  above^ 
/ZJx.arc  (cos=j:)=^. arc  (co8=:j:)+    /     ..     ■ 

/ZJx.arc(tan=x)=r.  arc  (tan=x)-/f^, 

and  the  integration  of  these  formulae  will  depend  merely 
upon  that  of  an  algebraical  function^  whenever  V  is  alge- 
hraicaL 

194.  If  z  represents  an  arc,  whose  sine,  cosine,  or 
tangent  are  expressed  by  a  function  of  x,  that  is  to  say, 
if  we  have  rf  z= JTi  //  x,  X^  being  a  given  function  of  x, 
we  shall  obtain  yJT  2"  rfx  by  a  process  similar  to  that  in 
the  preceding  articles.     Let  f  Xd  x^VyWe  have 

f  z""  X d  x^VT^-nfVz^-^  dz\ 

and  substituting  for  d  z  its  value,  we  get 

f  z"" X d x^Vz'^-n f  z^-^  VX^d X. 

By  following  this  method,  we  shall  diminish  continually 
the  exponent  of  z,  which  will  finally  =0,  whenever  n  is 
a  whole  positive  number. 

I  1 
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The  most  simple  case  is  that  in  wiach  Jfsl,  or  vfaere 
jz  is  an  arc  whose  sine  =j:}  we  then  find  succesiTelj 


and  these  vahies  give  fs^dxss 

-«(«- 1)  («-2)  z»-Vi--ar*  +  &c. 

a  series  which  terminates  when  /t  is  a  whole  positive  num- 
ber. 

If  we  had  JTrf  x= rf  z,  or  X=zXi,  the  integral/" JfW* 

would  be  changed  into /"z*  rf  z= +  const.;  and  if  we 

«  +  1 

substitute  for  z"  any  algebraical  function  of  z,  the  integral 
considered  with  reference  to  z  would  be  comprehended  in 
some  one  or  other  of  the  formulae  which  are  enumerated 
in  the  preceding  pages. 

195.    Before  we  proceed  to  the  more  general  functions 

of  the  quantities  Zy  sin  z,  cos  z>  Sec.  we  must  call  to  mind 
that  by  Nos.  32,  33,  we  have 

rf  .  sin  «  z  =     nd  z  cos  //  z,    and  fd  z  cos  «  z  =      -  sin  n  z  +  const. 

n 

d  .  cos  n  2=  —  «  £/  z  sin  «  z,  fd  z  sin  n  z=^ cos  /r  z  +  const 

n 

,  nd  z  p        dz  1 

^•'""•''^'=     i^^^T^r^r  J     (H5nr^^"=       -tan.^^+const. 

,1        ^  « <?  z  P      dz  1 

tf  .  cot  « z-  -  ■  .  ^ ,  /    ^. = cot  «  z  +  const. 

(sm  n  z)  U     (sm  n  z)*  n 

d    ^Pc  «  •  -       ndzsinnz         /' d  z  s\n  n  z  1 

<y.8ec/i.=         .  ^.a   >      /- n-=      -  sec  «  z  +  const. 

vcos  /I  z;         c/      (cos « z)  /? 

1 

rz  ■   ■  -^  cons' 

«  cos  «z  ^^"* 
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ndzcosa:  /'dzcoanz 


251 


r-, 


From  these  integrations  results  that  of   the  ex- 


— +  ««« 


i2  3  +  i)sin3z  +  &c.) 
IS  2  z  +  2)  cos  5  z  +  &c.) 


rf  2  (^  +  B  sin  z  +  C  si 

dz  (_J+Bcos  z  +  Cc 
i4uch  give 
A  z~  3  cos  z~i  C  cos  i  z- JZ»cos3i— &.c.  +  const. 
-*3+iJ»in  z  +  ^  Csin  2  2+  JUsm  3z  +  &c. +const. 

197,  It  Is  of  great  importance  to  observe,  that  wc  may 
reduce  every  rational  function  of  sin  z  and  cos  :,  to  ternw 
cf  the  form 

A  sin  m:,  or  jf  cos  m  z. 
This  operation  by  which  the  integration  of  all  differentials 
of  this  kind  is  reducible  to  that  of  the  formula  in  the  pre- 
ceding No.  likewise  facilitates  the  numerical  estimation  of 
the  formulae  resulting  j  for  in  many  cases  the  use  of  the 
iines  and  the  cosines  of  multiple  arcs  is  more  commodious 
than  that  of  the  powers  of  those  quantities. 
The  formulie  (Trig.  26.) 

sin  a  cos  i=  {  sin  (o  +  A)  +  5  sin  (a-*) 
cos  a  sin  i=  ^  sin  (a  +  i)  — ^  sin  (a-i) 
sin  d  sin  *=:  — ^  cos  (a +i)  +  ^  COS  (n- A) 

cos  a  cos  i=       4  C08(fl+i)  +  5cOS(a-*> 

m  the  elements  of  the  transformation  to  which  we  have- 
jnit  alluded  ;  for  if  we  take  *  =  «  in  the  two  last,  they  will 
give 

sin  fl'=— I  cos2a  + j 

cos  a*  a:       ^C09  2a  +  ^, 

by  observing  that  cos  (a-*)=sco3  0  =  1.     Again,  since 


t   ■ 


.\ 
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ma^^Am^.mna^    cos «*«006 nf* •  cm i^ 

.  •  ■  ■ 

we  shall  have 

miia's(--icos£tf+i)  onii 

=:  —i  cos  Stfrimi+i  00  41 

coso's  (|cos2ii+i)cos4i 

=     ico82tf  oosn+icottf* 

These  two  results  include  the  products 

cos  2  tf  sin  tf 9  and  cos  2  n  cos  f^ . 

which  we  shall  be  able  to  express  in  terms  of  nnet  of  the 
multiples  of  a^  hj  the  last  o£  the  fennuls  eaanientei 
above^  hj  simplj  making  ia:2a. 

This  operation  is  verjsimplei  and  it  is  erident  tint  in 
this  way^  as  we  liave  just  seen,  we  inaj  proceed 

from  rintf'torinif^  tosintf*,  &c. 
from  cos  0*  to  cos  i^y  to  COS  0*9  ftc. 

198.  Instead  of  deriving  foimuhe  for  particular 
we  shall  proceed  |6  deduce  ipeneral  ones»'  from  ^nt 
,dons(l6i.)    .  . 

(cos  x+  v'"  sin  r)*=co8  n  a:+ V— 1  sin  #f  x^ 
(cos  X— V—  isin  x)*=cos  » x—  v  HI  ^  nx. 
By  adding  these  two  equations  together,  we  find 

cos  « 1  =  (cos  x+  i^~  sin  x)*-Kcos  x~  ^^^sin  x)*, 

2 

and  again  subtracting -the  second  from  the  first,  we  get 


•:•«  -  -      (cos  X  +  ^—  1  sin  x)*  -  (cos  x—  V—\  sin  x)* 

2v^— 

These  expressions,  although  affected  with  imaginary  ^uan* 
tities^  are  not  on  that  account  the  less  real,  since  ^  the 


INTEGRAL    CALCULUS.  ^53 

imagmary  parts  disappear  by  expanding  the  powers  of 
4e  binomials  contained  in  them.    In  fact,  we  have 

(cos x+  •rTain  x)- =cos  a-  +  ^  v^  cos  i*- ^  sin  x 


1.2 

n 


cosi»-*sinx*-&c. 


(COS  i-^TTi  sin  x)*=:cos  x*-^  ^  \/^  cos  a:*-i  sin  x 

/i(if-l) 


1.2 


.coso:*-"'  sin  jr*+&c. 


and  substituting  these  series  in  the  above-mentioned  ex- 
pressions, we  find 

cos  «x=cos**-^-^^-^^''cos  x"— ^sinx* 

1.2 

_^  «(«-!)(«- 2)  (n^S) ._>.;_  ^     . 

+ ,    -   ^     COS  r*    'smx*— &c. 

+  —^ ^'    ,    '  \    ,  ^ cos  x*-^  sm  x^^Scc. 

1  .2  .J  ,4  .5 

199.  By  the  formulae  in  the  preceding  No.  we  deve- 
iope  the  sines  and  cosines  of  multiple  arcs,  in  terms  which 
involve  the  powers  of  the  sine  and  cosine  of  the  simple  arc ; 
kt  us  now  proceed  to  the  inverse  problem,  or  that 
in  which  it  is  required  to  express  the  powers  of  the  sine 
ud  cosine  of  the  simple  arc,  by  the  sines  and  cosines  of  its 
njultiplcs : 

Let  _ 

C0SX+ ^— 1  sinx=« 

cos  X  -  V  —  1  sin  x=t;, 
we  have 
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1 
co«x£=J(«+v),      8inj:=^^j^=Y(ii-v); 

from  which  we  obtain,  in  the  first  place. 

By  expanding  the  second  member  of  this  equation,  we  si: 
get 

2*  t  1  1.3 

4.--i. iJi :«»  — 'v'  +  &c, 

1.2.S 

bttf  in  the  expression  (ii +t;)'*y  we  may  change  v  into  i/,  s 
reciprocally,  which  will  give 

2*  1  1  2 

and  by  adding  together  the  two  results,  we  have 

2cosj:'=-.  j«'*  +  v*+ -(w^^^v  +  v*- 
2"  I  1 

1.2     ^  1.2.3 

We  may  give  to  this  equation  the  following  form : 

2*  +  ^cosx*=  ji/"+ v"4- -«  v  (u*  — ^4-v*"' 

1.2     "     '^  ^^         1.2,3 

but  the  question 
cos  n  x  =  ^  (cos  T  4-  V^  ~  i  sin  x)* '  +  ^  (cos  t  — V^  — 1  sii 

being  true  for  any  value  of  n  (198.)j  gives  us 
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ind  in  general, 

besides,  it  is  readily  seen,  that  u  vr=l ;    we  shall   havet 
therefore 


^2cos«r+  — C0s(n-2)  .t+- 

H^-°'°-j";-^'coa(„-6).-^i.c.]. 
t  is  the  same  thing,  dividing  the  whole  b]r  2, 

=  jcos  ni-t-  ^cos  (w  — g)j  +  ''  "~      cog(B-4)j 

a  formula  which  is  always  applicable,  whatever  be  the 
Value  of  n. 

By  continuing  this  formula,  as  in  that  of  Newton  for 
a  binomial,  we  shall  meet  with  the  cosines  of  negative 
arcs,  whenever  n  :s  a  whole  number,  and  these  are  pre- 
cisely the  same  as  those  of  the  corresponding  positive  arcs : 
We  shall  put,  therefore,  cos  {«-«)  a:  in  the  place  of  cos 
{n~7n)x;  and  in  this  case  the  formula  will  admit  of 
abridgement. 

In  the  developement  of  (u  +  vY,  when  n  is  a  whole  num- 
ber, those  terms,  which  are  equidistant  from  the  extremes, 
have  the  same  coefficient ;  the  same  remark  will  apply  like- 
wise to  the  formula 

I  .2 


-  -  cos (n 

1.2.3  ^ 

the  cosines    also    which 


tcos  H  a  +  -  cos  (  n  -  2) 
^   „(«-l)(«-2) 
th 


-COS  (n— *)x 

-6)x  +  Slc. 


equidistant    from    its 
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eztremesj  are  equal  to  each  other;  for  the  firat  term 
cos  n  X  corresponds  to  the  last  term  cos  (»— 2  a)  x,  or 
cos— /IT,  which  is  the  same  as  cos  nx^  the  term  in- 
volving cos  (/f— 2  m)  X,  which  has  m  before  ity  cones- 
ponds  to  the  term  involving  cos  (-ii  +  Sm)^,  which  hat 
m  after  it ;  and  since 

cos  (— /i  +  2m)  j:=cos  — («— 2  iw)  jr=cos  («— 2iii)x, 

we  may  omit  the  terms  which  include  the  cosines  of  nega^ 
tive  arcs,  by  doubling  all  those  which  include  the  cosines 
of  positive  arcs. 

We  may  therefore,  by  stopping  at  the  term  n^ere  the 
arcs  become  negative,  write  the  formula  thus .  •  •  2*  cos  1^= 

j2cos  «x+  —cos  (if-2)i:+    ^.    J      cos  («—*)  J:  +  &c.| 

\  1  1.2  y 

We  ought  however  to  observe,  that  when  n  is  an  evax 
number,  the  original  formula  involves  a  term  equidisfary^ 
from  each  of  the  extremes,  and  which 

«("-») ("-i  +  0 

is  represented  by  — ■ cos  (n-n^    j^ 

1.2 - 

2 

and  because   cos  0=1,  this  reduces  itself  to 

^in-l) (l  +  \) 

^•^ 2 

and  since  this  term  has  no  other  corresponding  to  itl,  It 
ought  not  to  be  doubled  like  the  others,  unless  we  -pre- 
viously divide  it  by  2,  as 


1 


/i(/i-l) -  +  1 


o 


2  n 

1.2 


i? 


J 
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Bjsuch  a  method  we  shall  finally  get  2"""*  cos  ir*  = 
|cwx  +  2cos(«-2)x+  lilZ-?cos(«-4)a: 

1.2.3  ^  ' 

takmg  care  to  terminate  the  series  when  we  meet  with  the 
negatiYe  arcs*  and  also  when  n  is  even,  to  take  only  half 
the  coefficient  of  the  cosine  of  the  arcj  which  is  evanescent. 
By  attending  to  these  obsenrations,  it  will  be  very  easy  to 
coQstnict  the  following  table : 

cos  X  SB  cotf  X 

£  cos  x^=:co8  £x+  I 

4  cos  a'scos  S  x  +  S  cos  x 

8  cos  jr*=5C0S  4x  +  4cos2x  +  3 

16  cos  jr*=cos  5x+5  cos  3  x-\-  10  cos  x 

82  cos  ji:^=C03  6x  +  6cos4jr+  15  jcos  ^x+\0 

64  cos  r^=cos  7  x  +  7  cos  5  x  +  21  cos  Sx+35  cos  x 
&c. 

200.     In  order  to  determine  sin  x",  we  shall  make  use 
of  the  equation 

1  /  X 

and  we  shall  find 

or 

Ce-v/ZTiyii  1  ^       1.2 

1.2.3  ' 

1st.  Let  n  be  an  even  number,  or  a  fraction  with  an 
•▼en  numerator ;  in  this  case  («  -  v)"  =(t;  —  w)";  and  there- 
fore we  shall  also  have 

K    K 


258  INTEGRAL   CALCULUS. 


sin  x*=  .  — -,  (v— «)". 

By  expanding  the  second  member  of  this  equation,  and 
adding  it  to  the  former  expression  for  t^  quantity^  there 
will  result 

%  'sin  >  =  1 'i  «-+  v^  ^  ?  (^  -  »v+ w"  -\) , 

■''■    ■  (2  V  — 1)"*  1  ' 

1.2 
1.2.S 

I 

or^  what  is  the  same  thing 

I 


2  sin  :t*= 4=  5  i/"+v*-  "i/ v  («*- *+!;"-•) 


^  /  ■ » •    I 


1  •  Z  !■    • 

1.2.3  ^  '  ^ 

a  result  which  is  identical,  except  in  signs,  with  that  in  the 
preceding  No. ;  we  may  therefore  write.it  as  follows : 

(2  vnT)»sinx*  = 

^       /      o\    I  ^(^ —  0      /      a\ 

cos  fix cos  (/I— 2)  x+— .  cos(«  — 4)  x 

1         ^  1.2  ^         ' 

n  (/i—l  .  (w  — 2)  /       o\       I    o 
1    2.3 ^^^  ^''"^  '^  ■*"     ^' 

The  imaginary  part  disappears,  since  n  is  an  even  number; 
and  we  have  (2  ^  —  l)"t=  ±2" ;  the  upper  sign  prevailing 
when  n  is  divisible  by  4,  and  the  lower  when  it  is  merely 
divisible  by  2. 

We  may  apply  to  the  second  member  of  the  equation 
the  same  reasoning  as  in  the  preceding  article ;  and  since  « 
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18  a  wiide  number,  we  may  from  thence  conclude  that  it 
ii  only  necessary  to  confine  ourselves  to  those  terms  which 
iovolve  positive  arcs,  provided  that  we  take  the  double  of 
eadu  Likewise,  since  n  is  even,  there  will  be  a  term 
containing  cos  (fr— /i)j:=:1,  which  it  will  not  be  neces* 
tary  to  double ;  dividing  the  whole  by  2^  we  shall  get 

±2"""^  sin«"ss 
I  cos  «  r  -  -  cos  («-2)  jr+  ^!i2^]2cos  («  -4)  x 

_n(n^l)  {n-^2)  ^os  (« -6)  x  +  &c.  ' 
1.2.3  ^         '^     T 

uUng  care  to  stop  when  we  come  to  an  arc  which  is  equal 
tonothing,  and  only  to  take  one.  half  of  the  coefficient  of 
that  term. 

2d.    If  /f  be  an  odd  number,  we  then  have 

(v  — «)"=:—  («— v)% 
consequently 

•   ^  1  1  . 

and  the  developement  of  the  second  expression  gives 

(2  v--iy*    <  1  ^-.^  ^ 

1.2.3  ^ 

Adding  this  to  the  first,  and  making  necessary  reductions, 
we  shall  find 

(2  V -!)'»    (  1 

^1.2  ^ 

_  /i(;,-l)(;i-2)  ^3  ^,  6^ ^,_6j  ^  g, 

1.2.3  ^ 


sm  !*= 


*!..- 


.1 


t«i/^4 


t^t^S 


T—  .ax 


IIBgiyfe  m  1^ 


y/*  ^,<ii7  K<*r*  ilnfj'  Amk. 
f\'p^Ar¥^  ^i\^.  ur^.%  fA  yjveavt  arcs,  Sf  nakfrrg 

f'r  t^.^  y9*'^M\f*%  7xu}j^  Aaet  the  co 

'«Y/^  jpf4  ^fmulf  wbich  ^e  cqviAscux  from  die 

itft4  %Wt^  rhal  //t>«  />f  tKem  urrotres  tbe  sgn  of  a 

»ff/l  ^ffj'  ^/fFier  (}i«  »fgn  of  a  potiiifc  arc    Likevise^ 

s\^  ttttfttif*fr  i4  Ufm%  U  eren^  and  nnce  tbey  are 

fiviatj  ff«'K»tfir«  an4  pMithre,  the  terms  contspoodiag 

«4<Jf  /Hti^  will  hare  contrary  figns ;  but  the  sign  of 


ID 

a  ne- 
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gathre  arc  is  itself  negative.  The  difierence  of  the  sign  is 
dnis  corrected,  and  the  two  terms  may  be  combined  into 
one. 

From  these  consideratioas,  and  by  dividing  the  whole 
by  2f  we  shall  get 

±2*^^  sin  j:*sb  |  sin  n  x sin  (/i  — 2)  x 

l«(«—  1)     .       ,  .V  If  (if—  1)    Cll-2)     .      ,  /*v         I    O  ? 

T«  \       ^sm(if-4)jf-   -^^ —     '  ^ :sm(if  — 6)j:+&c.J 

We  shall  be  able  to  deduce  from  the  two  formulae  in 
this  article  the  values  contained  in  the  following  table : 

sin  X  =     sin  X 

2  nn  a*=  -cos  2  x+l 

4  sin  or^s:  —sin  3  a:+3  sin  x 

8  sin  j*=:     cos  4  x— 4  cos  2  x+S 

16  sin  j:^=     sin  5  x—  ^  sin  3  x-|-10  sin  x 

32  sin  x*=  -cos  6x4-6  cos  4  x—  15  cos  2x+10 

64  sin  x^'ss  —sin  7  x+7  sin  5  x  — 21  sin  3  x+35  sin  x 

&c. 

This  is  the  case  when  n  is  a  whole  number :  if  n  be 
fractional,  it  will  be  necessary  to  have  recourse  to  the  first 

formula  in  the  preceding  No. ;  for  by  making  x= z> 

we  would  have  cos  x  =  8in  z;  and  consequently  the  expression 
for  cos  X*  in  terms  of  the  cosines  of  the  multiples  of  x, 
would  become  that  for  sin  z*  in  terms  of  the  cosines  of  thte 

multiples  of z,  or  of  the  compliment  of  the  arc  z. 

201.  Let  it  be  required  to  integrate  the  differential 
i  X  cos  1* ;  we  shall  first  deduce  from  the  formula  in 
No.  199 

cos  ic*«  -  cos  4  x-J- -  cos  2  X  +  -  , 
8  2  8 


1 

.    1 

^ 

>£ 

id 

4x 

^4 

TLis  example  thevs  rerr  clesrlr  the  zaediod  of 
gnong  all  diBerenziiU  of  this  kind. 

eoe.    Theforxsulx 


sin  x  = 


/%    -.  -,-'v  -* 


i  •-! 


COSJ=    ^ 

changing  the  fiinctioRS  of  sines  and  cosines  into 

tials,  reduce  also  the  integration  of  the  one  to  that  of  die 

other. 

We  may  likewise  change  the  difierential  tf  x  sin  x*  oosi* 
into  another^  which  is  comprised  among  the  binomial  dif- 
ferentials :  it  is  sufficient  for  this  purpose  to  make  sinx^s* 
from  which  there  resuhs 

. d  z 

cos  1=  V  1  -c*.       rf  J  =     .  (33.); 

and  we  finally  get 

fdi  binx"  cos  1"=:/ z""  d  z(l- z*)   "*  . 

By  applying  to  this  last  expression  the  reductions  indicated 
in  Nos.  170—  17^i,  we  shall  be  able  to  deduce  a  complete 
algebraical  integral,  if  m  be  an  odd  number ;  if  m  be  even, 
we  shall  make  it  dependent  on 

/dz(\^z')^, 

and  this  is  reducible  to  /    —■— ^-~.    or  to   an  arc  of      -^ 

J    ^/i-z'  ^ 
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circle,  if  n  be  a  whole  number.  In  all  other  cases^  we  shall 
reduce  the  integral  of  the  proposed  formula  to  that  of  the 
analogous  difierential  of  the  most  simple  form. 

It  is  evident  that  we  may,  in  a  similar  manner,  trakis-   i 
form   differentials   which   involve   other  trigOhoduetriCal 
lines.  i    ^ 

203.    The  formula  (A),  (B),  (C),  and  (D),  in  Nos.      , . 
170, 171,  172,  may  be  easily  transformed,  so  as  to  com-,.    . 
prise  the  differential  dz  sin  sT  cos  2;"  1  but  we  aqiy^  im- 
mediately at  the  same  result,  by  decomposing  the  difer^-  . 

tial  into' factors. 

^  .  .  .   ■  '  '  •  ■ 

If  we  at  j&rst  put  it  under  the  form  d  2:  sin.jr  cos.z?  sin  z**-^, 
the  first  factor  ^f  z  sin  z  cos  z*  may  be  integrated,  because    . 
d  z  sin  z  =  —  if  •  cos  z  ;  and  we  shall  find 

fd  ztUn  z**  cos  T^cs/d  z  sin  z  cos  a"  sin  z**""^  = 
L-cos  z«  +  »  sin  z-- ^+  '^^ /rf/C6S«*  +  »  rfri?^*;' 

•  '       ■_  ^  -        •  .  * 

and  since  c6s  2*  +  *=:cos  z*  .  cos z^ccos  z*  (1  —sin  z*), 
we  get 
/d  z  co5z*  +  *  sin  z'''^^=:/dz  cos  z*  sin  z'^'~*'^/dz  cogiz"JSinz*. 

Substituting  this  in  the  first  equation^  and  finding  the  valu^ 
olfdz.  cos  z*  sin  z",  there  will  result  {A) 

CA      ^'       'm  -«  Sin  Z*  "■  *  cos  Z*  + '    .    »»  — 1     rf       u-       !«•       , 

Jdz  sm  z*"  cos  z"=: ^ n^  + /</  z  sm  z^— «cos  z' 

We  have  likewisfc/rfz  cos  z*  sin  z'^zz/dz  co$  z  sin  i* .  cos  z*""*s 

;— -T  sin  z*  +  *  cosz"""'  +  — —  /dzsinz'"  +  *  cos  z*~^; 

a/so 

sin  z*  +  •=sin  z"* .  sin  r*=sin  z*  (1  —cos  z'), ' 
^"d  consequently 

^  -2^   sin  z*  +  ^  cos  z^-^zx/dz  sin  2"  cos  z^-'^^fdz  sin  z"  cos  z*. 

^is  value,  substituted  in  the  expression  ioxfd  z  sin  2*  cos  z% 
""^^^is  to  an  equation  from  which  we  deduce  {B) 
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/«e:»^^«^       sin  j2f*  +  *  cos  ;?•""*  .«-lrj      -  \jm  ^^  ^ 
r  zsinii^cos  2*sb + fdz  smz*  cos;jf 

/       m  +  ii  jw  +  « 

By  changing  SQCcessiyeljr  m  into  m- 2,  m— 4^  &c.  in 
the  first  formula^  ^inton-^d,  /i-4j  &c.  in  the  second^ 
and  by  employing  these  .formuIsB  alternately,  we  shall 
succeed  in  taking  away  from  the  exponents  m  and  n  be- 
neath the  sign  f^  the  greatest  multiples  of  2,  which  are 
respectirely  contain^' in  them.  We  ^us  obtain  an.  alge- 
braical integral  of  the  tormvXz  fd  z  sin  2:*  cos  3^,  when  one 
of  the  exponents  m  oriir  is  odd ;  but  when  m  and  n  are  both 
even,  w«  terminate  with  the  differential  d  z  cos  z^  sin  z^, 
whose  integral  involves  the  arc  z. 

If,  for  example,  we  apply  these  formulse  to  fd  s  sin  2* 
cos  z*,  the  first  wiU  give   ■  ^,  ^^^^ 

'  rj      •      4          a          sin  z^cdsz*  .   S   -  -       ,      .  « 

/fl  z  smz*cosz*5s ; — ^  ■      +  ^/d z  sin  z^  cos  z^^ 

and  from  the  second  we  shall  have 

y»    i  •  n  a  Sm   Z      COS  Z      t        jt    w  •  «  » 

y  a  2  sm  z   cos  z  = ^ +  fd  z  sm  z'  cos  z' ;    • 

returning  again  to  the  first,  making  in  it  f7i=2  and  fi  =0, 
we  shall  obtain 

-,      -.  .«          sin  z  cos  z   ,   1    /.  J             sin  z  cos  2   ,   z 
/6?z  stn  z^=r '.  — — +^/ ^z= +  -  . 

I 

and  now  ascending  from  this  integral  to  that  of  the  pro- 
posed difi^erential,  there  will  result 

fd  z  sin  z*  cos  z*=  —  7:  sin  z^  cos  z^  +  -~—  sin  r'  cos  z 
-  6  0.4? 

3.1.1.  :k  1 . 1 

—  ;.   ^    -  sm  z  cos  r  +  ,>    .      ■  z  +  const. 
6.4.2  0.4.2 

The  differential  fdzsin  r/  cos  z**,  being  treated  in  the 
same  way,  would  lead  us  successively  to 

rj      '      4.           a          sin  z' cos  2*      3  y.  ,       .      o  3 

fd  z  sm  z^  cos  z'= ^ +  r  y  «  z  sm  z^  cos  z^ 
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....          ,         sin  z^  COS  2J*      2   - .      •    ^- 
fit tm  z*  cos  z^=      ^ +  -  /a  z  sin  r  cos  z 

fi    •    ^  sin  r  cos  Z*         1   r  -f     ^ 

/  tf  «  na  z*  cos  t-n +  -  y  a  z  cos  2:5 

and siace  fit  cos  z  =  ^sin  z,  we  should  finally  get 

til  sin  z*  cos  z'=  —  -  sin  z'  cos  z*  +  =-^  sin  z'  cos  z* 

^  7  7.5   . 

I  —  ---; —  Sin  z  cos  i  —  ■    ^   ^  sin  z  +  const. 

7.5.3  7 '5  .3 

204.  This  last  example,  and  all  those  in  which  one  of 
the  exponents  tH  and  n  is  an  odd  number^  are  reducible  to 
integral  algebraical  functions,  by  observing  that 

fi  z  sin  z*'  +  ^  cos  z^^fd  z  sin  z  .  cos  z^  (sin  z*)' 

fdz  sinz'  cos  z^^'^^sufdz  cos  z  .  sinz'  (cos  z*)^ 

aliothat 

(sin  z*)'=(l  -cos  z*)',  (cos  z*)<^s(l -sin  z')% 
md  finally  that 

d  z  sin  z=  -  J .  cos  Z)    tf  z  cos  z=:</  .  sin  z. 

We  from  hence  arrive  at 

-ft^du^l-u'y,     fu'^du^l-u^Yy 

■ 

bj  making  cos  zzzuy  or  sin  zs=f/;  and  the  integrals  of 
these  diiFerentials  are  obtained  by  expanding  the  integer 
powers  of  1— 1/^. 

205.    When  «=0,  the  formula  (^becomes 

rj     •     -         sin  z"* ~" ^  cos  z      w— 1   ^.       .      -    • 

/d2Sin2""  =  —  +  — fa  z  sm  z*""*, 

mm-'  ' 

vhich  finally  leads  us  to/</  z  sin  z,  or/dz,  according  as  f« 

is  odd  or  even. 

The  formula  (B),  when  we  make  m=0,  becomes 

Pj           .     sinz  cotf  z"""*  .  /f— I    -,  __^ 

/</rcosz*=5 + /a  z  cosz*^*, 

/I  n 
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which  leads  to  fd  z  cos  Zy  oxto  f  d  z,  according  ts  «  k 
odd  or  even. 

206.    The  reductions  indicated  in  No.  203,  may  be 
likewise  applied  to  the  two  differentials 

d  z  sin  2**  d  z  cqs  z* , 

cos  z*     *  sin  21*     ' 

but  it  is  proper  to  remark^  that  it  is  only  necessary  to  con- 
sider one  of  them ;  for  if  we  make  zs^-^  — ^,  we  shall  ha:Te 

dzss—diff  sin;2;scosy,  cosz=sin^;  and  the  substitii- 
tion  of  these  values  in  the  first  expression  will  give  it  the 
form  of  the  second^  and  reciprocally. 

By  changing  +if  into  —n,  in  the  formula  {A)  cited  in 
the  No.  above-mentioned,  there  will  result 

/y  z  sin  c"*  _  1      sin  2*""^^      m— 1    pd  z  sin  zT^* 

cos  z*     ""       iw  — ficosz"""*      m^nj'         cosjS* 

We  readily  see  that  this  reduction  leads  to 

/J z  sin  z          ^     p  d  z 
T  >  or  to  /  —  , 
cos  z*              J    cos  z* 

according  as  m  is  odd  or  even. 

The  first  of  these  expressions  becomes  -  /  —^  ,  when 

we  make  cos  zs=//,  and  is  easily  integrated :  the  integral  of 
the  second  is  obtained  by  a  reduction,  which  we  shall  now 
proceed  to  consider. 

If  we  make  n  negative  in  the  formula  {B)  of  No.  205 
we  shall  find 

/•rfzsinz"'^      1       sin  z"*  +  ^  _  (_«jM)    pd  z  sin  :r 

m-n  J 


J  ' 

cos  z" 

m-^n 

cos  z* 

+  1 

from 

whence  we  shall 

get 

f 

d  z  sin  2*" 
cos  r*  +  * 

1 
n  4- 

sin  z 
1  cos ; 

,n  -1-1 
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ud  dialog  m  into  m— 2,  there  will  result 

Pdz  rin  ;r  _^     1      sin  g*  +  ^  _  m-#i4-g  pdzwiTT 
J    co8;8*    ""if-lcosz*-*         «-l    y    cosz"-** 

This  formula  comprehending  the  case  in  which  m^0% 

maybe  applied  to  the  integration  of  — r35»  and  in  the  se- 

venl  forms  it  terminates  in 

^i  z  sin  z* 


/ 


,  or/d  z  sin  ;«•, 


cos  z 

according  as  #i  is  odd  or  even. 

The  second  of  these  integrals  has  been  considered  in 
No.  205 ;  and  the  first,  by  means  of  the  formula  (il),  in 
No.  2OS9  making  us  -  1,  is  reducible  to 

*d  z  Am  /^  d  z 


/d  z  Binz  p 

cos  z    *      J 


cos  2* 


according  as  m  is  odd  or  even ':  we  shall  consider  each  of 
these  integrals  separately  in  the  following  pages. 

We  may  also  observe,  that  the  first  of  these  reductions 
becomes  inapplicable,  when  m  =  fi,  and  the  second  when 
n^\\  and  that  this  last  gives  the  integral  immediately^ 
when  m  =  »  —  2. 

-: : 

smz'^cosz"' 

by  changing  at  the  same  time  +171  into  —  iw,  and  +»  into 
•«,  in  the  formula  given  in  No.  203,  we  shall  find 


ii  1  I  .  w  +  1    p         d, 

~  I  ss     ■      ■■     ■  ■  -  "I*      -  *     _, 

*C08z"        m  +  «  sin  2'*  +  ^  cos 2*""^      tn-v  nj  sinz*  + 


1  1  . «+l     P  dz 


~**cos2"  +  ^      m  +  «^  si] 


iw+«  sinz"*"**  cos  2"  +  ^      m  +  «y  sina"  cosz''  +  ' 
^"^  whence  there  will  result 
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sin  2- +  *  COS  :8»  «+ 1  sinjr  +  i  cosz"-^       m-k-lj  ainx" 

sin  z*  cos  ;?*  +  *"■       /i  +  l  sinjz;^-^cosz"  +  ^       n+i^  mxT 

Changing  m  into  m — £,  in  the  first  of  these  equations,  and 
n  into  n^2  in  the  second,  we  shall  obtain  twanew  for- 

! '  mulae,  (C)  and  (D), 

I 

sin  2:"  cos  z*  m—l  sin  z"*""^  cosz"~*         m— 1  ^  si 


sinz* 


!      p       d  z         ^  1    1  m+^-pg  y^ rf 

i  ^sinz'^cosz*  n— 1  sin 2*""^  cosz"~^         «— 1    ^/  sinz*o 

These  two  foraiulse  may  be  applied  dtemately  in  a 
same  form  as  those  in  No.  SOS,  in  the  exzmjle/d  %  sin 
cos  z^j  and  will  thus  successively  diminish  first  the  expone 
*  of  sin  z,  and  then  that  of  cos  z  \  and  by  continuing  the 

reductions  as  far  as  possible,  we  shall  arrive  at  one  of  tl 
following  integrals : 

fii.,    rli.,    f^^^ 

«/    sm  z         J    cos  z        J    sii 


sm  z  cos  % 


^ 


208.    We  shall  proceed  therefore  in  this  article, 
explain  the  method  of  integrating  the  four  follonving  d 
ferentials : 

d z  dz  d z  cos  z  dz  sinz 

sin  z '         cos  z*  sin  z     '  cos  z 

The  first  becomes  successively 

d  z        d  z  sin  z  _   flf  z  sin  z  _  --d  x 
sin  z         sin  z*        1  —  cos  z*  ""  I  —  a*' 

by  making  cos  Zszx\  its  integral  is  therefore 

/^^     —        11    1+X j^,l  +CO8  z  _  .^1  -cosz 
sin  z  T  "        1-jr""       *    l-rcoaz"    Vi+cosir*^ 
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For  th^  second  we  have 

dz    ^dzcosz       dzcosz  ^    dx 
COS  z        COS  z*        1  —  sin  2*      1  — x* . 

hj  iBikmg  sin  z  s  x ;  and  consequently 

Pdz       f,/l+x\      ..l+sinx;        V^l+sinz 
«/  C08Z  Vl— x/      *    l-sm^;         vi-sina; 

The  third  and  fourth  are  evidently  logarithmic  dlfieren- 
dals;  so  that  we  have 

y*rfz  cos  z           ,    .       .     ^    ^        /^  dz         fj^  ^  .  ^ 
-— : ss       1  Sin  z  +con8t.  =  /  =  Jd  z  cot  z 
sin  z                                        ^    tan  2; 

Jzsinz  1  .        t*  3     ^      ^      /^  d  z 


cotz  * 


— -L-5  s  —  1  cos  z  +  const.  =  fd  z  tan  jjtzs  /  < 
cos  z  t/ 

Bjr  adding  together  these  two  last  formultei  we  shall  find 

/d  z            ,  sin  z  .         .      1 . 
-T =  1  +  const.  =  1  tan  2  +const.  -yk 
sm  z  cos  z        cos  z 

We  may  give  to  the  integrals 


'/l 


+  COSZ 


more  simple  form.    It  is  known,  that 

,    /.        „.  ,    .   ^        T>v        COSJS— C08j4 

tan  iU-^B).  tan  ^  (J-l{)==____j, 

^^"f^-^  +  f>  -  ^.^'^^•^^^"^ ,   (Trig.  26.). 
tan  A  (^-iij- sin  4- sinJB*   "^      ^ 

'Hiis  being  premisedi  assuming  cos  £  =  1  ^  and  cos  A  =  cos  Zj 
<^  making  BzzO,  and  il  =  z,  the  first  formula  will  become 

/*      1    v2      1  —  cos  z 
(tanizr=:--- , 

1  +  cos  z 
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and  will  consequently  give 

/^.  ^    =  1.  tan  4  2  +  constr 
sin  z 

If  we  assume^  in  the  second  formula^  sin^  :=  1,  and 
sin  ^=sin  z^  or  make  Az=,  Z .  and  B^^z*  we  shall  hare 


.    .       tan  ("  -  +  -  ^ 

1  +sin  z  __        V  4      2/ 


1  — sin  2 

tan 


but  Xmn-l\-cot(-  +  i^= — 7^ — -r- 
V4      «y  U      a/        tan  (:  +  £)» 

therefore  i±fi2i  =  [*«»  Cl  +  -  )  I'i 
l-sina?       L        V*      2/  -J  ' 


and 


/—     ssl.tan    /^7  +  ^^   +  const.  X. 

cosai  \4      2/ 

By  carefully  remarking  the  connection  of  the  diflerent 
formulae  constructed  in  the  articles  preceding,  it  will  be 
readily  seen,  that  the  integral  of  d  z  sin  z^  cos  z*,  may  be 
obtained  in  all  cases  in  which  m  and  n  are  whole  numbers, 
whether  positive  or  negative ;  this  is  not  the  case  when 
these  exponents  are  fractional.  We  must  then  have  re- 
course to  series,  except  in  a  very  small  number  of  cases, 
the  integration  of  which  is  obvious  and  immediate.* 


*  See  Note  (K). 
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A  general' Method  of  obtaining  Approximate  Values 

of  Integrals. 

209,  The  developement  of  integrals  into  series  does 
not  lead  to  an  approximation^  unless  where  the  series 
are  convergent^  which  does  not  always  happen :  it  is 
on  this  account  that  Analysts  have  sought  for  means  of 
airinng  at  approximate  values  of  integrals^  whatever  be  the 
nature  of  the  difierential  functions  which  may  be  proposed. 
The  dieorem  of  Taylor  leads  us  in  a  very  simple  manner  to 
the  formulas  which  Euler  has  constructed  for  this  purpose ; 
but  before  we  enter  upon  this  subject  we  vtrill  enumerate 
and  explain  some  terms  which  have  relation  to  the  difierent 
pomts  of  view  under  which  Analysts  are  accustomed  to 
consider  integrals. 

The  necessity  of  adding  an  arbitrary  constant  to  an  in- 
tegral, in  order  to  give  it  all  the  generality  it  implies^ 
shews  that  these  functions  are  doubly  indeterminate,  since 
we  carmot  assign  their  value  by  simply  fixing  that  of  the 
variable  upon  which  they  depend ;  but  that  it  is  also  ne- 
cessary to  determine  their  constant,  which  admits  of  all 
possible  values.  We  determine  this  constant  in  common 
cases,  by  making  the  integral  vanish  for  a  given  value  of  x. 
We  have  already  seen  several  examples  of  this  method 
(164,  176,  177),  which  in  general  amounts  to  the  same 
with  what  follows. 

lifXdxzzP^-Cy  P  denoting  the  variable  function 
immediately  deduced  by  the  process  of  integration,  C  the 
arbitrary  constant,  and  if  the  integral  ought  to  vanish  for  a 
value  of  X  =  a,  which  changes  P  into  A ;  we  shall  then 
have  the  equation  ^  +  C=0,  from  which  we  deduce 

C=:-i4,    and  fXdx^P'-A. 
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Under  this  form  the  integral  f  X  dx\%  nothing  more 
than  the  difference  between  the  value  of  the  function  I^j 
when  xstf,  and  that  which  it  acquires  for  every  othes 
value  of  the  same  variable.  If,  for  example,  x  ssk^ 
changes  P  into  B,  there  arises 

fXdx^B-'A. 

It  Is  proper  to  remark,  that  this  result  may  be  obtaineci 
unmediately,  without  the  determination  of  the  arbitrar]f 
constant ;  by  simply  taking  the  difference  of  the  results 
arising  from  the  substitution  of  the  values  jtsa,  and  x^h^ 
which  severally  change  the  expression  P-fC  into  ii  +  C 
and  J3  -f  C. 

The  value  x^a^  which  makes  the  integral  vanish,  ie 
called  its  origin  ;  and  we  then  say,  that  the  integral  ougkm 
to  cMtmence  when  x=:a.  If  we  stop  at  the  value  of  x'zzh^ 
we  then  say^  that  the  integral  is  complete  when  x=b. 

The  two  values  x=a  and  xvzb,  are  designated  by  the 
conmion  name  of  the  limits  oftlie  integral. 

Every  integral  which  we  express  without  fixing  its  ori- 
gin or  indicating  its  limits,  is  called  an  indefinite  integral^ 
and  ought,  in  order  to  be  complete^  to  include  an  arbitrary 
constant. 

When  we  assign  these  limitSi  the  integral  is  definite^ 
If  they  are  x=a  and  xssiy  for  instance,  we  then  say,  that 
the  integral  /\  dx  ought  to  be  taken  from  x  =  a/oxz=b^ 
and  this  is  determined  by  calculating  the  value  of  the  variable  part^ 
of  the  integral y  both  when  x  z=a  and  x  =:b  ;  and  then  subtracting 
the  first  result  from  the  second.  In  this  case  it  is  quite  un- 
necessary to  connect  with  the  integral  an  arbitrary  constant^ 
since  it  would  disappear  by  the  subtraction. 

It  is  important  to  make  ourselves  familiar  with  these 
expressions,  which  are  often  used,  and  which  the  consider- 
ations immediately  following  will  render  still  more  signi- 
ficant. 
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f  10.   This  being  premised,  the  series  of  Taylor  giving, 
when  T  becomes  j:  + A, 


'*'/.\-'^ 


■  +  Sic. 


(TP  1.2  d  x'  1 . 2  .  a 
ii  not  Biifficient  to  determine  the  value  which  a  function 
uaames  under  these  circumstances,  when  we  only  know 
in  differential  coefficients ;  since  the  primitive  value  ^  re- 
Buns  indeterminate,  which  consequently  corresponds  to 
the  arbitrary  constant :  but  the  ditTerence  between  this 
nlue,  said  that  which  answers  to  x  +  A,  being  only  depen- 
dmt  00  this  series : 


dxl      da^   1.2      d  j^  1 


-+  &c. 


it  entirely  known. 
lfwemake/J'</i 


-t/y  we  shall  have 


j:^  =  ^^.&c. 


dx^     '  d«'       d£  '    d  x' 
Aediffirrential  coefficients  of  the  given  functions  z  will  be 
iQ  determined,  and  the  series  will  become 


dJT   A* 


rjT      /,' 


+  &e. 


To  deduce  from  this  formula  the  value  oi/Xd  xiroia. 
'=flto  x—b,  it  will  be  sufficient  to  assume  A  =i  — a,  and 
to  replace  x  by  o,  in  the  function  X,  and  its  diflerential 
^efficients,  which  we  will  represent  in  this  case  by  A, 
X,  A!',  &c. :  we  shall  find,  between  the  limits  x=a  and 
'•it 


fXdx  =  A^i- 


.'  +  4" 


r+  &c. 


The  preceding  series  is  in  general  so  much  the  more 
CODfergent  the  smaller  the  interv^il  b~a;  but  when  it  hai 
tto  laige  a  value  we  divide  it  into  a  number  of  parts  sufi* 
N  M 
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ciently  great  to  make  the  intervals  themselves  sufficiently 
small ;  and  we  calculate  separately  the  value  of  the  inte- 
gral) relative  to  each  of  these  intervals.  We  suppose,  in 
order  to  simplify  the  formula?,  that  the  interval  h-aii  di- 
vided into  n  parts,  each  equal  to  a;  and  that  the  quanti- 
ties j4,  A',  A",  &c.  are  severally  changed  into  ji„  jf„  J,", 
&c.  Jf,  Aj',  As",  &c.  when  we  substitute  in  them  a  +  », 
a  +  2a,  &c.  in  the  place  of  a;  we  shall  have  at  6rst,  be- 
tween a  and  a  +  tf 

between  n  +  a   and  a+2«, 

i  1.4         1.2.3 

bet*eeli  a  +  2  «,  and  a  +  3  a. 

The  sum  of  all  these  series,  which  are  n  in  number,  wifi  I 
compose  the  total  value  ai  f  X  d  x,   between  the  limits 
x=a  and  x=b,  which  will  conse<iuently  be  ,..(1) 

!^(^  +--/,  +v1,  +A.-0 
+  JL^  (A'+J'+J^- +A'--,) 
+  —-^{^■  +  Jr+^^' +4"-->) 

+  &C. 

211.  If  we  were  to  take  a  so  small  that  we  inigbt 
confine  ourselves  to  its  first  power,  the  preceding  nsiiit 
would  be  reduced  to 

/Xdx=A«+At»+A^ +-<4"_i«* 

a  series  whose  different  terms  arcnothing  more  dun  d 
successive  values  of  the  quantity  Xd  x,  when  w«  substitn 


INTEGRAL   CALCULUS. 


275 


in  It  a,  fl+»,  a+2a,  &c.  ill  the  place  of  i ;  and  make 
dxaa..  It  is  under  this  point  of  view  that  we  conceive 
the  mtegnl  f  X  d  i  to  be  the  sum  of  an  infinite  number  of 
elements,  severally  equal  to  the  consecutive  values  of  the 
dtfTerential,  corresponding  to  the  dJifarent  changes  which 
are  experienced  by  the  variable  ,r.  (See  the  note  at  page 
179). 

It  yet  remains  to  be  observed,  that  the  sum  of  this  se- 
ries, whatever  be  the  number  of  its  terms,  provided  that 
they  all  have  the  same  sign,  wU!  be  less  than  n  m  j4„,  if 
■A^  denotes  the  greatest  of  the  quantities  A,  A^,  An,  .-.  ... 
J,_i,  and  tliat  the  contrary  u-iUbe  the  case  if  ^„  be  the 
least  of  them.  We  infer  from  tlience,  that  if  the  function 
1  does  not  change  its  sign  between  the  liniiis  x^a  and 
r=i,  and  if  M  and  jn  be  its  greatest  and  least  values  in 
this  interval,  the  integral  /  A  d  i,  taken  between  these 
limits,  will  be  <.M  {b-  a}  and  >  in  (J'—u). 

2 12.  The  difference  between  the  two  values  of  _y,  cor- 
responding to  J  =  a  and  i  =*,  may  also  be  obtained  by 
•  commencing  from  tlie  last  of  these  values,  by  means  of  the 
formula 

d  ti   h   ,  d''  If     b^         d^  y       P         ,    , 

j_  *,=jr-5i  -  +  _.  -,-  j^  y:^  +  S.C. 
Iticli^,  an'swers  to  x-Ji,  which  also  gives 


-y. 


_  rf y  A  _  rf'y    /r     ,d^Ji 


1 .  L' .  3 


--  &c. 


^o  apply  this  last  series  taf  Xdj,  it  will  be  necessary 

I  X  and  its  differential  coefficients,  to  change  i'  intoij 

ind  supposing  that  from  this  substitution  we  get  the  (juan- 

tides  B,  B,  B",   &.c.  we  shall  find  between  the  limits 

j:=a  and  x  =  i. 


fXds 


B- 


'itz 


&c. 
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When  we  diride  the  uitenral  *-^a  into  n  p«rt8,  eadfc 
equal  to*«,  we  obtain  from  the  aboire  fonnulay  betweem. 
the  limits  a  4- «  and  a^ 

1  1.^         1.2.3 

between   ^i+2  a   and  a+» 

1  1.2  ^1.2.5 

between  a+S  •  and  a+2  • 

,       -2 ^+  ~-  —  &C. 

1  1.2         1.2.3 

die  sum  of  these  series  which  are  likewise  n  in  number, 
gires,  between  the  limits  ar=J,  x:=ia .«..(II.) 


A» 


,    -       p^     U\+^',+^', +^,) 


a« 


-  &c. 

213.     By  reducing  this  last  series  to  the  forms  affected 
with  the  first  power  of  a,  we  should  have 

f  X  d  X=Ai  a+AaOk-^A^  % +A^ay 

an  expression  whose  difference  from  the  true  value  would 
be  +,  if  that  in  the  corresponding  expression  in  the  pre- 
ceding No.  was  — ,  and  vice  versdf  always  supposing  that 
the  quantities  A,  A^^  Ao,  &c.  are  all  of  the  same  sign,  and 
compose  a  series  either  constantly  increasing,  or  c(Histantly 
decreasing. 

The  same  may  be  proved  of  the  series  (I.)  and  (II.)}  but 
we  shall  not  in  this  place  stop  to  demonstrate  it ;  we  shall 
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merely  observe,  that  in  consequence  of  thia  r«mark,  we 
nijyuke  for  greater  accuracy  one  half  of  the  sum  of  these 
lut-racntioned  expressions,  and  consequently  between  tlie 
liffliij  i  =11  and  ^  —b,  we  shall  have  the  formula  (UI.) 


JUx^ 


"^ 


V  +  &C 

214.  The  consideration  of  curve  lines  conducts  us 
lihwiie  in  a  very  simple  manner  to  the  principle  conclu- 
sion!, established  in  the  preceding  articles. 

Since  we  express  the  area  of  a  curve  whose  ordinate  is 
^{76.;,  by  f  X  d  X,  if  5  C  Z,  fig.  35,  representa  this 
ojrre,  and  be  the  origin  of  the  abscissa,  and  X=PM, 
tie  expression  Xd  r  will  be  equally  the  differential  of  the ; 
sepnents  liMP,  DEMP.  and  of  the  segment  JCMP, 
shich  commences  at  the  origin  of  the  abscissa ;  thus  the 
Didinate  which  limits  the  segment  on  this  part,  will  be  ab- 
wlutely  indeterminate.  The  ordinate  MP,  which  forms 
lilE  other  limit,  is  Hkewiie  indeterminate,  as  long  as  we 
"Mign  no  particular  value  to  the  abscissie  ^4  P;  but  when 
wtMsign  the  abscissa  of  the  first  and  of  the  last  ordinate, 
liw  tegment  will  be  completely  determined. 

If  the  variable  function  P  of  the  integral/X  J  z  =  P+C, 
1«  supposed  to  vanish  at  the  point  B,  it  will  express  im- 
iwdiiKly  the  value  of  the  areas  BCA,  BED,  BMP; 
conset^uently  if  we  should  wish  that  the  segments  should 
KiDitnence  from  the  ordinate  A  C,  we  must  subtract  from 
iHc  ibove-mentioaed  areas  the  space  B  CA  -.  this  space  re- 
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presents  the  constant,  determined  upon  the  coitdttton  that' 
the  quantity  i'+C should  vanish  at  the  point  A;  bnt  when 
we  consider  at  the  same  time  the  two  limits  of  a  segment, 
it  is  of  no  use  to  trouble  ourselves  with  the  constant  ;  for 
whether  we  suppose  the  areas  to  commence  from  the  point 
S,  or  from  the  point .-/,  upon  the  axis  of  the  ahscissK,  the 
segment  DEM  P  for  en  ample,  is  equally  obtained  by  tie 
difference  of  the  segments  BMP,  BED,  or  by  that  of 
the  segments  AC  MP,    and  J  C  £  D. 

215.  The  inspection  of  fig.  35,  will  readily  shew  that 
the  area  of  the  segment  of  any  curve  is  always  comprised 
between  the  sum  of  a  series  of  inscribed  icctangles,  PRt 
P' R',  P'R",  &c,  and  that  of  a  series  of  rectangles  cir- 
cumscribed  P"  S,  i*"  .S",  P"' S",  &c,  the  first  series  con- 
structed upon  the  least  ordinates  of  each  of  the  curvilineir 
trapeziums  P'M',  P"M',  P"  M"',  &u:.  and  the  second  on 
the  greatest.     It  is  obvious,  that  if  wc  take 

JP^a,   PP'^P'F'=F'P"',&£.=a, 
we  eh^l  have 
PM^A,  P'M-  =  A,,  P''M'=Aa  P"'M"'=A^3ic. 
the  sum  of  the  inscribed  rectangles  will  be 

A  <,+A,^+A^^-[-A,«  +  &c.  (1.5 

and  that  of  the  circumscribed  rectangles  will  hft 

A,»+A,u+A^u+&c.  ■  ■  {«.)■ 

We  easily  see  that  the  difference  between  the  rectsngleJ 
'  inscribed  and  circumscribed,  is  equal  to  tlie  rectangle 
M RQN,  which  is  equal  to  the  snm  of  the  reclangls 
MM',  M'M",M'M"',  &c.  and  that  consequently  thJi 
difference  may  be  made  as  small  as  wc  chuse,  by  dinu- 
nishing  the  distance  of  the  ordinates. 

In  fig.  35,  where  the  ordinntes  form  increasing  series, 
the  inscribed  rectangles  are  formed  upon  the  first  ordinate 
of  each  curvilinear  trapezium;  and  the  circumscribed  rec- 
tangles upon  the  last;  but  if  they  should  pass  through  a 
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mmximum,  as  in  the  figure  36,  this  would  he  the  case  in  the   Fic. 
part  C  M",  which  precedes  the  maximum,  whilst  the  con-     ^^* 
tnry  would  take  place  in  the  part  M"Z,  which  follows  it;  in 
this  caae  the  series  ( I),  which  is  at  first  less  than  the  curvili- 
near dpace,  would  become  greater,  and  the  series  (2),  which 

is  at  first   greater  than   this  space,  would  then  become 

smaller. 

216,  We  shall  approximate  still  more  to  the  true  value 
c^  the  segment  of  the  curve  proposed,  by  taking  instead  of 
the  rectangles  inscribed  and  circumscribed,  the  sum  of 
the  trapeziums  terminated  by  the  chords  of  the  arcs  M  AT, 
X!  M",  M"  M'",  &c. 

These  trapeziums  having  the  same  altitude  P  P",  and 
nch  ordinate,  except  the  first,  being  common  to  two  tra- 
(Kziums,  their  sum  will  be  reciprocally  equal  to  the 
leries 

.  iA,+A,+A,+ A^-^+i  (.A+A,;)  ], 

die  value  of  which  is  intermediate  to  those  of  the  series 
(DandiS). 

Finally,  it  is  evident,  by  the  figure  37,  that  the  curvili-   Fig. 
nwT  area  PMNQ  is  <  than  the  rectangle  Q  E,  and  >■     37. 
ihin  the  rectangle  PF,  the  one  constructed  on  the  greatest, 
»nd  the  other  on  the  least  of  the  ordinates  which  are  com- 
priied  between  the  limits  A  P  and  ^  Q  of  this  segment. 

B17.  The  application  of  the  formula:  (III,)  of  No. 
!13,  may  present  some  difficulties.  It  cannot  be  applied 
ohen  the  function  A'  becomes  infinite;  and  near  those 
nloes  of  the  abscissa  which  make  X  infinite,  it  is  not 
niliicient  to  diminish  the  interval  n,  or  the  distance  of 
theortUnates,  in  order  to  compensate  the  eftect  of  their 
tipid  increase :  we  must  still  have  recourse  to  transfor- 
mations by  which  this  r-ipid  variation  may  be  counter- 
wicd. 


IRO 
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Let  US  take  for  example  .V=  - 


--      -  -  i  it  U  evident 

that  when  x  becomes  nearly  equal  to  unity  a  very  slight 
change  in  the  value  of  this  variable  produces  a  very  consi- 
derable one  in  that  of  X ;  if  therefore  we  should  wish  to 

find  the  value  of  the  integral  /  —   '  ■-  ,   from  x  =  O  to 

I  =1  ~  *,  >  being  a  very  small  quantity,  it  would  be  ne- 
cessary near  the  second  limit,  to  increase  very  considera- 
bly the  number  of  the  intermediate  values  which  are  given 
to  jr. 

The  same  integral  cannot  be  calculated  immediately  as 
far  as  x  =  1 ;  for  in  that  case  X  becomes  infinite,  whilst 
the  value  of  y  A  d  x\^  not  so,  since 

J    ;7==--2i/i-s  +  const. 

This  difficulty  arises  from  the  passage  of  the  quantttj 
vTirp  from  the  denominator  to  the  numerator,  bi  the 
course  of  the  integration ;  and  will  occur  in  general  wheo- 


ever  JtTis  of  the  form" 


w_  y  and  when  we  have  />  ^  f . 


To  remove  it,  we  must  make  a-XEZ*,  which  will  give 
i'=a  — 2*,  dx=i—q^—*dz,  and  Xdx=  -q  J^z^~'~*dx, 
a  quantity  which  is  no  longer  infinite  when  ic  =  a  or  z=0, 
if  the  function  f  continues  finite  under  these  circum- 
stances. We  must  then  calculate  the  value  of  the  integral 
/F'x'~''~^fiz,  from  :=:0  to  :=J,  S  being  a  very  small 
quantity,  and  we  shall  thus  have  the  part  of  the  value  of 

/Fdx  ,^ 
:  ,  which  corresponds  to  the  interval  comprised 

between  x=a  and  x=a-  i. 

/Vd  I 
^  from  *=o 
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to  i—a  —  i,  by  simply  making  ^=;fl-r-,  since  the  snull- 
nesi  of  the  variable  i  comprised  between  the  very  narrow 
limits  0  and  i,  allows  us  to  simplify  very  much  the  diffe- 

rentiil  coefficient.     If  we  had  for  example    /  "?■  -.  — .-i 

the  differential  to  integrate  after  the  above-meDtioned 
tnmsformation,  would  be 

•^  ifl  —  zfdi  — 'flj— 9«z+z'li/z 


By  reducing  the  fraction 

'/^a^-  6  a'  ;  +  4  o  z'  -  ? 
into  a  series  arranged  according  to  the  powers  of  z,  we 
should  get  by  stopping  at  the  squares  of  that  variable, 

-'    2v^    V        4fl       ma'/  ~2"  ^^      S"a       16  a' 

This  result,  which  vanishes  when  z  =  0,  will  give  by  the 
tttbititution  of  i  for  z  the  value  of  the  integral  sought  for 
from  i=a  to  j=a- J,  the  other  part  of  the  integral  may 
be  calculated  by  means  of  the  series  in  No.  3  IS. 

Id  general>  different  transformations  which  long  practice 
and  great  readiness  in  analysis  can  alone  suggest,  will  ren- 
der these  series  applicable  in  many  ca^es  which  at  first 
nght  do  not  appear  to  be  reducible  by  any  of  the  methods 
enumerated. 

91B.    The  integral  /  t l£f  not  being  obtainable  by 

d»  reduction  of  c  •  into  a  series,  except  in  the  case  in 
which  *  is  very  large,  we  shall  proceed  to  shew  m  what 
nunner  Euler  has  calculated  its  value  from  i=OtOJ^  =  l, 
by  means  of  the  formula  III  in  N'o.  213. 


We  may  at  once  change 
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-.1  _i  J  1 


the  part  f    *  vanishes  when  xs=0,  which  is  likewise  the 

case  with  the  second  part  f    ',  as  we  shall  proceed  to 
shew.    We  have  for  this  integral 

V       -I     dX  -i    1        JPX         ^L/l_«\ 


d*  X       -iyi        6 


If  we  make  xsO>  these  expressions  vanish  (58%  and  come- 
quentlj  the  quantities  A^  A^  A'^  &c.  will  be  evanescem 
likewise :  then  substituting  «,  Sa,  3  »,  &c.  in  the  place  of 
X,  we  shall  obtain  the  values  of  A^^  A^^  A^fix.  A^  Al% 4ii 
&c.  and  from  j=0  to  x^o^  we  shall  have 

1    «^      »^     1 


1       «♦*        -.- 


+  8ic. 
When  we  wish  to  stop  at  the  limit  x=l,  we  must 

makes=  -,  and  there  results  for  that  case  /   e~  ~<f  jr  = 
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-;[' 


+,  •+' 


-1  +  _J L. 


eL    1  11)  81 


«-g«+2  ,-:^-i 


12«»e  48n*c 
By  Kmiting  ourselTcs  to  the  terms  above-written,  and 
nuking  n=:10,  we  shatt  £nd,  according  to  Euler,  the  va- 
lue (A  fe  7 dx  to  a  millioneth  part  of  unity  nearly,  and 
ne  shall  obtain  its  value  with  an  accuracy  twenty  times  at 
great,  if  we  make  n  =  20. 

The  details  contained  in  this  and  the  preceding  article 
are  sufficient  to  shew  how,  by  the  assistance  of  transfor- 
outionsi  and  by  calculating  the  value  of  an  integral  in  se- 
veral, we  may  approximate  to  it,  even  when  the  series 
which  express  it  are  only  convergent  for  very  narrow 
limits. 

219.  The  series  mentioned  in  Nos.  19.  and  21.  give 
likewise  two  general  developemems  of  the  integraiyA  Jr. 
If  we  designate  by  Cthe  value  of  this  integral  when  1=0, 

and  represent  by  J,  A',  A",  Sec.  the  values  of  JT,  -—,  — -  , 
*^  '  ax    dx^ 

Sue.  under  these  circumstances,  we  shall  have 

a  series  in  which  C  occupies  the  place  of  the  arbitrary 
CODStant. 

If  we  commence  with  the  greatest  value  ot/Xdx, 
which  is  represented  by  y,  to  arrive  at  that  which  cones- 


884  .  INTEGRAL   CALCUU9I. 

ponds  to  x=:0,  and  which  is^  denoted  by  C,  it  is  evident 
th;it  we  must  make  A=-j:,  in  the  formula  in  No.  21, 
which  will. give 


.C=y-i5'  ^-^HJ   ^^iJ 


+  <QC. 


dx   I      Jx*  1.2      rfx*  1.2.3 

t 

substituting  in  this  equation  for  y,  ^,    ^^p:^,  &c.  their 

a  X       dx 

values,  and  disengaging  /  Xd  x^  we  shall  have 

C  denoting,  in  this  case  also,  the  arbitrary  constant. 

The  process  of  integration  also' conducts  us  to  this  de- 
velopement :  for  if  we  divide  the  differential  Xd  x  hito  the 
two  factors  X  and  d  x,  and  integrate  the  second,  we  shall 
hzvef  Xd xa:^X'-'fxdX'^  but 

fxdX-fi^  xdx-lx-^^  -^    A»^** 

J        dx       J     dx-  3        </*'       Sj  </j:» 


dr" 


f 


&c. 


putting  successively  ioxfx  d  X,  fx'  — ; —  ,  &c.  their  se- 

_  (i  X  * 

veral  values,  there  will  result 


/ 


^,        ^x      dX    a*   _^d'^X       x^  . 

Xa  a  =  A-  —  - —   — .+  .- —  &c. 

1       dx     1.2       d  x^   \  .2  .3 


and  in  order  that  the  expression  for  the  integral  may  be 
complete,  we  must  add  an  arbitrary  constant  to  this  deve- 
lopement,  by  which  means  it  will  become  similar  to  the 
preceding.  This  series  was  first  given  by  John  Bemouilli, 
whose  name  it  bears ;  and  it  has  the  same  relation  to  the 
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lotegral  Calculus,  which  that  of  Taylor  has  to  the  Dif- 
ferential, 

220.  Hitherto  we  have  only  considered  the  differen- 
tial coefficient  of  the  first  order ;  but  if  we  Itnew  the  dif- 
ferential coeflicieni  of  the  second  order  only,  it  would  then 
require  two  successive  integrations  to  obtain  the  primitive 
functioQ  from  vhich  it  ii  derived.  Let  X  be  the  6iSsrxn- 
tial  coefficient  of  the  second  order  of  the  function  y,  we 

Aall'bave-T-^  =  .V,  and  multiplying  both  sides  hy  dr, 
there  will  result  — ^=.Y(/.i';    now  — ^is  the  differential 


of— ^,  taken  upon  the  supposition  that  (/ j-  Is  constant: 

we  shall  have  therefore  — -  —  fX  d  x.  MP  rqiresents 
tfiat  primitive  function  of  x  which  is  equal  to  /  X  4  x,  and 

C   the  arbitrary  constant,   there   will   arise  ~  =PA-Ci 

'  ax 

multiplying  the  two  members  of  this  equation  by  rf  r,  we 
shall  find  jy=/'d  «  +  Ci/j,  and  by  integratinir  we  shall 
get  y  ^/Pd  r  +  C  x  +  C,  t"  denoting  a  second  arbi- 
trary constant.  If  we  replace  P  by/  -V  d  r,  there  will  tc- 
salt  tf=:/dx/Xdt+Cx  +  C,  an  expression  which  indi- 
cates two  successive  operations. 

We  may  reduce  this  expression  to  two  simple  integrals, 
by  the  method  of  integration  by  parts ;  for  restoring  P  in 
iJie  place  of/.V  d  x,  we  shall  have 

fPdx=Px-/xdP=x/Xdy-/Xxdx, 
usequently 

j/=x/Xdx-/Xdx  +  Cx-i-C. 
We  now  proceed  to  differentials  of  the  third  order.  Let 
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X  be  the  difTerential  coefEcienc  of  the  function  y,  reladre     i 
to  this  order :  we  shall  have    ?  =  X,    from   whence 

t^Xds;  but  ^.=d.^i  therefore  ^5- „/A-dT  +  Q 

^  d  X*  dx^  '  d  x'      •*  ^ 

■whidigirts  ~^=idx/ Xdx+Cdx.    lategratiiig  again    | 

there  will  resaiti^  =/di  fX  d  x-^  Cj+  C,  orfrom    ' 
what  we  have  remarked  above  | 

iS.=xrXdx~fXxdx-^Cx-\-Cr. 

dx         ■'  ^    . 

From  this  we  deduce 

dy=xdxfXdi~dxfXxdx-\-Cidx  +  Cdx, 
and  by  integrating  we  get 

S~fxdx/Xdx-/dxfXxdx  +  \Ci'^-Ci-¥C^ 
C  being  the  constant  introduced  by  this  last  integration. 
It  is  easily  seen  that 

fxdxfXdx  =  \x^fXdx~^fXK'*dx 
fdx/Xxdx=,x/Xxdx  ~  fXx^dx; 

substituting  these  values,  and  consolidating  all  the  umtlar 
terms,  we  shall  find 

We  will  now  shew  in  what  manner  successive  integrals 
are  denoted  :  when  X  designates  the  differential  coefficient 
of  the  second  order,  we  have  </'  ^=  Xd  x',  and  by  taking 
the  integral  of  each  member  we  find  dyzzfXd  x*,  and  now 
integrating  a  second  time,  there  arises  t/=://X  d  x'  =  J^  Xi. 
We  have  in  the  same  manner,  when  X  denotes  the  difl«> 
r        rential  of  the  thud  order> 


^ 
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i'^=fXd  X*y  d-}f=ffXd  x\  y  =fffXd^T^pXdx^y 

uiii  M  on  far  the  higher  orders. 

Each  differentiation  introducing  but  one  power  of  i/x, 

we  may  leave  this  power  only  under  the  different  signs  y, 

which  will  furnish  us  with  the  following  relations  ; 
lti^  =  dxJXdx^   ffXdx^=fdxfXdx 
fXii*=di'/Xdx,    ffXd^=/dx-'fXdKzzdxfdxfXdx 
fffXdi'=fdxfdxfXdx,  &c. 

where  it  is  necessary  to  observe,  that  each  sign  y  embraces 

all  those  which  follow  it. 

This  being  premised,  by  neglecting  the  arbitrary  con- 

itint,  and  integrating  by  resolution  into  parts,  as  above, 

we  shall  find 
JXdx=fXdx 

f*Xdx*=    ~   {x/Xdz-fXidx-} 
/'Xdi^zz-Llx^/Xdx-^x/Xxdx+fXx^dx] 


The  numerical  coefficients  of  these  expressions  are  the 
same  as  those  of  the  powers  of  the  binomial  a—i ;  and 
whilst  the  exponent  of  x  without  the  signs  diminishes  by 
unity  in  each  term,  in  proceeding  from  the  left  to  the  right, 
its  exponent  under  that  sign  increases  by  the  same  quan- 

titj. 

We  shall  restore  the  arbitrary  constants  which  are 
OBiitted  in  this  formula,  by  writing/ Xdx  +  C  for/ Xdx, 
/Xxdx+C  for/.VjJr,  fXxUx  +  C  lov/Xx^dx, 
ani  so  on  for  the  others :  for  the  constants  C,  C,  C",  &c. 
being  multiplied  into  the  different  powers  of  x,  admit  not 
of  farther  reduction. 


w 
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221.  The  differentials  of  which  we  have  hitherto 
treated  are  talceii  upon  the  supposition  that  dj  is  con»tanV 
since  these  are  the  only  difl^rentials  which  include  but  one 
differential  coefficient.  In  fact,  if  we  suppose  Jx  variable 
likewise,  we  have  {I  !6.)  i/*^=jd  x^'+^rf^  jj  if  therefor^ 
die  differential  I/t/j'+^if'.i  was  proposed,  it  ia  necessary 
in  order  that  this  expression  may  have  any  meaning,  thaf 


this  condition  being  satisfied,  we  have  only  to  integrate 
F4  X,  It  is  easy  to  extend  this  remark  to  differeatiaU  of. 
any  order  whatever. 


On  the  Application  (rf  the  Integral  Calculus  to 
the  Rectification  of  Curves,  to  the  Qitadratttre 
of  Curves,  and  Curve  Surfacet,  and  to  the  Cur- 
vature of  Solids. 

On  the  QuaJrature  of  Curves. 

222,  The  general  problem  of  the  Quadrature  of  Curves 
reduces  itself  to  the  integration  of  the  differential  X  J  t, 
where  A'  represents  that  function  of  .r  which  is  equal  to 
the  ordinate  _^  of  the  proposed  curve  (76.).  We  have  al- 
ready explained  in  the  preceding  pages  the  principal  analy- 
tical methods  which  have  been  hitherto  discovered,  of 
effecting  this  integration,  whether  accurately,  or  by  ap- 
proximation i  and  our  onl  y  object  in  the  present  chapter  is 
the  application  of  these  methods  to  curves  which  are  most 
commonly  known. 

The  curves  which  have  the  most  simple  integration 
are  the  parabolas  of  different  orders,  represented  by  the 

equation  ^' =p  t"  :   from  this  we  get  i/=^~  i",  and  con- 
sequently 
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/Xdx=/p-x^tij= 


All  these  curves,  as  we  see,  are  quadrahU ;  that  is  to 
Ujf  we  have  a  finite  algebraical  expression  for  the  surface 
of  the  segment  comprised  by  their  arc,  the  axis  of  the  ab- 
idua,  and  the  ordinate.  It  is  very  easy,  when  we  have 
[he  expression  of  this  segment,  to  calculate  that  of  any 
other  space  included  between  a  portion  ofthe  curve  and  right 
lines,  which  forms  with  the  abscissae  and  the  ordinates,  po- 
lygonal figures  whose  areas  are  determinable  by  Elemen- 
tary Geometry  ;  we  shall  see  some  examples  of  (his  a  little 
farther  on  (S39.  9S0). 

The  curves  proposed  pass  through  the  origin  of  the 
abtcissa,  since  we  have  at  the  same  time  .i=0  and  y=0  ; 
if  we  wish  to  express  their  area,  commencing  from  this 
point,  we  must  suppress  the  arbitrary  constant,  since  the 

expression  "P*  i    ••     vanishes  when  we  make  t=0.    To 

obtain  the  value  of  the  area  B  C  M  P,  iig.  36,   compre-  Fic 

■ 


hended  between  the  ordinates  B  C  and  M  P,  which  cor- 
respond to  the  abscissfB  AS=a  and  AP=x,  it  will  be 


fufficient  to  subtract  from  ^J^  x  " 


which  expresses 


the  area  AC  MP,  the  quantity  !L?_ 


~  which  is  equal 


to  the  area  AC  Bi  and  we  shall  thus  get 
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is  susceptible  of  tie  double  sign  ± ,  and  since  in  tliat  case 
the  same  abscissx  A  P  belong  to  two  brandies  of  the 
curves  /I  C  M  and  .4  c  m,  we  have  two  segments  AC  MP 
and  Ac  m  P\  that  whicli  comprises  the  positive  ordiaales 
has  a  positire  value,  and  the  other  has  a  negative  value. 
When  the   exponents  m  and  w  are  both  odd,  the  i|iian- 

tity  X  "  has  but  one  sign,  and  continues  alwAfS  positire, 
whatever  be  the  v.ilue  of  j  ;  but  it  is  easily  seen,  that  ia 
this  case  one  of  the  two  branches  of  the  proposed  curve  hat 
its  abscissae  and  ordinates  negative  at  tlie  Siime  time  i  it 
follows  therefore  from  this,  that  the  areas  corresponding  to 
negative  ordinaies  and  abscissx  ought  to  be  coasideied  at 
positive. 

If  n  only  is  odd,  then  the  quantity  x  ~^  becomes  ne- 
gative at  the  same  time  with  i ;  but  in  this  case  th«  two 
branches  of  the  proposed  curve  are  on  the  same  side  of  the 
abscissa,  and  the  ordinatcs  continue  always  positive. 

From  these  remarks  we  may  conclude,  that  the  arta 
of  a  curve  is  pcsitive  uhtn  the  nhicsja  and  erdttiate  have  tht 
tame  lign,  anJ  ntgative  iv&rn  their  signs  are  S'tffenitt. 

All  parabolic  segments  have  a  consunt  r*tio  to  the  rec- 
tangle A  D  M  P,  constructed  upon  the  abscissa  and  the 
ordinate ;  for  the  expression 


which  is  equal  to x  y,  since  ^  =}j  -  .t  -  . 

When   n  =  m,  the  parabola  becomes  a  right  line,  since 

in  this  case  we  have  y=j>«xi  the  segment  ^  C A//* be-i 
comes  the  triangle  A  M  P,  whose  area  by  tlie  formula 
above  ^ven,  is  e.|ual  to  J  «_y  ;  which  is  also  known  from 
Elementary  Geometry. 
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By  making  a=:2  and  m~l,  we  turve  the  cobuoW 
piraboia,  and  we  tind  v  Jty  foi  the  value  of  the  segment 
ACM  P. 

fl'iS.  We  will  now  proceed  to  find  the  value  of  this 
lepnent  in  curves,  represented  by  the  equation  i''j('=^. 
Hit  equation  is  deducible  from  y  =p  ^,  by  changing  m 

-m;  we  h3ve_y=^''^~'' ,  and  consequently 

fXdx—    "P'  ^  "    +  const. 

The  curves  proposed  are  hyperbolas  of  dilferent  or- 
ders referred  to  their  asymptotes,  and  are  composed  of 
«?erid  branches,  juch  as  i/jWr^,  fig.  ;;9,  inscribed  within  pio. 
the  angles  which  the  asymptotes  form  with  each  other.  If  38. 
we  reckon  the  segments  from  the  origin  of  the  abscissa, 
ihey  will  comprehend  the  indefinite  space  which  is  in- 
cluded between  the  part  C  V  oi  the  curve  and  its  asymp- 
tote A  T\  the  value  of  this  space  is  infinite,  or  finite, 
according  as  m  is  greater  or  less  than  m.  In  fact,  to  get 
the  value  of  the  space  B  C  M  P,  taketi  from  tlie  abscissa 
^i^=a  to  the  abscissa.-!  iJ=i,  we  must  (209.)  successively 

inaker=a  and  x=J  in  the  expression   "  P"  x  IT  ,  and 
n  —  m 

then  subtract  the  first  result  from  the  second ;  we  shall 

.ltxBCMP=     "I^  (y-T-  -a?^.     Ifwenowsup- 

poseit  =  0;  the  point  iJwill  coincide  with  the  point  A,  and 
the  space  BC  M  P  vi\\\  be   changed  into  YAAIP;  now 

^t  quantity  a  '     will  be  infinite  or  nothing,  according  as 
*(  have  m  >■  or  <  a :  in  the  first  case, 


YylPM=JL£(i  _i^"  ). 
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and  in  the  second 


I 


rAPM=  s£_ 


J!£.(>--o)- 


Supposing  d  to  be  of  a  determinate  magnitude,  and 
making  b  infinite,  we  shall  then  get  the  indefinite  space 
XBCU,  which  will  be  infinite  if  m  be  less  than  n,  or 


finite  and  equal  to   " P' 


if  m  be  greater  than  n.    It 


follows  from  hence,  that  when  m  and  n  are  unequal,  one  of 
the  asymptotic  spaces  is  f  nite,  and  the  other  infinite. 

The  reason  of  this  difference  is  founded  on  the  greater  or 
less  rapidity  with  which  the  curve  approaches  to  its  asymp- 
tote ;  and  since  y=^,  and*=^,  it  is  easily  seen  that 

when  we  have  m  >  n,  ^  decreases  much  more  rapidly  dun 
X,  and  that  consequently  the  curve  approaches  much  noR 
rapidly  to  the  asymptote  upon  which  the  abscissae  are  taien, 
than  to  that  which  is  parallel  to  the  ordinates  and  wii 


By  putting  y  in  the  place  ol  p^x 


n  the  expre«ion 


it  will  become x  y,    and    the  value   of   the   am 

TAPMF  vil\  be  ^L^  +  const     It  might  seem  that 

the  expression  bought   to  vanish  when  j-=0;    birt 

what  we  have  just  proved  shews  the  necessity  of  making 
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DO  inference  of  this  kind  before  we  have  subMituted,  in 
die  pUce  of  y,  its  value  in  terms  of  x. 

224.    When  «  =  m  we  have  Tj=^'",  orry=p,   ifwe 

clismge  f  ■  into  p,  which  we  are  at  liberty  to  do,  the  curve 
in  question  is  the  common  hyperbola,  and  is  also  equila- 
lenl  if  the  angle  of  the  co-ordiiiatea  be  a  right  one.  The 
general  expression  for  the  area  found  in  the  preceding  arti- 
cle, presents  itself  in  this  case  under  an  infinite  form,  what- 
ereibe  the  vaJne  of  x,  and  the  diiferentiaf  of  this  expression 

b«ng  i ,  has  for  its  integral  ^  1  i  +  const.  The  asymp- 
totic spaces  are  both  infinite  in  this  case ;  for  x  becomes 
10  both  by  the  supposition  of  j=0,  and  by  that  of  x  being 
equal  to  an  infinite  quantity. 

Let  p^a^  and  V  M  V,  fig.  40,  one  of  the  branches  of   '. 
the  equilateral  hyperbola,  whose ^ww  is  equal  too*,  and 
A  C  its  axis ;  if  we  draw  BCz  perpendicular  to  the  asymp- 
tote from  the  vertex  C,  we  shall  have^B  =  a;  and  Since  the 


*itiBCMP=*^\AP- 


^\.ABz=an.~j,iiv. 


*iime  A  B  equal  to  unity,  there  will  result,  since  1 . 1  =0, 
^CMP=l.  AP.  Weshallhave  in  the  same  manner 
t.  .AP  =  BC M-P',\.  AP-  =  BC M" P',ii.c.  Uom^Uch 
5t  follows,  that  if  the  abscisSE  APfAP,A  P',  &c.  are 
^aken  in  geometrical  progression,  the  corresponding  areas 
^CMP,  BCM'P,  BCM'P",  Sec.  will  be  in  arithme- 
%3cal  progression. 

225.  The  hyperbola  which  we  have  just  considered, 
tieing  equilateral,  has  only  furnished  us  with  Naperian  loga- 
rithms ;  but  by  varying  the  angle  of  the  asymptotes,  and 
^ways  taking  A  B=l,  we  may  obtain  an  infinite  number 
vi  other  systems  of  logarithms.  Let  U M  V,  fig.  41,  be 
~xaj  hyperbola  whatever;  drawing  the  ordinates  PM, 
PiMu   inc.  parallel  to    the   asymptote   A  Y,  we    shall 


b 
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be  aUe  to  pvove,  by  a  process  of  reasoning  analogous  ts 
that  in  No.  76.  that  the paralJeiogvam  PMRP'htiie  dif- 
ferential of  B  CM  P.  Now  if  we  draw  r'Q  perpendicular  to 
PM,  we  shall  find  FQ  =  PP-  sin  P'PQ=P  P.  sin  -V  A  Y ; 
representing  by  »  the  angle  of  the  asymptotes,  u-e  ih:iU  have 
PQ  —  (/  X  sin  t>,  and  consequently  PM  R  P'=:^  ^  i'  sin  «. 

If  we  substitute  for^  its  value-  ,  there  will  result  —  sin  ■ 

for  the  differentia]  of  the  area  /J  C  MP,  and  conseqoendy 
BCjW  P  1=  1.  j:  =  I,  AP,  taking  sin  »  forthe  modulus  (47.) 
The  modulus  of  common  logarithms  being  0|4342945 
(£9),  will  give  sin  k  =  0,4'(42945,  from  which  it  follows 
that  the  asymptotes  of  the  hyperbola,  whose  areas  are  ex- 
pressed by  tbe  common  tabular  loganthms,  make  with 
each  other  an  angle  of  25".  5 j'.  lO".  I  y'",  nearly.  * 

226.    By  making  vi  C=fl,  .4i*=j-,  and/*JV=_y,   fig. 

FiG.   42.  the  equation  of  the  circle  AN  E  wnibe_y*=2ax  — x*; 

*2.   and  the  differential  of  its  segment  A  ?<  P  will  have  for  its 

expression  d  x  via  x  —  v',   which   is   transformed   into 

—dn'^a^  —  tt',  by  making  x^a—u,  and  which  is  also  re- 


ducible to  d  «(«*- u')- ^ 


V7^ 

(B)  in  No.  l7l,  and  the  complete  integral  of  it  is 


-i(^-x)  V2a 


c(co8=''-^). 


when  we  substitute  for 
when  j=0. 

We  easily  rect^mse  in  the  part 

A  (a-x)  •</  i'a  x~x\ 
the  expression  for  the  surface  of'the  triangle  PC  <V,  and 
consequently  find  that 

.it' 


by  the  fotmuU 


a'  +  i. 
its  value,  a  result  which  tantshes 
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L  i  a\  arc  ^cos  =  1—1^  or  i  A  C  .  zrc  A  N 

a  the  value  of  the  sector  /I  C  A'. 

By  suppo8ing„,r=2n,  in  the  expression  tor  A  N  P,  it 
bKomes  \  a^ .  arc  (cos  =  -  I )  =  |  a'  f ,  designating  by  t 
tbe  semi-circumference  of  the  circle  whose  radius  is  1,  and  it 
[hen  becomes  the  expression  for  a  semi-circle :  we  shall  have 
therefore  for  the  whole  circle  a*  t  =  ^  a  .  2  a  ir,  as  we  have 
ilready  proved  in  the  Elements  of  Geometry. 

The  developement  of/d  i"/  Qa  r  -  ,r*,  which  has  been, 
found  in  No.  I79j  gives  approximate  values  of  the  area 
APN. 


227.    The  ordinate  of  the  ellipse  being  -  ^  g  ^  j.  _ 


the  elliptic  segment  AMPwJH  be  equal  to  -ydi  ^''^oT^T?; 

ind  as  it  commences  at  the  same  time  with  the  circular 
segment  .4 .\>,  we  have  A\P  :  jiMP  ::  o:i;for  it  may 
readily  be  inferred  from  No.  '209,  that  when  two  differen- 
tials are  in  a  constant  ratio,  tht?  integrals  are  iiketvise  in 
the  same  ratio,  when  these  integrals  vanish  simultaneously. 
It  appears  from  the  above,  that  since  tlie  area  of  a  cir- 
cle described  on  the  axis  major  of  an  ellipse  as  a  diameter, 
is  to  the  area  of  tlie  ellipse,  or  the  major  axis  to  the  minor, 
the  area  of  the  latter  must  be  equal  to  that  of  a  circle  whose 
radius  is  a  mean  proportional  between  its  semi-axes ;  for  it 
iioned  proportion  thatthe  area  of 


ioUows  from  the  aboi 

tie  ellipse  is  v  a*  x  -  , 

dently  represents  the  a 
to  V77. 

228.     The  hyperbola  ^ferred   to   i 
pressed  by  the  equation 


h,  and  this  last  quantity  evU 
a  circle  whose  radius  a  equal 

>  major  axis  is  ez< 


296  INTEGRAL  CALCULUS. 

a 

4 

from  whence  we  conclude  that 

This  integral  may  be  found  by  means  of  logarithma  (161.) 
or  it  may  be  expanded  into  a  series  ;  but  instead  of  stop* 
ping  to  calculate  these  resuItSi  we  shall  proceed  to  the  cpo- 
sideration  of  elliptic  and  hyperbolic  sectorsy  whose  different 
tial  expressions  are  of  very  frequent  occurrence. 

Fig.         2^.     Let  A  Bab,  fig.  42.  be  an  ellipse  whose  senu- 
42-     axis  major  ^C=a,  and  whose  semi-axis  minor  J?  Cz:^^ 
making  CP^  x,  there  results 

a    » 
It  is  evident  that  the  sector 

ACM=lCMP  +  AMP, 
and  that 

d.  ACM-d.  CMP-^-d.  AMP, 

d.AMP=:^td^.sra^r~r 

a 

The  last  of  these  differentials  is  afFected  with  the  sign  — , 
because  the  area  AMP  decreases  when  x  increases  $  and 
they  give 


2  aVd^—x*' 
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If  we  make--  s  1»  the  elliptic  sector  ACM  will  Be 

changed  into  the  sector  jiCN,  which  belongs  to  tho  circle 
ASae  described  npon  the  axis  major  as  a  diameter ;  we 
shall  have  therefore 

J    jr*xT  1      a^dx         1  adx 

d.ALN  :=:—-;  — s==2.  =  ::  tf  X  —    ■ /■  ; 

bit  -     1^^  u,  being  the  differential  of  the  arc  JN.  we 

obtab  the  same  fesuk  as  from  the  Elements  of  Geometry^ 
is 


• «  • 


ACN  ^la  xAN  =  1aC  x^  AN, 

2  2 

and  since  the  sectors  ACN  and  ACM  have  their  commoh 
origin  in  the  point  A^  we  may  then  conclude  (228.)  that  the 
elliptic  sector 

ACM  =  *  ACN  ^i  BC  xAN. 

a  2 

S30.  In  the  hyperbola  J^A  r  corresponding  to  the 
same  axes  as  those  of  the  ellipse  ABab,  and  whose  equa- 
tion therefore  is 

the  sector  ACR^^CQR-AQR^  which  gives 

d.ACR  =  d.CQR  -  dA(lR', 
and  since 


d.AQR  =  -rfx  Vx*  -  a% 


shall  have 


2  «  Vx*  -  a' 
P  P 
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from  whence  we  see  that  the  differentials  of  the  hyperbolie 
and  elliptic  sectors  are  identical,  with  the  exception  of  the 
signs  of  the  quantities  involved. 

l^iQ^         231.    The  hyperbolic  sector  ACM^  fig.  4]|  is  equal  to 
41.   the  asymptotic  space  BCMP  \  for 

JCM  =  BCMP  +  JBC  -  AMP, 
and 
jj^f^^4^  X  gCxsin  Bm.^  APx  PM  X  rin  ^---^jfp 

252.  The  preceding  examples  are  sufficient  to  shew 
in  what  manner  the  Integral  Calculus  is  applicable  to  the 
theory  of  omr^  {  nevertheless  we  cannot  quit  this  subject 
without  giving  some  of  the  very  interesting  results  which 
Geometers  have  obtained,  on  the  subject  of  transcendental 
curves. 

In  the  logarithmic  curve,  whose  equation  is^csl  x,  we 
hxve/^dxssfdx  1  x^x  lx—jr  +  const.  (182).  The  variable 
part  of  this  expression  becomes  equal  to  nodiing  when  x  sO  j 

1  \  tn       1 

for  by  miaking  x  s  i-,  it  takes  the  form  —  —  -  -,  which 

m  mm 

is  evanescent  when   m  is  infinite  (58);    it  from   hence 
appears  to  be  unnecessary  to  add  a  constant  to  the  integral, 
when  we  wish  to  express  the  value  of  the  segments  com- 
Fig.   mencing  from  the  point  A^  fig.  43. 

By  making  x=AE=z  1,  we  obtain  the  expression  for  the 
asymptotic  space  cAEx^  which  is  finite  and  equal  to— 1. 

If  we  consider  the  axis  of  the  Ordinates  as  forming  the 
line  of  the  abscisses,  we  shall  have/or  Jy=:yrfjr=x,  for  the 
space  COMXf  terminated  by  the  axis  AC^  for  which  the 
expression  is  algebraical :  we  have  added  a  constant  to  it, 
since  it  vanishes  at  the  same  time  with  x.  The  space  cAEx, 
which  corresponds  to  xzzAEzz\,  has  by  this  formula  the 
same  expression  as  by  the  preceding,  the  sign  not  bein|r 
considered. 
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We  have  hitherto  supposed  the  modulus  equal  to  unity ; 
if  it  be  denoted  by  M,  we  should  hare 
fiihgxssxlogx  ^fMdx'=:xlogX''Mx7JkAfsA/'^Mx. 

233.    The  equation  of  the  cycloid  being 


tbere  results 


dx «     /"^^        (102), 


it  would  be  easy  to  integrate  this  expression  by  means  of 
ascsof  circles;  but  we  may  obtain  a  more  simple  result  by 
miaagzm^a^fff  which  gives 

Jif  =  —  d%^  dx  sz  --  \    a--z}  _g  ^ 

h  fact,  %  representing  the  ordinate  QM,  fig.  44,  referred  Fig. 
to  die  Ibe  Cf  ,  the  difierential  of  the  area  ACQ^M  iprill  be   ^• 
cqiressed  by 

zdx  as  —  ^  ,  -^ —  SB  —  dzv^az-x^x 

and  consequently 

ACQM  =  -fdz  ^^az-z^  +  const. 

At  C,  where  z  as  2^,  the  integral  fdz  ^2az  —  z'^  is 
equal  to  the  area  gmq  of  the  generating  circle,  and  it  is 
eranescent  at  the  point  K,  where  2=0  ;  consequently  the 
space  ACKis  equal  to  the  semi-circle ^i;i^^.  For  any  point 
Qii/dz  ^2az  —  z*  will  give  the  area  of  the  segment  gmn 
corresponding  to  gn  ^  QMy  and  we  shall  have 
ACQM  =  gtnqg -gmn,  KMQ=^ACK- ACQM :=  gmn. 

The  rectangle  AK,  having  its  altitude  IKszgq^  and  its 
base  Alssgmq,  will  be  quadruple  of  the  semi-circle  gm^^, 
and  if  we  subtract  from  this  rectangle,  the  space 
ACK  s  gfnqgi  there  will  remain  AMKI  s  d  gmqg.    It 


800 

tiNCQ  Ae  com  <tf  tlM  cydWd  m*  it*  Wit 'ivA^iiMNIfc 


S34.   It  j^  MMiw  to  ifpnk  flf  4^«il4Y  #4r  «« 
libaU  firftcotuidCT  diow  whidi  vn  repnsented  by  dw  oqi^ 

*'*  andvM^itf.  Since  thiiis  t';po&g  cqmtton,  tlwLdiftwMipl 
pf  tbeaminUbe  !»(;-jij}  pnttmy  fpr  ■  to  «Ai^ 

wd  intagntii^ifaeK  wm  n«A  ^^^^$90^ 

faiaMt  IBI7IM  MhppgMWJ  tf  it^  reckon  th«  arexs  fitim 
^  line   AOt  wkne  <s9,  'end  consequently    the  tm 

ACMs'--^r  .    Afin  one  icvolutien    of    th«  ndiui 

nctor^  «^  A«U  htfii  tlv.ip9oi  JTCJlfB  =  ^^^^^, ' 

hea^  A»  Mnu<ircatBfe»iice  of  the  circle  ON ;  vh.m  tbe 
MliniTCOtOrnOinutothepamtiOQ  JM,  we  shall  haretbe 

apace  ACMBC'M'  jz^^P^^"*' ,   and  so  on  fw 

other  positions  of  JM. 

In  llie  sptnl  of  Arcliimedes  (104)j  a  =  ~-  ,  •  =  I) 

a  iesttlt>    whkh    becomes*    wbeo 

i^9*t  equal  to  «  • 

In  the  hyperbolic  spiral^  witere  n  =  —  !»  we  find 

JCM  ^  -C  +  const. 
2( 

Hie  area  of  tliis  curve,  which  makes  an  infinite  mnber  «( 
revolutions  round  tlie  pone  ^,  is  infinite  idumi  KOiwe 
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mitt  proceed  therefore  in  this  case  in  the  hyperbolzsi  and  1 
ilie  areas  comprehentled  between  the  two  distuces  correa-  I 
ponding  to  /  =  £  and  l=c,  will  be  found  to  be 

FinJlyin  the  logarithmic  spiral  (lit),  (=1  u,  (A=~,and| 

tbt  differential   —-^  becoming  ,  gives  ACM-^  — .  J 

This  area  is  nothing  when  m=0,  in  which  case  /  is  infinite;  I 
for  this  curve,  as  well  as  the  preceding  makes  an  infinite  ] 
gymbcr  of  revoluiions  round  the  pole  A. 

285.  The  dilTcrential  of  the  are  of  a  curve  when  re- 
fcrredio  rectangular  co-ordinates,  is  expressed  by  Vrfi'+i^* 
IT5|;  if  we  substitute  in  this  expression,  instead  of  <:^*,  its 
vjJuededucedfrom  the  differential  equation  of  the  proposed 
ciirre,  it  wiH  assume  the  form  Xdx,  3ad  hs  iniegral  will 
pve  the  length  of  the  arc  of  this  curve.  To  demand  the 
length  of  the  arc  of  a  curve,  is  to  demand  its  rtciijicatien^ 
since  the  accurate  solution  of  this  problem,  a^rds  us 
the  means  of  assigning  a  right  line  whose  length  is  equal 
to  that  of  the  arc  in  question. 

236.  We  shall  take  for  our  first  example  the  parabolaf 
oF different  species,  which  are  represented  by  the  equation 
y^j",  «  being  any  number  either  whole  or  fractional : 
there  results 

rfjr  =  apiT-^dx^  '/Hie'-^dtf'  =  dt  ^^T+w^***-' | 
ikeparaltoKc  arc  will  therefore  be  expressed  by 

Tiui  integral  may  be  obtained  under  a  linite  and  algebn^ 
cal  fom,  wheti  the  exponent  fin— S  is  «qual  to  unity,  or  is 
contained  in  it  any  number  of  timet  exactly  (1€9)' 


\ 

i 
i 
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In  the  first  place  let  2ii-2s  1,  from  which  it  follows 
that  rnsiy  and 

/(I +iiyj:*-*)*^  "^wO  ■*"*''*''  )*  '^  "^^^^ 

the  cuxre  proposed  will  be  determined  by  the  equation 

y^px\  otj^^p^s^f  and  consequently  is  the  parabola  of 
the  third  order,  which  is  the  erolute  of  the  common  para- 
bola (99).  If  we  reckon  the  arc  from  the  point  wher^ 
xssO,  we  shall  have 

By  making  successiyelj  C/i— 2as|y  =  j,  &c.  there  will 
result  11=1:9  i,  &c.  which  shews  that  the  parabolas  repre- 
sented by  the  equations  y*  =  /i*  x*,  ^  =  ^  «^  are  rect|- 
fiable :  the  rectification  of  all  other  parabolas  can  only  be 
efiected  by  approximation. 

For  the  common  parabola,  in  which  ii=s2,  we  have 
fdx  (1  +4pV)i :  by  the  formula  {B)  of  No.  171,  we  find 
/rfxO  +4p»x")4  =  ia:(l+4pV)*   +i    /^  dx 

and  since 

y^H-JyV     '"g^  (lCpj:  +  ^l+4:pV)  +  const.  (162), 
there  will  result 

/rfr(l  +4/;V)i  =  ^x(l  +  4/;V)'  +-s^l(2pj:  +  ^l+4p*x*J  +  c 

^p 

This  is  the  value  of  any  arc  of  the  common  parabola ; 
we  may  suppress  the  constant  in  this  expression,  if  we 
suppose  the  integral  to  commence  when  jr=0. 

The  arc  of  the  hyperbolas  determined  by  the  equation 

^  s=  /;x — ",  is  expressed  by  /.r  ""  *  ""  Wx  (j:**  +  * + 11^)% 
which  cannot  be  integrated  unless  by  approximation. 
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SS7.    The  differential  of  the  arc  of  a  circle  is 


or  I  (75)>  according  as  we  employ  &e  equation 

/=«*—**  or  ^*=2flj—j:*  J  neither  of  these  expressions 
admits  of  integration  except  by  approximation^  for  which 
poipose  we  haje  already  given  several  series  (179)* 

8S8.    We  now  proceed  to  the  ellipse,  and  we  shall 
atsunefor  its  equation  ^=-^  ia'^—x^)  5  the  differential  of 

its  lie  wiU  y^^dx\/a^^{d''^b')x\  ,naki„g  for  grater  sim- 

{didty,  the  nuijor  axis  a^l^  and  the  square  of  the  excen- 
tridty  di*— i*«a  1  -^V'^^^  the  arc  will  become 

Jiis/l-i'^ .    We  have  already,  in  No.  180,  deduced 

a  series  which  gives  an  approximate  value  of  this  integral, 
when  e  is  very  small,  and  which  will  apply  to  all  ellipses 
of  inconsiderable  eccentricity. 

If  in  this  series  we  suppose  x=:  1,  and  put  -  in  the  place 

of  A  which  in  that  case  becomes  a  quadrant^  there  results 
1   ^         1  ^^      1.1.1.3  ^      1.1.1.3.3.5    .      ^    \ 

a  series  which  converges  with  great  rapidity  when  ^  is  a 
small  fraction. 

£89.  The  differential  of  an  elliptic  arc  is  expressed  in 
a  very  simple  manner,  by  means  of  the  arc  corresponding 
to  it  in  a  circle  described  on  the  axis  major  of  the  ellipse 
2S  a  diameter.     Let.  EN=:*pf  fig.  42,  we  shall  have  !!^' 

cp=T=sin  0,  :7r=F=  =^^' 
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and  consequently 

d.BJI=zd<p  V^l-^sin^*. 

2i0.    The  equation  of  the  hyperbola  bemg 

we  have   ^— x=^c for  the  dimrentuJ  of  its  8X| 

makmg  assl,  fl«+6*s=  1  +**=^%  this  arc  will  be  expressed 
by   /    ^^^^  "^  and  may,  when  e  is  nearly  equal  to 

unity,  be  developed  in  a  series  by  a  process  analogous  to 
that  in  £fo.  180. 

24i.  It  DOW  only  remains  to  make  a  few  remarks  con- 
cerning the  rectification  of  transcendental  curves.  The 
equation  of  the  cycloid  being 

$«  .    -y  .  (102), 

we  thence  deduce 

, rf^'V^ 

a  differential  whose  integral  is 

r=  —  2  V^fitf  (2a  -5^)  +  const. 

But  it  is  evident  that  V^2/j(2a-y)  is  the  expression  for 
Fig.  the  chord  mgj  fig  44t,  of  the  generating  circle ;  and  as  the 
'  variable  part  of  the  integral  vanishes  at  the  point  K  where 
j^a2a,  it  follows  consequently  that  it  expresses  the  arc 
AIK:  we  have  therefore  MKzz2mg^  AK-iiZqg^  and  there- 
fore AMzzAK  - MKss2 gq—mg):  these  results  agree 
with  that  in  No.  103. 

24?2.  To  give  an  example  of  the  application  of  the 
formula  v^  u-  dt*  +  dt4\  which  expresses  the  differential 
of  the   arc  of  a   curve  referred  to   polar  co-ordinates, 
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(HO),  we  shall  ulte  the  c»«  of  the  spirals  which  are 
i^eiented  by  the  equation  «  =  «/"}  and  we  shall  have  to 
imc^te  the  dilferential 

When  n  si,  we  have  simply  nit  (l'  + l)s,  a  differential 
•f  the  same  form  as  that  for  the  arc  of  the  common  para- 
It  (M6)  (  from  which  it  follows  that  it  is  the  rectifica- 
r  of  this  curve  upon  which  depends  that  of  the  spiral  of 
Archimedes- 

In  the  logarithmic  spiral,  we  have  t=\u,  which  gives 
^uV/"  +  du'^=du  VU ;  the  arc  of  this  curve  has  therefore 
^<>r  its  expression  uV2  +  const.,  or  simply  uv2,  com- 
•awncing  from  the  origin  of  the  radius  vectors  ;  and  we  see, 
*3wt  though  there  is  between  this  origin  and  any  point  of 
Kjie  curve  at  an  infinite  distance  from  it,  an  infinite  number 
^>f  revolutions,  yet  theyinclude  an  nrc  of  finite  length,  which 
m«  equal  to  the  diagonal  of  the  square  described  on  the 
vadlus  vector. 


Oe  the  Cubature  of  Solids  terminated  by  Curve 
Surfaces,  and  on  tiie  Quadrature  of  their  Sur- 
faces ;  on  the  Rectification  of  Curves  of  double 
Curvature. 

S44.  Tlie  curve  surfaces  which  Geometers  first  con- 
tidned,  were  those  of  revolution,  since  the  differentials  of 
Anr  i»aB  and  of  their  solid  contents  have  a  more  simple 
apretsion,  than  those  which  correepond  to  curve  surface* 
is  general.* 

K  u  r^resent  the  solid  content  of  the  body  generated 
by  the  segment  J  MP,  fig.  46,  of  any  curve  AZ  revolv- 
tog  round   the  axis  Ali  taken  in  its  plane,  it  is  evident 

•  S«e  Nute(L.) 
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that  its  volume,  which  is  terminated  by  tlie  circular  base 
described  by  the  ordinate  PM,  is  a  function  of  the  al>»- 
scissa  AP=-x.  If  we  take  another  abscissa  AP',  and  if 
We  draw  a  second  ordinate  M'P"  and  the  right  lines  MR 
and  SM',  parallel  to  PP',  we  shall  see  that  the  volume  » 
is  increased  by  the  whole  volume  generated  by  the  curvi- 
linear trapezium  PMM'P',  whilst  it  revolves  round  jP/**, 
and  that  this  last  body,  which  is  comprized  between  the 
cylinders  generated  by  the  rectangles  MP"  and  M'P^ 
differs  so  much  the  less  from  either  of  these  bodies,  the 
nearer  the  points  M  and  M'  are  to  each  other,  so  that  the 
limit  of  the  ratios  of  these  three  bodies  to  each  other  u 
united  j  we  may  therefore,  when  the  limits  alone  are  con- 
cerned, take  the  cylinder  described  by  the  rectangle  MP' 
for  the  body  generated  by  PMM'P'.  The  base  of  thiJ 
cylinder  being  the  circle  described  by  the  radius  PM~g, 
its  volume  will  be  sy*  x  PP',  *  representing  the  ratio  of 
the  circumference  of  a  circle  to  its  diameter ;  and  we 
Bhall    find,   by   the   same   reasoning  as   in  No.  76,  that 

—  =*i/'j  whence  u—tfitdi.  When  therefore  we  have 
dx      "  ^^ 

the  equation  of  die  curve  AMZ,  we  may  substitute  for^ 
its  value  in  terms  of  x,  and  by  integration  we  shall  obtain 
the  value  of  the  volume  of  any  segment  of  the  body  which 
is  generated  by  this  curve. 

24*.  To  find  the  differential  of  the  area  of  the  sur- 
face of  the  same  body,  it  is  necessary  to  observe  that  itf 
increment,  or  the  area  described  by  the  arc  MOM'  whicH' 
approximates  perpetually  to  the  chord  JVfM',  will  itself* 
approximate  to  the  area  of  the  curve  surface  of  the  trun- 
cated cone  which  is  described  by  this  chord  ;  and  in  re*-' 
soning  of  limits,  we  may  assume  one  for  the  other.  But 
the  area  of  the  curve  surface  of  the  truncated  cone  de-' 
scribed  by  MM,  will  be  expressed  by 

=  mMM(.MP^MP); 
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md  if  we  compare  it  with  the  increment  of  tlie  abscissa 
ff ,  Tc  shall  get   - 

>>taking  the  limits,   M'P'  becomes  identical  with  MP  or 
j^ad  MM=.yJ  1  +^(75).  conaeqaently  the  differ- 

ouid  coefficient  of  the  area  described  by  the  are  AM  is 
(qoalto 

and  therefore  Snyv^'dr'+dy'  is  the  difFerential  of  this  area. 

We  may  obtain  immediately  both  this  expression  and 
tbi  in  the  preceding  No.,  if  we  consider  the  curve  AMZ 
n  i  polygon  ;  for  then  the  element  of  the  volume  is  the 
cflinder  generated  by  the  rectangle  MP',  and  that  of  the 
vti  of  the  surface  is  the  area  of  the  truncated  cone  de- 
scribed by  the  chord  MM. 

S45.  We  shall  not  dwell  long  on  the  application  of 
these  expressions,  which  in  themselves  present  but  little 

difficulty.     If  we  talce  the  equarion  to  the  ellipse  i/'  =  — 

(8ajf  —  X*),  we  shall  find  that  the  volume  of  the  body  which 
il  generates  by  revolving   round   its   axis  major,  or  the 

ttengatfd  elUpseid*  is  equal  to  — — ,    since    a  segment  of 

this  body  has  for  its  expression 

/— j-(air-i*)dx=!Ll^flr^-l-)    +   const.     (243). 

When  a  =  b,  the  proposed  body  becomes  a  sphere,  and 

the  expression  for  its  volume  becomes ,  the  same  that 

bund  by  the  Element  of  Geometry. 


■  Prolate  Spheroid. 
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If  the  abscisss  of  the  ellipse  commenced  at  iti  cmtK, 

or  if  we  employed  the  equation  ^'=— (a'  — l*)j  we  sbould 

have  the  same  result,  observing  that  in  order  to  conipre- 
head  the  entire  body,  it  would  be  necessary  to  take  the  m- 
tegral  from  i=a  to  x=:  —  a.  The  volume  of  the  segment 
would  then  become 

/  —(a'^~j:»)rfi=^(3a»x-j')+ const, 
and  we  should  also  have 


/ 


iJr-WjV'a'-ia'-A  )x' 


for  the  expression  for  the  area  of  its  surface.  This  in- 
tegral is  easily  shewn  to  be  dependent  on  the  area  of  a 
circular  segment  whose  abscissa  is  j^  and  whose  radius  is 
"7===r  J  when  we  suppose  ii  =  i,  it  becomes 

/•2vaiix='2'ar  -i- coast. 
and  gives,  by  taking  it  from  i  =a,  to  x=-a,  t^a'  for  the 
value  of  the  whole  surface  of  the  sphere. 

246.    We  now  proceed  to  consider  curve  surfaces  in 
general,   by  referring  them  to  three  planes  pcrpendieulaf 
to  each  other,  by  means  of  the  three  co-ordinates  AP=i^ 
■    PM'=y,ArM  +  z,Bg.4,T. 

The  segment  A  PGMJifQ,  having  its  base  APATQ 
upon  the  plane  of  the  X,  j/,  and  which  is  terminated  by 
the  two  planes  FM  MG,  QM'MH,  respectively  parallel 
to  that  of  the  >/,  z,  and  that  of  the  j,  z,  and  by  tin.-  curve 
surface  proposed,  is  necessarily  a  function  of  the  two  hi- 
dependent  variables  x  and  y  ;  it  may  be  extended  succes- 
sively in  the  direction  of  each,  or  vary  with  respect  to  them 
both  simultaneously.  In  fact,  if  we  suppose^  t'>  remain 
constant,  and  x  to  be  changed  into  AP+Pp,  this  segment 
will  be  increased  by  the  segment  PGMM'm'mpg,  and  also 
by  the  segment  QHMM'n'tigA,  if  we  suppose^  alone  to 
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my  by  the  quantity  Qq :  finally,  if  x  and  y  become  si- 
multaneously AP-^-Pp,  j4Q  +  Q^,  the  aame  segment  wilt 
then  be  terminated  by  the  planes  pN'Ng.  qS'Nh,  and  will 
differ  fTom  its  primitive  value  by  the  two  segments  already; 
mentioned,  and  by  the  prism  M'm'S'n'nMmN,  which  is 
nothing  but  the  increment  of  the  first  segment  when  we 
nolce  tf  alone  to  vary,  and  that  of  the  second  when  in  this 
last  we  suppose  *  alone  to  vary. 

In  order  to  abridge,  we  shall  represent  by  Pm,  Qn,  and 
JfN,  the  two  segments  and  the  prism  of  which  we  hlW 
lieen  just  speaking ;  we  shall  alao  represent  by  u  the  func- 
tion of  X  and  y  which  expresses  the  volume  of  the  segment 
APGMM(l.      This  being  premised,  the  difFerenrial  coefii. 

cent— I  relative  to  the  variable  .r,  expressing  the  limit  of 

the  ratio  of  the  increment  of  the  function  to  that  of  this 
taiiable,  will  be  equal  to  the  limit  of  the  ratio  of  the  seg- 
ment Pm  to  the  increment  Pp  of  the  abscissa.  If  we 
afterwards  make^  or  AQ^  alone  to  vary,  which  will  change 

Pn  into  Pm  +  M'JV,  the  ratio   ---will  be  increased  by  the 
^P 

i]uuitily  —- — i  and  the  ratio  of  this  last  with  the  lucre- 
Pp 

ment  Qq  ol  y,  will  have  evidently  for  a  limit  — —  or   -  "...  i 
ay  didy 

»e  shall  know  therefore  this  differential  coefficient,  if  we 

succeed  in  determining  jn  a  function  of  the  variables  X  and 

T  ''"  limit  rf  Now  the  prism  M'N  approxi- 

■natei  to  the  parallelopiped  formed  on  the  base  M'm'N'n 
ind  the  ordinate  MM',  and  may  be  made  to  difter  from 
it  by  as  small  a  quamity  as  we  please  >  but,  if  we  take  one 
ict  the  other,  since  we  are  now  reasoning  of  limits,  we 
nay  svWdtute  dtm'  X  M'a'x  WMp  for  the  priun  M'N; 


i 
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and  since  M'ni  =  Pp\  M'n'  =  Q_q,  the  ratio 

reduced  to  M' M=z.     It  follows  from  this  that 


M'N 


dxdjf 

and   that   in   order  to   obtain  the  value  of  the   segment 
APGMM'Q,  it  is  necessary,  by  means  of  integration,  to 

remount  from  the  differential  coefficient  — —  to  the  func- 
didjf 


lative  to 

primitive  fi 

of  functions  of  one 


riables. 


lay 


icvertheless  : 


the  methods  given  for  the  integration 
:iable  only,  inasmuch  as  each  of  these 

considered  as  constant  in  its  turn.     In  fact,  since  -?— ,-  = 
tixihf 

du  jdu 


- ,  we  shall  have  du  = 

dy      " 


z  dt/ ;  and  taking  the  iiw 
tegral  of  each  member,  considering  _y  alone  as  variable, 
diete  will  result  -j—  =/;</y,  from  whence  we  shall  dednce 


integrating  again,  but 
find 


lith  reference  to  j  alone,  we  shaM 


u  =fdxftdy. 

If  we  only  consider  this  investigation  in  a  light  purely 
analytical,  it  is  evident  that  the  constant  which  it  will  be 
necessary  to  add  to  complete  the  first  integral,  may  involve 
X  in  any  manner  nhatewr  :  and  that  which  we  annex  to  the 
second  integral,  ought  to  be  considered  as  any  funccicm 
whatever  of  y ;  and  this  is  the  case,  because  every  functioa 
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of  X  ought  to  disappear  as  a  conatant,  when  we  diiTerentiate 
with  reference  to  y  only,  and  the  same  must  happen  to  every 
function  oi  t/,  when  we  diderentiaie  solely  with  reference 


The  order  in  which  the  integrations  succeed  each  other 
11  indifferent  (1221.   If  we  had  first  considered  x  as  Tariable. 

tt  should  have  had  j—   ~  ~J  ;  and   from   this  we 
iboald  have  successively  deduced 

^^/zdx,  3nd«=/rf,/Wx. 
litis  result  and  the  preceding  may  be  written  as  fot- 

u^Jfzdyix,  and  u  =■  ffzixdy, 
ndmg  the  two  differentials  to  succeed  the  last  sign/,  of 
integration,  which  is  allowable  if  we  keep  in  mind  that 
odi  sign  is  relative  to  one  of  the  variables  only. 

To  illustrate  and  confirm  the  principles  preceding,  let 
there  will  result 


91  suppose  =  =  - 


+  /■ 


TV  first  succession  of  integrals  gives 

/l^^i  arcCtan  =  5)  +  X', 

iteiult  in  which  .Y'  represents  an  arbitrary  function  of  x^ 
idded  in  order  to  complete  the  integral  ;  integrating  again 
wilfcieference  to  x\  and  making/ A" 'rfjr  =  A",  we  find 


The  integril'/ — ^  arc  (*  tan  =-")  is  obtainable  insert**, 
•ubstituting  in  ihe  place  of  arc  (tan  =  ?^  its  develope- 
ment  -  -  -^  -i-  — -  -  &c.  (I76)i  and  as  it  is  neces- 
sary, after  this  integration,  to  add  a  function  of  y,  which 
being  represented  by  i",  we  shall  finally  get 

If  we  proceed  iii  an  inverse  order,  taking  the  second 
succession  of  integrals,  we  «hall  find 

/'-^i—  =La,c  Ct.n=f)  +  1". 
^    *    +1''       *  ^  S^ 

but  if  we  observe  that 

„=(..n=i)=^-a„(u„=|), 

we  shall  have  after  the  final  integration  and  tlie  addition  of 
an  arbitrarjr  function  of  x,     , 

and  w  we  mtf  uomptebeod  tbe  term  ~  \j/  in  the  arbitrvy 
function  y,  this  result,  which  vnll  be  thus  dunged  into 

will  be  identic^  with  the  precediog,  at  Vt  may  euily  coiw 
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P'Ouraelves  by  substituting  for  the  arc  Aan  =  ^  )  the 
t  hf  vbich  it  is  expressed. 

2+8.  When  we  consider  f^z  dxdi/  zs  expressing  the 
volume  of  a  body,  it  is  necessary  to  pay  attention  to  the 
limits  between  which  each  integral  ought  to  be  taken,  and 
^vhich  depend  upon  the  nature  of  the  surfaces  by  which  the 
proposed  body  is  terminated  laterally. 

The  most  simple  case  is  that  in  which  the  body  is  con> 
■seeled  by  four  planes,  parallel  two  and  two  respectively  to 
de  co-ordinate  planes  CAD,  BJD.  If  we  suppose  that 
the  Grst  two  correspond  to  the  abscissre  j=a,  and  *  =  «', 
andthe  second  to  the  abscissajy=i,  and_y  =  i',  we  must 
take  the  integral/:(/jf,  from  j=a  tox  =  a',  considering^ 
as  constant  \  and  if  we  call  the  result  P,  it  will  remain  to 
tike  the  integral y"P(/j,  bom  t/  =  b  to  y  =  b'. 

When  the  proposed  boily  is  terminated  laterally  by 
curre  surfaces,  the  extreme  values  of  one  of  these  variables 
K«  connected  with  those  of  the  ether,  as  we  shall  see  in 
dt  following  example,  in  which  it  is  proposed  to  find  the 
nlume  of  a  sphere  whose  center  is  in  A,  and  whose  radiut 
il  equal  to  r. 

We  have  i*  +  y*  +  z*  =  »•',  and  consequently 

ffzdxdy  =/fdTdy  Vr'-x^-y*; 

*efiiid  at  first,  supposing  y  constant  (161,  and  17^.) 

-  X  Vr*  — "j:'""y 

In  this  case  the  extreme  value  of  x  is  represented  by 
iff,  the  ordinate  of  the  circle  BFEC,  which  limits  the 
■Qtersections  of  the  sphere  with  the  plane  BAC  \  and  if  the 


' 
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volume  which  it  is  required  to  find,  be  terminated  bjr  the 
plane  CJD,  it  is  evident  that  the  integral  above-men tioned 
ought  to  be  taken  from  j=0  to  x  =  Qf.  But  QF  is  de- 
pendent on  AQ,  for  if  z=0,  we  find  j'+^'sr*  for  the 
equationof  the  circle  BFEC,  from  which  it  follows  thai 
QF='s/ 1*  ~  A(^7  and  consequently  for  any  given  v^ue 
oty,  the  extreme  values  of  a:  are  j-  =  0  and  x  =  "^r^—tf. 

The  result  obtained  above  reduces  itself  to   ~  {^—^\ 

since  the  arc  (sin=l)  =  -,  and  the  integral /</^/: rfi 
becomes 

This  last  integral  ought  to  be  taken  between  the^reateit 
value  of  y,  which  in  the  case  before  us  is  AC^r,  and  llie 
least,  which  we  will  assume  equal  to  nothing,  supposing 
the  body  bounded  on  this  side  by  the  plant; :  the  voluroe 
therefore  of  the  segment  ABCD,  which  is  the  cighdi  part 


of  the  sphere,  i 


It  is  proper  to  remark  that  we  maj 


I 


obtain  immediately  the  volume  of  the  whole  hemisphere 
above  the  plane  BAC,  by  taking  the  first  integral  from 
X  =  +  '/r^  -  y\  to  *  =  -  •^''r'  —  y ;  for  in  this  case  the 
extreme  values  of  x  are  terminated  by  the  circumference  of 
the  circle  BFEC,  whose  radius  is  AC,  and  we  have  Uiui 
the  complete  value  oi/z  </j  =  -  {f  -  y*).  Taking  after- 
wards 

from  j/=r,  toy=  -r,  that  is  to  saj-,  from  the  extremity  C 
of  the  diameter  of  the  circle  BFEC,  to  the  other  cxtremitj 
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which  falls  behind  the  phne  BAD,  we  obtain  .  and 


doobhng  this,  we  have,  as    aboTe,   for  the  whole 

sphere. 

249.  In  considering  differentials  as  the  indefinitely 
small  increments  of  the  variables  or  of  the  functions  on 
which'  they  depend,  it  is  evident  that  the  complete  value  of 
ifftilK  is  the  expression  for  the  segment  FHQq hf  com- 
pr^  between  two  planes  parallel  to  the  plane  ABD  of 
the  land  i^but/irfi  being  the  area  of  the  section  FHQ, 
it  follows  that  the  indefinitely  small  segment  FHQqfif  nmy 
bcconsidered  as  equal  to  FHii  K  Qf.  that  Is  to  say,  to 
lf«  area  of  the  cun-e  which  forms  the  base  of  the  segment, 
multiplied  by  the  thickness  Qq.  We  finally  observe  that 
Jdy/z  J  >t  Is  the  sum  of  all  the  corresponding  segments 
wH^  are  comprised  in  the  whole  volume  of  the  body. 

250.  In  general,  if  it  was  necessary  to  determine  the 
fottion  of  the  proposed  body,  terminated  laterally  by  the 
tfliodncal  figure  raised  perpendicularly  to  the  plane  ^tJiC, 

i%.  48,  upon  the  given  curve  K'  N'  G',  we  must  take  the  Fic. 
pren  integraiyi  t/,i,  from  a=w^P,  to  jr  =  jlji,  so  that  the  *^- 
npreuioa  difj'z  d  x  may  become  tliat  of  the  segment 
HM'N'Nnn'm'm.  The  lines  A  /'  and  Ajj,  respectively 
eqnal  to  QM',  and  QV',  will  be  given  in  a  function  of 
^g=y,  by  the  equation  of  the  curve  S  A'  ff,  of  which 
ihey  are  the  abscissae  ;  if  we  represent  them  by  F(^)  and 
/(j),we  ought  totike/ziii,  from  x  =  F(y)  to  x  =f{ij), 
vfaich  will,  as  we  see,  introduce  new  functions  oi  tf  which 
I  would  not  comprehend,  and  which  may  increase  or 
(iininish  the  difCculty  of  the  second  integration.  In  order 
to  obtain  in  this  last  integral  the  total  value  of  the  volume 
lought  for,  or  the  sum  of  the  segments  for  which  we  have 
already  found  a  general  expressign,  it  will  be  necessary  to 


r 


f' 
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take  fiyfzdx,  from  y—AF  to  y=AH,  values  whicb^ 
answer  to  the  limits  E'  and  G',  of  the  curved'  N'  G',\r^ 
the  direction  of  the  _y  (80). 

It  may  happen  that  the  contour  E' N'  G',  iiuteid  o^E 
being  a  continuous  curve,  may  be  an  assemblage  of  sereraTZ^ 
portions  of  difForent  curves;  the  application  of  the  pria^^ 
ciples  given  above  to  this  case  is  too  easy  to  render  it  m 
cessary  to  detain  ourselves  n  ith  it, 

251.  We  arrive  at  the  general  expression  for  the  dif-^ 
ferential  of  tlie  area  of  a  curve  surface,  by  supposing  thii 
surface  to  be  divided  into  zones,  such  as  EGge,  fig.  47,  bj^" 
means  of  planes  parallel  to  one  of  the  co-ordinate  planes^ 
and  by  considering  each  of  these  zones  as  separated  int»- 
quadrangular  portions  MmNn,  by  planes  parallel  to  another 
co-ordinate  plane.  By  the  inspection  of  the  figure,  we  see 
that  the  area  DGMH  which  we  will  represent  by  / ,  is  in- 
creased by  the  quadrihtenil  figure  GMmg,  when  x  is  in- 
creased by  Pp,  which  is  also  increased  by  JtfmN'n,  whenjr 
is  afterwards  augmented  by  Qq.  By  a  process  of  reason- 
ing, similar  to  that  in  No,  '2iG,  we  shall  see  that  the  limit 

of  the  ratio  ■== =^  is  equal  to  the  differential  coefficient 

didi/' 

To   obtain  this   limit,   we  at  first  observe   the  four 
planes 

m '  Af  and  JV"  M ,  n '  M  and  A"  m , 
parallel  two  and  two  to  the  planes  of  the  r,  z,  and  the  t/,  », 
which  determine  the  quadrilateral  curve  surface  MmNn, 
determine  likewise  upon  the  tangent  plane  at  the  point  M, 
fig.  49,  a  parallelogram  MXTZ,  in  which  all  the  lines 
drawn  from  the  point  M,  would  be  tangents  to  the  difierent 
sections  which  would  be  made  in  the  quadrilateral  curve 
surface  by  planes  passing  through  the  ordinate  MM',  and 
vould  also  hare  with  the  arcs  of  these  sections  a  ratio 


r 
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constuitlf  approximating  to  unity  (74) ;  we  may,  there- 
fore, in  the  limit  which  !s  required  to  be  found,  substitute 
instead  of  the  quadrilateral  curve  surface  MmNn,  the  pa- 
rallelogram MXTZ,  which  is  equal  to  the  square  root  of 
die  sum  of  the  squares  of  its  projections  upon  the  three 
coordinate  planes 'i  now  these  projections  being  form- 
ed by  lines  which  are  parallel  to  each  other,  are  necessarily 
parallelograms :  that  which  is  formed  upon  the  plane  of 
the  X,  tf,  is  the  rectangle  Mm'N'u'  which  is  expressed  by 
dxify.  By  drawing  IT"  and  ZZ"  parallel  to  Afn'  and 
mN",  we  should  form  the  projection  MXZ"Y"  upon  ihe 

phme  of  the  x,  z,  equal  to  MT"  -x.  Mm  ;  and  since 
jWr'=»'r- jlf  Af  =  ^  «/y, 

we  sIuU  have 

MX7:T=^-^dxdu. 

We  (hall  find  in  a  similar  manner  that  the  projection  upon 

die  plane  of  the  ^,  z,  is  —  dxdy :  we  shall  have  therefore 

Baking  —  =p,  and  ^  =q ;   and  hence  there  results 
MXYZ      d's    ,— , — ,- 

Pp   X  Qq      '^'6'  ^       ^ 

Tlus  shews  that  the  area  of  the  surface  is  determined, 

as  well  as  the  volume,  by  a  differential  coefficient  of  the 

second  order,   and  that  we  obtain  both  the  one   and  the 

other  by  the  same   mode  of  integration;    so  that  d^fdx 

*  This  proposition  is  demonstrated  In  No.  6I>  of  my  Com* 
'  ncQt  des  Elemeus  de  G^omelre.* 

•  See  Note  [M.J 


I 
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I 

i: 


^l+P^  +  q'  represents  the  area  of  the  zone  FMh/,  lig.4T« 
and  that  we  have 

251.  The  application  of  Analysts  to  Mechanical  ques* 
tions  often  conducts  us  to  integrals  of  the  ioxcaff/ydxdi/dxf 
which  we  call  tripk  intcgrah,  from  their  analogy  to  those 
of  the  form  f/ydxdi/,  designated  by  the  name  of  daubU 
inUgra/s.  In  the  first,  the  function  ^'may  involve  three  Tari- 
ablesx^jz,  each  being  considered  33  independent  of  theother 
two,  so  that  each  sign  of  integration  may  apply  to  one  of  the 
Variables  only.  It  is  easilyseenfthattheseintegrals  arise  from 
the  determination  of  a  function  u,  involving  three  variables 
x,if,x,  and  of  which  we  only  know  the  differential  co- 
efficient--  7- ,  given   by  the  equation  -, — ; — —    =  ''» 

lixui/di      °  '  dxdtjdz 

iat  we  deduce  from  this,  by  operating  in  the  same  manner 
Bsin  No.  217,  1st,  by  considering  x  and^  as  constant, 

^*''      A  —A    ^' "   ~VA       '''*' 
didydz  dxdtf  'dxdy 

T"  being  an  arbitrary  function  of  x  and  y  j  2d,  by  »s- 
suming  jrand  2  as  constant,  we  get 

^i^=j*'=,fcrrj.+rwj,,i=/J^/f  J.  +  T+s. 

7*  representing  an  arbitrary  function  of  x  and  ^,  resulting 
UomfT"dif,  and  S'  an  arbitrary  function  of  x  and  ;. 
Sdly,  by  considering  s  and  z  as  constant, 

^dx  =  du  =  d>:fdyfVdz+T'dx^-S'dx 

^fdifdyfVd%  +  r  +  5  +  if, 
r  and  S  representing  the  arbitrary  functions  severally  re- 
suiting  iiom/T'dx  and/i'c/r,  and  ^  being  an  arbi- 
trary function  of  tf  and  :  r  the  complete  integral  therefore 
includes  three  arbitrary  functions  ;  namely,  one  of  x  and  jr, 
of  .r  and  z,  and  one  of  ^  and  :;.     fiy  representing  the 
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differentials  under  the  last  sign  of  intention, /dz/Jy/ydx 
becomes y/yry  idt/dzy  and  has,  under  this  last  form,  the 
mne  ugni6cation  a^  under  the  preceding. 

Hiis  example  is  sufficient  to  shew  in  what  manner  we 
nay  revert  from  the  dift'erential  coefficient  of  any  order  of  a 
function  of  several  variables,  to  the  function  itself.  The 
atbitrary  functions  introduced  here  only  refer,  as  in 
tio  247,  to  those  cases  in  which  the  integrals  are  taken 
between  the  limits  within  which  the  variables  x  ,t/ ,  z,  are 
independent  of  each  other  j  but  It  most  frequently  happens 
clut  the  integral  relative  to  z  ought  to  betaken  from  z^F 
CA  j*)  to  ^=f{^ty\  i^'andy  being  given  functions,  the  in- 
ccgr^  relative  to  */,  from  ^=F,  ( x )  to  ^  =/,  ( x  ),  and 
lastly  the  integral  relative  to  z,  from  x=fl  to  x=fl'j 


On  the  Integration  of  Differential  Equations  of 
two  yariables. 
I       On  iht  Separatlm  of  the  Variahhs  in  Ttifftrentiai  Equaltont  of 
.^^  the  first  Ordtr. 

*  ■  BJ3.     In  all  that  we  have  hitherto  said  on  the  subject 

of  the  Integral  Calculus  we  have  supposed  that  the  differen- 
tial cocfbciencs  were  expressed  directly  by  means  of  the 
Variable  on  which  their  primitive  function  depended  i  but 
tiOBt  commonly  we  have  merely  a  differential  equation  in 
which  these  different  quantities  are  involved.  For  the  first 
order,  the  differential  equation  when  it  is  of  the  first  de- 
gree with  respect  to  dx  and  dy,  has  necessarily  the  form 
Mdx  +  Ndi/=0,  and  it  expresses,  as  we  have  shewn  in 
No,  SI,  the  relation  which  subsists  between  the  variable  x, 

the  function  j,  and  its  differential  coefEcient  -y  . 

The   method,    which  first   presented  itself  to    Ana- 
lysts, of  discovering  the  primitive  equation  from  which 


I 
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this  derives  its  origin,  was  that  of  endeavouring  to  sepanttf 
the  variables,  that  is  to  say,  of  reducing  the  eqiution 
.  Mdx+  Ndtf  =  0  to  the  form  Xdx  +  Ydy  =  0,  X  being 
a  function  of  .t  alone,  and  T  a  function  of  y-  In  fact, 
when  we  have  arrived  at  this  equation,  the  terms  Xdi 
and  ydy  are  integrated  by  the  methods  taught  in  the  pre- 
ceeding  pages ;  and  we  havey.Vi/x  +  / ITdy^^C,  where  C 
is  an  arbitrary  constant. 

254.  In  order  to  give  an  example  of  those  cases  b 
which  the  differential  equation  presents  itself  immediately 
under  the  above  form,  let  us  take  x"  d  x  +1/"  rfjr  ■=  0 ;  we 


immediately  find  - 


-=C. 


If  the  proposedequation  wasji/j— jrdy=0,  the  scpar>- 
tion  would  be  very  easily  effected  ;  for,  dividing  by  23^,  we 


should  find  - 


J.V. 


taking  separately  the  integral  of 
each  term  of  this  last  equation,  we  should  have  \x  —  l]f=C, 
or  l~=C:  since  we  may  consider  the  arbitrary  constant  at 

a  logarithm,  we  may  therefore  assume  \~  =  k.  Passing  from 

logarithms  to  numbers,  tliere  would  result  -=c,otjc=ci/. 

After  this  example,  we  readily  observe  that  the  tepara- 
tion  of  the  variables  will  be  effected  in  the  same  manner 
in  the  equations  J"t/i-—Vrfj'  =  0,  Xy^dx-  yA',</^=Oi  for 

the  first  gives 


yjL-. 

r 


Xdi     Ydt_ 


Oi 
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Id  genend,  ^en  we  determine  the  value  of  j^  in  the  pro- 

poied  equation,    and   find   4^  =  X  r,  we  easily  deduce 

ax 


Xdx-i^^O, 


and  consequently 


fxdx-  fi^  =  c. 


%Sb^  There  still  remains  a  very  general  class  of  dif- 
Ferential  equations,  in  which  we  may  easily  separate  the 
Variables,  including  all  those  in  which  M  and  N  are  homo* 
^eneous  functions  of  .r  and  y^  The  principle  upon  which 
tiib  separation  depends  is  this>  that  if  in  an  algebraical func-^ 
tion  of  the  quantities  x,  y,  z,  where  the  sum  of  the  expo- 
^aenti  (f  each, of  these  letters  is  the  same  in  all 'the  terms,  and 
^jual  to  tn,  we  substitute  Px  for  y,  Qx  for  2,  i^c.  the  result 
mil  be  divisible  by  x".  In  fact,  any  term  of  this  function 
'which  is  of  the  form  ^x*^'z%  &c.  will  become  by  the  sub- 

stitudon  above-mentioned   AP^Q^ ar"+'  +  ^  +  *^*,    but 

by  the*  hypothesis  we  have  in  every  term  n+j?  +  q  •{•  &c. 
...=m,  and  therefore  x^  will  be  a  common  factor.  It  fol- 
lows from  hence  that  if  the  proposed  function  was  equal  to 
2ero,  or  even  if  it  was  a  fraction  having  for  its  numerator 
and  denominator  two  homogeneous  polynomist  functions 
of  the  same  degree,  the  quantity  x  would  disappear  entirely 
/rom  the  result. 

From'  what  has  preceded,  it  appears  that  it  is  sufficient 
to  make  y  =  xz,  in  order  to  separate  the  variables  in  the 
homogetieous  equation  Mdx.-^NdyzzO'^  in  fact,  the  func- 
tions M  and  N  take  the  form  Zr"'y  Z^x'",  Z  and  Zi 
being  functions  of  ^he  new  variable  z  only,  and  since 
ely=zzdx+xdz,  there  arises,  by  dividing  by  x*^,  Zdx  +  Z^ 

s  s 


/  -  \   -   • 


V 


3SS.  tmwemjUi  ciurvMik 


•ir  »■ 


.  .1-     ■•2.'"'.        -     ■*     ■■ 


(xdz+zdx)mO,  m  xetuk  wbiidk  we  nuj  m±  widitr 
lonn 

firom  which  we  get    ^        / 

We  dull  fint  applj  this  tnnifenMtioii  to  die 

whidi  becomes 

<4r -*  sif  >i(«  4- f  <f|^«  0; 
by  tmisjpoiitig  sH  die  teiiidi  to  odA  SMe^  we  shdl  .^et 

jMf  be  w^i^flified  by  nbsf  niiig  tibat 

1  -  nz-h^^^i  I  -#«  +  *•     11 -If «+ J?* 
for  It  then  becomes 

2  sy  1  -  »  z  +  ;s* 

The  integral,  which  it  y^t  remains  to  find,  will  depend 

on  logarithms  if  -  >.  1 ,  on  arcs  of  circles  if  3  <  1  »  and 

wilt  be  algebraical  if  ?=:  1.    We  shall         state  the  result 

*  only 

which  belongs  to  this  last  case :  / ^-    ^  theft  beoonies 
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iU  we  therefore  hare  \x  +  \{l—x)  4-  — — —  =  C,  or 

I  ('-*)+- =C,  if  we  replace  :;  bv  its  value  ■?- . 

X-!,  ''  X 

Tte  term  may  be  changed  into  a  logarithm,  by 

simply  obsemJng,  from  the  deiinition  of  Naperian  loga- 
Tithnu,  that  any  quantity  u  is  the  logarithm  of  the  number 
e*i  we  may  consequently  write  the  preceding  equation 
under  the  form 

Cnniriuch  we  successively  deduce, 

I.  ('-jy^  =  I<^,  and  (.T-y)  ^=c. 
It  is  proper  to  pay  attention  to   this  method  of  passiDg 
froa  logaridims  to  numbers,  since  it  is   very  frequently 
UKd. 

Let  it  be  proposed  to  integrate  the  equation 
xdtf—ydx  =  dxi/  3.*  +y* 
^making^KTi,  transposing  all  the  terms  to  one  side  of 
tlic  equation,  and  dividing  by  Xt  we  shall  find 

dx'</~i  +  z'-xdx  =  0, 
which  will  give 

We  shall  also  obtain,  by  the  separate  integration  of  each 
term, 
-        Ir-i(z  +  V  1  +z»)  =  lf,   or  j^T^^^— =r=f, 

ind  replacing  z  by  its  value'^,  there  will  result 


y  +  *'»*+  y 


=f,  or  ~  y  +  vj'+p  as  e 
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by  multiplying  the  numerator  and  denominator  of  the 
fraction  by  ^—  V^j^+y- :  and  by  exterminating  the  radicalj 
we  shall  finally  get  x*  =  r'  +  2  cy. 

(256.)    The  equation 

may  be  easily  made  homogeneous.  Subsdttlting  /+«,  in 
the  place  of  x^  and  i/  +/^  in  that  of  ^,  we  shall  have  dtzzit^ 
iy  zzdu^  and 

{a  +  m»+n8  +  fnt+  nu)  dt  +  {b+p%  +  qB+pt+  qu)  du:=:0; 

we  may  make  the  constant  terms  disappear,  by  assuming 
a-^-m  a  +  /i/3s=0,  b-^p  a+qff =0y  from  which  equations  we 
may  determine  the  quantities  »  and  0 ;  and  there  then  re- 
mains the  differential  equation 

(mt  +  nu)dt  +(pt  +  qu)  dur=0, 

which  is  homogeneous  with  respect  to  the  new  variables 
f  and  u. 

The  preceding  transformation  is  the  same  as  that  which 
we  make  use  of,  in  order  to  change  the  origin  of  the  co- 
ordinates upon  a  plane  (Trig.  1 16.) ;  i%  gives  no  result  when 
mq  —  np  =  Oy  a  case  in  which  »  and  0  become  infinite; 

but  then  we  have  a  =  —  ,  and  consequently 

m 

px  -f  qy  ^  ~  (m  .r  +  ny)\ 
,    m 

the  proposed  equation  being  changed  into 

adx  ^  hdy  +  (mx  +  ny)  (dx  -f    €.  dy^  =  0, 

it  is  sufficient  to  make  m  x  +  «^  =  z,  in  order  to  separate 
the  variables. 

Substituting  this  value,  as  well  as  that  of  dy^  which 
results  from  it,  and  disengaging  dx^  we  find 


Jx  + 
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4-(w 


-  =  0; 


tiw  integral  of  this  equation  will  involve  logarithms  eicept 
to  the  case  where  mn—pm^O,  when  it  will  be 
*"  .       Sims  +  »z'  ,. 

:  -^  2F»^^r&)  =  '■ 

tTstnafonnation  employed  in  this  last  case  has 
^nged  the  e^iuation  into  another  which  contains  but  one 
of  the  variables  ;  and  it  is  readily  seen  that  whatever  be  the 
C(|uation  uhich  we  have  thus  treated,  we  shall  be  able 
to  give  it  the  form  dx  +  Zdz  =i  0,  Z  being  a  function  of 
2  only,  and  that  we  may  thence  deduce  x+yZJzsC. 

257.  The  separation  of  the  variables  may  be  effected 
iBi  very  simple  manner  in  the  equation  d^  +  Pi/tlx  =  Qdxt 
vhere  P  and  Q  denote  any  functions  whatever  of  x.  Sub- 
stituting Xz  and  zdX+Xd:  In  the  place  of  ^  and  d^,  it 
fcecomes 

zd X  +  Xdz  +  PXz  dx  =  Q dx. 
The  quantity  A"  being  considered  as  an  indeterminate  func- 
tion of  X,  we  are  at  liberty  to  assume  it  in  such  a  manner 
that  the  preceding  equation  may  be  divided  into  two  others 
in  which  the  variables  may  be  separated.  Now  it  is  easily 
Ken  that  this  condition  will  be  satisfied,  if  we  make 
XJi+  PA'zi^j=0,  which  gives  also  ;if.V  =  (2rfi'.  If  wedivide 
&e  first  of  these  equations  by  A',  it  becomes  </2-|-i*iitr=0; 

fiom  which  we  deduce  ~  +  Pdx  =0,  Iz  +/Pdx  =  0, 

and  passing  from  logarithms  to  numbers  :  =.f~^^*'  '■  we 
neglect  here  the  arbitrary  constant,  as  it  will  be  suf- 
ficient to  add  it  at  the  end  of  the  operation.  Afterwards 
deducing  the  value  of  i^  A' from  the  second  equation,  and 
substituting  in  it  the  value  of ;:  which  we  have  first  found, 
we  shall  have 


|i 
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and  consequently 

y  =  *-/'•"  C/*^^-'  Qdz  +  Q. 

Theequztioa  A/ +  P!fds  =  Q_dx  is  remarlublet  £rons~ 
the  circumstance  of  the  variable  y  and  its  diiferetitial  noc 
exceeding  the  first  degree  {  and  we  call  it  from  thence,  a. 
linear  tquaUan  of  the  first  order,  though  it  would  be  more* 
properly  termed  an  equaticn  of  thejirit  dtgrte  and  if  iht  first 
order*. 

258.  The  first  Analysts  who  wrote  on  the  subject  of 
the  Integral  Calculus,  chased  diflerential  equations  by  tlie 
number  of  their  terms.  In  those  equations  which  have 
but  two  terms,  and  whose  form  is  consequently  fSu*z^dz  = 
•  tf*  z^du,  the  variables  are  separated  immediately,  since  we 
thence  deduce  ^t!^'  d  z=»  «^'  du ;  but  this  is  not  the  case 
with  equations  of  three  terms,  which  are  comprised  in  the 
formulA 

■/u'z'dz  +  (3u'  z''du  =»u'z^du. 

We  may  give  it  a  more  simple  form>  by  dividing  aU 
the  terms  by  t  w*  £  ^ ;  it  will  become 

z*-fdz+^u^z*~fdu  =  "  «^'</»; 


ir' 


*  The  term /itKor  is  very  improper:  it  hai  relation  loGflWDetrf* 
and  in  applying  it  to  equatioos,  we  have  hod  in  view  the  strngkt 
line,  in  the  equatioa  for  which  the  ordinate  and  the  absciat 
do  not  exceed  llie  first  degree:  we  cannot  however,  properly 
regard  as  linear,  equations  of  ihe  form  dy-i-Pydx^sSdr^vrbi^ 
most  commonly  belong  to  transc  en  dental  curves. 
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"^^1^^- 

p*.. 

by  making  For  greater 

brevity 

=  *. 

(J 

^^  =  - 

=  «. 

F^=- 

there  will  result  the  equation 

""  + 

ig-Jx-. 

=  „ 

r-Jl. 

(859.)  The  most  simple  case,  after  that  in  which  the 
equation  with  respect  to  1/  ts  of  the  iirst  degree,  is  that 
which  arises  from  making  n=2.  We  then  gettheequarion 
djf  +  iy'dT—aJci~tix,  first  considered  by  Riccati,  an 
Italian  Geometer,  whose  name  it  bears. 

The  variables  are  separated  Immediately  in  this  equa- 
tion, when  wi=0 ;  it  becomes  di/  +  ts'Ji  =  adx,  and 
pves 


We  find,  by  integrating. 


+y Vi       V^  . 


yVi. 


0- 


In  order  to  discover  the  means  of  making  this  equation 
homogenous,  we  make  t/  =  x* ;  it  is  then  changed  into 

iz*~Mr  +  Aj"</t  =ax"Jx, 
and   will  assume  the  form  required,  if i— 1  =2i  =  m, 
which  gives  k  =  —  I,  and  also  supposes  m=  —2  ;  there 
dwDce  arises 

dz    ,    W^'        fl-fj 
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260.     We  shall  not  detain  ourselves  with  the  mtegl 
tion  of  this  hat  equation  ;  but  we  shall  proceed  to  a  trans- 
formation of  greater  generality,  namely,  that  which  results 
frommi^ngi/^  A  I'' +  >i'z.    We  find  upon  this  hypothesis 

and  consequently  ^H 

iThis  equation  will  reduce  itself  to  three  terms,  if  we  have 
P  ~  I  3fQp,  jiA  +:iyi'=0,  y  -  I  =^  +  7,  q+2i.4=0. 
The  first  and  the  third  agree  in  giving /i=  -  I,  we  deduce 
ffom  the  Becond  and  the  fourth  A  —-■ ,   q  : 


''^bich  lead  us  to  that  oi  if  = 


L^     ■ 


z^dx  =  ajf  dxf 
^oT'  +  ^dx. 


1 


By  this  oheans  the  ^iroposed  equstipn  will  he  reduced  to 
homogeneity,  if  m  =  —  2 ;  and  it  likewise  shews  that  n e  shall 
be  able  to.sepatate  the  variables  of  m=— 4,  since  we  ihali 
have  in  this  case 


=  0,  or -7-7 

If  in  the  equation  d%-\-h 

=  -  ,  there  will  result 
9 

dx  ■ 


ax"-^*dx,  wemalie 
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afbnraidt  ipakiiig  ;r* +*  dWz: —*---»  we  al^ 


«  +  & 

y 

Aeiv  malmg  for  greater  brevity 

^         V         ^  /J     iw  +  4         . 


•  w+8  m-^^  fff+3 

m  dun  get  the  eqaatkm 

>ittdi  U  ftinilar  to  the  proposed  equatioiii  and  therefore 
9«oepc3iIe  of  the  same  transiformations' :  the  separation  of 
^  variahles  will  be  consequently  possible,  after  the  sub* 

ItUlitlUil  of  J^  IS  r—  +  '  ■—  9ifl9/Bs^4» 

If  this  condition  was  not  ssidsfied,    we  might  still 
make  in  the  transfonned  equation 


HI  +  3  i»  +  3  w'  +  3 

tht  nmilarity  of  these  expressions  with  those  preceding, 
leads  us  necessarily  to  the  equation 

dj/'  +  lf'^dx":=.i^'3r^d3f', 

viuch  is  still  similar  to  the  proposed  equation,  and  sus* 
opdUe  of  the  separation  of  its  variables  if  ni'ss  —  4. 

By  pursuing  this  process,  we  should  arrive  at  an  equa- 
iion  where  the  variables  may  be  separated,  if  in  this  series 
of  expressions 

TT 
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w+3' 


,  &c. 


we  should  find  one  equal  to  —  4.  By  supposing  succes- 
siTcIy  that  this  was  the  case  with  m,  m\  m",  m",  Stc  w« 
get  for  the  value  of  jw,  the  numbers —4,  —  ^,  ~V'  ~  ^> 
Stc.  which  arc  comprehended  in  the  formula  ^" 


i  being  any  whole  positive  number. 

These  cases  however  do  not  include   all  those  whkh 
can  be  derived  from  the  preceding  transformations.    To 
tries  of  them,   it  is  sufficient  to  begin  with 


find 
making  y  = 


,  in  the  proposed  equation,  which  will  gire 


and  putting 
there  will  result 


n+I 


a'x-'d:,'. 


This  new  equation  being  similar  to  the  one  proposed 
is  also  susceptible  of  the  same  operations,  that  is  to  «y, 
if  in  it  we  make 

and  pursue  the  same  process  as  in  the  preceding  page,  *e 
shall  arrive  at  a  transformed  equation  in  which  the  vari- 
ables are  separable,  if  the  number  m  be  any  oae  of  iboM 

which  are  comprehetided  in  the  formula  —  — : ,  and 


V 
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nni»pmly»  if  we  fcad 

■     m  4f 


We  (hfliice  from  diis 

4f 

''      M  SS  ••**    ■  I 

2i+l* 

^  gMiq(tD  i  dw  failles  I9  9,  5,  8u^  theie  xesultt' the 
ceiiei  of  numben 

1^  foDowsy  therefore,  from  what  precedes,  that  the  varia- 
Idet  in  Riocati's  equation  may  be  separated,  when  the  ezpo- 
aient  «=s-*9^  and  alto  when  it  is  any  on^of  the  numbers 

coamrdbended  in  the  formula  — : —  • 

We  mig^  multiply  examples  still  more ;  but  all  these 
yndcular  equations,  which  are  most  commonly  of  a  very 
SBfnlar  form,  and  which  hardly  ever  occur  m  the  appli* 
Cttion  of  aiialysb  to  physical  questions,  present  Uttk  that 
li  mterestmg ;  we  shall  proceed  dierefore  to  explain  ano* 
ther  method^  discoTered  by  Euler*    y 


Investigation  of  a  Factor  necessary  to  render  inte-^ 
grabk  a  Differential  Equation  of  tlie  Jirst 
Order. 

261.  It  is  necessary  to  keep  in  mind,  that  a  different 
tisd  equation  is  ,  not  always  the  immediate  result  of  the 
fiilerentiation  of  a  function  of  two  rariables ;  but  that  it 
most  commonly  arises  from  the  eHmination  of  an  arbi- 
trary constant,  between  the  primitire  equation  from  which 
it  derites  its  origin,  and  the  immediate  differential  of  this 
equadcm  (43> 
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The  elimination  is  effected  immediately,  when  the  pri- 
mitive equation  is  under  the  form  u=c,  u  representing  any 
function  -whatever  of  w  and  i/;  for  by  difierentiating  we 
have  du=0.  If  the  function  du  has  no  factor  by  which 
it  can  be  divided,  it  will  always  preserve  the  form  of  a 
complete   differential  of  two  variables,  and  the  ecjoaHoa 

.    "     =  ■  ■    "  .  (122)  furnishes  the  means  of  discoveiioe 
dxdy       df/dx 

this  form  j  for  when  we  have 

du=sMdx+'Sd^, 
xheXK  results  from  it 

du      ,r      ^'*  dM       dN 


and  consequently 

dM  ^d_N 

d  If         di' 
It  is  necessary  therefore  that  every  function  Mdi+N  dy, 
which  is  a  complete  differential,  should  satisfy  this  equa- 
tion i   and  when  this  condition  is  fulfilled,  it  will  be  easy 

du 

to  ascend  to  its  integral,  since  then  we  shall  have  M=  —  , 

^^ 

N  =  -—,  which  give  us  the  values  of  the  partial  dif- 
ferentials. 

If  we  take  the  value  of  the  partial  differential,  relative 

:  3/rfx,  and 

dx 

consequently  u=/^(;x  + J'.  We  aid  in  this  case>  as 
in  that  in  No.  247,  an  arWtrary  function  of  jf,  since  the  in- 
t^ratios  has  only  taken  place  with  respect  to  one  of  the 
variables  t  but  here  this  function  may  be  determined,  since 

the  function  9f  u  mu^t  latlsfy  the  equation  N5=  ^. 
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The  eqwcioo  If  s/ if  i  X  +  J  p?es 

du      d/Mdx  ,dY 
2y'^  ^^f^^  dy^ 

v^vesentiiig  /Mdx  by  v,  we  haje 

'  du        dv    .    dY      1^ 
dy        dff        d^ 

'itm  wbence  we  deduce 

dY  ^jf^dv 

^ad  bj  integntingy 

^■/(»-^)''*' 

xte  sball  find  tiheref ore 

ivliidi  if  th^  integral  of  the  function  propoeed. 

Tlut  lesolt  shews  that  die  function  ^T— ~  onght  to 

inrolye  the  variable  y  only,  otherwise  it  would  not  be  true^ 
as  we  have  supposed^  that  Mdtc  and  Ndy  were  the  paiw 
tial  differentials  of  the  same  function  u  $  and  by  dtrdoping 
tins  function  we  are  conducted  to  the  equation  of  condition 

iM  ^  ^,  ^hich  was  befoi«  found  .by  considmtiont 
dy  dx 

d  an  inverse  nature. 

It  is  erident,  that  in  order  to  obtain  --   s  ~J^ ^ 

dy  dy 

we  must  substitute  y-\-dy,  fory,  in  the  function/ JIf  J  jr, 
which  will  then  become 

y  (m+  ^dy  +  &c.^  dx^/M  dx+ 


nnoe  die  tine  /  is  lebtife  to  dw^t triable  s  onlj;  we  Am^ 
have  u^eiefore 


sobetitutmg  tbU  value  of  ^  in  ^=:f' (N  -  t^\ 


diere  will  result 


.  ^-fQ'-r-^*'y>- 


Bf  taldng  die  difieiendals,  at  first  wiA  respect  to  9, 
doll  find 

and  afterwards' diffncntiatiiig  with  reference  to  x,  we  shalJ 

finallfcet 

dN  __dM        ^ 

♦  The  equation -^^^2 — ^  =^  -t—  rf*#    includes    the 

theoram  given  by  Leihniu^  for  the  purpose  of  difiereotiattng 
under  the  sign  /.  He  calli  this  process  d^craitUuio  de  curvd 
im  cmrvamp  because  in  the  question  which  he  proposed  to  soUe^ 
he  passed  from  one  curve  to  another  of  the  same  kind,  by 
ankiDg  tile  constant  to  vary. 

The  theorem  of  Leibnitz  may   be  deduced  immediately 
from  the    equatior   - — -—  =  -r — - —  ,    since  if  we  make 

u  ^^fMdx,  we  shall  have 

rf«_  rfNi      _  dM 

dx^     *  dxdy  '^   dy  * 
and  by  intej^ rating  with  respect  to  x,  we  shall  find 

dxdy  ^    dydx  dy      %J     dy 
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262.    The  function  9**-'fj(  \^^^  ^^^  ^^ , 
gives  successively 


dy         (jf*  +y')*'  -     «x 


=  arc  ^tan  =  i), 


^ 
/ 


whence  u  =s  arc   Aan  =  -  )  +  J^» 

Difierentiating  and  considering  the  whole  as  Tariable^ 
i^e  shall  find 

c^omparing  this  with  the  proposed  function^  we  shall  have 

d  FxsO,  whence  F=  const, 

^nd  consequentl]r 

/^v  d  X  ^  X  d  ti  /        x\  m 

-IFW^  =  arc  (tan.  -^  +con8t.  • 


'*^  We  have  particularly  selected  this  fanction  for  integra- 
tion, because  it  serves  as  the  basis  of  a  very  elegant  demonstra- 
tioa  of  the  principle  of  the  composition  of  forces,  which  is 
given  by  Laplace  in  his  Mecanique  Cilutc. 
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Ag^9  le^  118  take  the  equation 

dx      ydx      ydy      (jfdx -- mdy)Vt!fl'¥i^  ,4jf 
X  ^    js^    ^    ^   ^  ?^  ^9 

Bf  comparing  it  with  the  formula  Mdx  +  Sfdy  =  Q 
we  have 

and  we  find 


rfy  _8l4-g^j*+y*  _ 


rfx  **  a  Vat*  +  y 

theae  values  beiag  equated  and  reduced,  give 
dM  _dN  _^y        j^  +  gy* 

and  consequently  die  proposed  equation  maj  be  integratec 
immediatelj.  We  first  obtain 


but   f^^xri^:.~»zZ+y 


^^,(-y+  Vi^+yQ. 


theitfore /Jtf rfx  =  U  -  ^^  - -S^^^^ 


«. 
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We  afterwards  find 


in 

2jr* 

2i 

»'FTy' 

mitoaUyr; 

-il*. 

from  wh 

'nee  the 

'      +  ' 

'Fry  % 

re  result! 

.=  1j_   t. 

■.-^ 

1 

+*ir- 

-?'+.yv 

'■+.'/*-) 

The  form  of  this  example  was  too  complicated,  to  m^te 
it  possible  to  recognize,  by  inspection  alone,  whether  it  was 
a  complete  dilfereiitial  or  not;  and  in  all  similar  cases  it 
will  be  necesBarjr  to  commence  by  ascertaining  whether 
the  proposed  e^iuation  satislies  the  condition  of  Inte- 
gra bi  lit  y. 

26S  When  the  primitive  ec[uation  is  not  of  the  form 
irsf,  or  when  the  differential  i/u  =0  includes  factors  which 
afterwards  disappear,  the  resulting  ditFerential  equation  of 
ihe  first  order  no  longer  admits  of  immediate  integration.  If 
we  had,  for  example,  m=j  —  a'  =  0,  we  should  find 
du  =  4y~-  cdx  =  0,  and  eliminating  r,  th(?re  would  result 
xtf  ,V  —  yd  X  =  0,  an  equation  which  does  not  satisfy  the 
^ondidon  of  iniegrability, 


'    dtf  '   dii 


M=-  y,N 
But  if  we  disengage  the  constant  c,  we  shall  have 
and  by  differentiating,    — ~~,^  ^=0; 


under  this  form 
AN 


dAf 

'       oy    ~       *'        dx  ' 
therefore,  that  the   iniegrability  of  the  equation 
dy—ydx  s  0  depends  on  the  restitution  of  the  factor 
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— - ,  which  has  disappeared  after  the  differentiation  and  the 
elimination  of  the  arbitrary  constant. 


In  gentoily  every  differential  equation,  in  which  ix 
and  dy  do  not  exceed  the  first  degree,  must  have  resulted 
from  the  elimination  of  the  constant  c,  in  2x1  equation  of  the 
form  P  +  rQ=0,  P  and  Q  representing  any  functions 
whatever  of  x  and  y.  We  find  by  this  elimination 
QdP  —  PdQ  ss  0,  whilst  by  differentiating  the  equa« 

tion   --  =  —  r,  we  should  have  obtained  ^ — — — ^ssO: 

the  first  method  of  proceeding  causes  the  factor  —  to  dii* 

appear  ;**  and  with  it  all  the  factors  may  disappear  likewiae 
which  are  common  to  the  two  quantities  QdP  and  PtfQ. 

It  follows  from  what  we  have  just  observed^  that  when 
the  equation 

jllldx  +  Ndy  =  0 

does  not  satisfy  the  condition  of  integrability,  it  is  because 
differentiation  and  subsequent  elimination  of  the  arbitrary 
constant  contained  in  the  primitive  equation,  have  caused 
a  factor  to  disappear,  which  if  it  were  known  and  restored, 
would  render  the  first  member  of  the  proposed  equation  a 
complete  differential  of  two  variables.  Let  z  be  this  factor ; 
we  shall  consequently  have  z  M  dx  +  zNdy  =z  dti,  u 
•being  the  primitive  function  of  x  and  y  \  and  therefore 

d  ,  z  M  _  d  ,z  N 
^  dy  dx     ' 

By  developing  this  last  equation,  we  shall  find 

^j£         dilf       ^dz       ^dj^ 
ay  dy  dx  dx 
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M- 


-N^ 


■*( 


'Is 


^•'J!.)z=0...(J). 


If  we  were  able,  in  general,  to  deduce  from  this  equa- 
tion a  value  of  z,  the  integration  of  ^nydifTerential  equations 
i&tever  of  the  first  order,  would  be  effected  by  the  jnrocesa 
bNoS6l  ;  but  the  equation  (A)  in  almost  all  cases  present 
gmter  difficulties  ihan  the  one  proposed,  since  the  function 
ivhich  it  involves  depends  on  two  varinbles,  and  has  two 
differential  coeihcients,  and  is  consequently  of  the  same 
qwcies  wifji  those  whose  formation  has  been  indicated  in 
No.  261.  We  cannot  in  this  place  undertake  its  resolutjon^ 
vluchi  as  we  shall  sec  hereafter,  brings  us  to  the  point  ,, 
from  which  we  started ;  but  we  shall  proceed  to  make 
known  some  of  the  properties  of  the  factor  z. 

264.  It  is  always  easy  to  find  the  factor  z,  when  we 
know  the  primitive  equation  corresponding  to  the  proposed 
differential  equation,  which  wc  may  put  under  the  form 
(/=f,  I- being  the  arbitrary  constant.  By  differentiating, 
we  find 


rf-fe  ^r  ^ 


djf  =  0, 


tad  comparing  this  with  zMdj+  iNdi/z^du,  there  results 

du.  du    , 

—  dx  +   T-dy 
■*'  dy 


Mdx-^-Ndt,    ' 

Ac  quotient  is  independent  of  the  differentials  d  x  and  dy. 
We  likewise  obtain  :hc  factor  z,  by  equating  together  the 

values  of  -J     >  deduced  from  the  equations 

~dx  +  p-dy=0,     Mdx  +  Nds^O, 
dx  d^ 
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dm  ■  ' 

and  i^'haire  no  common  factoTi  jr  will  be  the  gretteit 
eonunon  dhritor  of  tbe^ftnmtbl  fodB«i«Mi  jS,  id 

■   •    ■    •  •  ^ 

-  • .   ■  •       . 

'jf*  ■■...■.  •.  ■    > 

u  we  faibw  a  talficf  tsfz^  wcp  ntty  oicAidft  rronf*  it  aitBH 
finite  kiiimber  df  otherS)  bjr  observing  tiiat  if  *we  fBTtosftf 
die  two  members  of  the  equation  xMit-^tftifmi^ 
by  a&7  f uncticm  wbrfterer  of  «i  which  we  ^91  fepmetf  Iff 
^  (if),  the  two  meiAbers  of  die  ^tult 

will  be  complete  differ^riab ;  Aat  s  being  a  fja<b>[npper 
to  r^ndelr  the  equation  Jf  ^;e  -^  Ndgrsif^  Htt^tMti  Ae 
product  r  0  (n)  will  possess  the  same  property.    ^ ' 

265.  There  are  some  cases  where  the  factor  z  need 
only  involve  one  of  the  variables  x  and  jr,  and  then  it  is 
easy  to  obtain  an  expression  for  it  by  means  of  the  equs^ 

tion  (^).    If,  hi  this  equation,  we  suppose,  ^a^O,  k  wiE 

become 

j.jdz  ,      /d.M       dN\  '^  ^ 

-  N—  +  zf   ■ -— )  =0, 

ax  \  dy         dx  / 

from  which  we  shall  deduce 

z   "  N\'df       Tx)'^''' 

an  equation  which  is  true  if  the  quantity 

1    /d_M  _  dN\ 
U  V  dy  dxf 
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redaces  itself  to  a  function  of  j.     Repre»enting  thii  Eiinc- 
^Ckg  bj  X,  and  integrating,  we  shall  lind 

^1^  Iz   ■=/Xdl,    OTZ   =:^^". 

^^^HHiia  formula  is  applicable  to  tht  equation 
di,  +  Pi,dx  =Qdz: 
we  observe  that 

M  =  P,-S.    N  =  .,      J.(^^-1^)  =  P. 

atid  consequently  z  =  e^''*'.  If  we  multiply  the  equation 
rfy  +  /*yr-Q'/j-=Oby  ^''''',  we  &nd  e""^' Jy  +  (F^-Q) 
t^''*' dr  =  Oj  integrating  the  term  e^'^'di/,  with  re- 
ference to  If,  we  obtain  u  =  ye^''"  ^  X,  X  beit^  a 
function  of  r,  determined  by  the  equation 

I        from  which  we  deduce 

^=-,/"-!2,        .Y.  -/,'"■  Cii, 
and  consequently 

or,  as  in  No,  257, 

J  =  »-'"'(/,"'■  Qrir  +C). 
We  "ill  not  stop  to  consider  tlie  case  where  the  factor 
need  only  involve  the  variable  ^  1  we  readily  see  that  the 
czpiession  for  it  will  then  he  e'  ^'>,  by  making 


^^&1 


1    idN      rfjf> 
'Tl\di         dy/' 


dy/ 

that  this  commonly  applies  when  Y  is  absolutely  iudck 
pendent  of  j*. 

266.  There  exist,  between  a  homogeneous  function 
and  its  differential  coofficienta,  some  peculiar  relations^ 
which  matoiially  facilitate  theit  integration. 


I 
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If  C' represent  an  homogeneous  function  of  t,  j,  &^ 
and  if  in  it  we  substitute /i,  /y,  &.c,in  the  place  of  r,y,  &^ 
it  will  necessarily  take  the  form  f  F,m  being  the  sum  c» 
the  exponents  of  the  variables  in  each  term  (255).  If  wr« 
now  suppose  that  /  becomes  /+^,  we  shall  have  (<  +  g)"  J 
instead  of  F,  and  (1  +^)"  F,  if  we  make  /=  I.  Upon  th« 
same  hypothesis  x,i/,  &c.  will  he  respectively  change  J 
into 

J'  +  g  J".  3/  +  gSt  3tc. 
and  putting  ^i  for  A,  gi/  for  i,  in  the  formula  in  No.  )2Ij 
we  shall  arrive  it  this  enuation 

+  &C. 

By  developing  the  second  member,  and  comparing  together 
those  terms  which  are  affected  with  the  same  powers  of 
the  indeterminate  quantity  i^,  we  shall  have 

dV 


■  (,\*grr 


-dxdy- 


!lc. 


L 


£67.  By  means  of  these  relations  the  factor  z  imme- 
diately presents  itself  in  all  homogeneous  differential  equSi- 
tions.  If  M(/j  +  Ntiy  =  0  is  an  equation  of  this  kind  * 
and  if  the  sum  of  the  exponents  of  or  and  y  in  M  and  W 
be  equal  to  m,  by  supposing  that  z  is  likewise  an  homo- 
geneous function  of  the  «"*  degree,  and  making 
zMdx  +  z  Ndy  =  du,  it  follows,  from  the  theorem  de- 
monstrated in  the  preceding,  No.,  that 


^Mx  +  xNjf  =  {m  +  n  +  1)h, 
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nnce  the  degree  of  the  function  u  will  be  necessarily 
higher  by  unity  than  that  of  the  functions  a  M  and  z  N. 
By  dividing  the  first  equation  by  the  second,  there  will 
result 

Mdx  +  Ndy  _         1  d»  _ 

Mz  +  Ny      ~  m  +  n  +  l  ■     u   ' 

and  since  the  second  member  of  this  result  13  a  complete 

difFerential,  it  is  necessary  that  the  first  member  should  be 

a  complete    ditferential  liJcewtse ;  from  whence  it  follows 

that  'Tf~~r  ";y ""  *'"  ^^  ^"^  ^^  '^^  factors  proper  to  render 
integrable  the  equation  Mdx  +  Ndy  =  0. 


On  Equations  of  the  Jirst  Order,   in  which  the 
Differentials  exceed  fhe  Jirst  Degree. 

368.     By  the  generation  of  differential  equations,  of  1 
'^i'bich  we  have  given  several  examples,  No.  43, 
tJiat  there  are  some  in  which  the  dlD'eTentiuIs  surpass  the 
first  degree.     The  general  formula  for  these  equations  is 

if  we  divide  it  by  the  highest  power  of  d  x,  it  will  become 

by  resolving  it  with  respect  to  the  differential  coefficient 
and  representing  its  roots    by^,  p,  jj",  &c.    we  shall 


dx 
hare 


^-,=0, 


Jjr. 


equations  which  may  all  be  treated  by  the  preceding  me- 
thods, since  the  differentials  in  each  do  not  exceed  the  first 
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degree.  The  integral  of  each  of  these  will  be  likewise  th»  ' 
integral  of  the  proposed  equation,  which  will  be  also  satit* 
fied  \}f  the  values  deduced  from  the  equation  formed  bf 
the  product  of  all  these  integrals.  ' 

In  fact,  the  proposed  equation  being  equivalent  to 

will  be  verified  by  all  the  equations  which  will  render  one 
of  its  factors  equal  to  nothing.  Besides,  if  we  consider 
that  an  equation  of  the  form 

MNP =0, 

can  only  be  true  by  the  successive  evanescence  of  each  of 
its  factors,  we  shall  thence  conclude  that  the  immediate 
differential  of  its  first  members,  namely 

dM.NP +dN.MP +  &c  =0, 

will  always  reduce  itself  to  one  term;  for  if  we  take,  fof 
example,  Af=0,  there  will  only  remain  d  M .  NP...  =0, 
OT  merely  d  M =0  :  the  equation  MN  P.--  =Owiil»erifj 
therefore  the  differential  equation  which  would  be  satisfietl 
by  the  equation  M=:0. 

The  two  following  examples,  although  very  simple, 
will  remove  all  the  diihculties  which  are  connected  with 
the  preceding  statement. 

]8t.  Let  J_y°  — o*(/x'=0;  this  equation  is  decompos- 
able into  dy  +  adx=Q,  d^— ad  x=0,iKhose  integrals  art 
i/+ex=c,  i/-aj={'  i  we  readily  see  that  each  of  ihete 
leuilts  satisfies  the  proposed  equation.  The  equation 
(i/+aj-r)  iy-ax  —  c')  =0  satisfies  it  likewise,  for  it 
gives 

(t/4-JiX-c)(d^-adx)  +  !y-ax-c')(.dyi-aiii^=0; 
from  whence 
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potting  successively,  instead  ol  if,  its  vjilues  c~a  i,c'+as, 
we  find 

di/—  —  adi:,       d  i/~  +ad x. 

The  integral  (y  +  a,T-f)  (y -a  j+c)  =  0,  involving 
tvo  arbitrary  ^nd  irreducible  constants,  might  appear  more 
general  ihan  those  of  the  other  equations  of  the  first  de- 
gree, which  only  involve  one  constant ;  but  we  must  keep 
in  mind  that  each  of  its  factors  ought  to  be  considered 
lepintely,  and  that  we  deduce  from  it  no  other  lines  than 
those  which  would  result  from  an  integral  including  one 
coostant  only,  of  which  this  equation  is  likewise  suscepti- 
ble. This  last  integral  is  obtained  by  making i/i/=:M*/j 
iothe  differential  equation  dy' — a''d.v*=0,  which  is  thus 
dunged  into  m'—a'=^0,  by  which  the  quantity  t?i  is  deter- 
mined, whose  value  we  ought  afterwards  to  substitute  in 
die  integral  of  di/  =  i>id  r,  which  is  y  =  m  z  4-  r .  It  follows 
from  this  that  the  integral  of  the  proposed  equation  is  the 
result  of  the  elimination  of  in  between  ths  equations 

^i=njr  +  c,        Bi=— a'  =  0; 
if  we  effect  this  operation,  there  will  arise 


C-^)' -'•=<>■ 


ITiis  primitive  equation  being  of  the  second  degree,  givee 
(or  each  particular  value  of  the  constant,  two  straight  lines, 
inclined  in  different  directions  with  respect  to  the  axis  of 
the  T,  which  is  also  the  whole  that  is  furnished  by  ihe 
other  integral  (,i/  +  a  x—c)  lt/  —  a»c  —  c  i:=0,  excepting  that 
each  factor  only  represents  lines  inclined  in  the  same  direc- 
tion ;  but  since  by  giving  separately  to  c  and  c  all  possible 
values,  these  quantities  will  necessarily  pass  through  the 
tame  degrees  of  magnitude,  by  collecting  together  tlios« 
straight  lines  which  correspond  to  tlie  same  values  of  the 
lats  e  and  /,  we  shall  fall  Jn  with  tli'c  solutions  com- 


I 


•346  INTEGRAL   CALCULUS. 

'  prised  in  the  integral  (^^-^)  —a*t=0,  which  is  limited  to 

the  single  constant  c. 

We  ought  to  obsenre,  that  every  equation  which  involvet 

onl]F  dy,  d  ^t  and  constant  quantities,  may  be  integrated  by 

making  in  it,  as  above,  dy=mdx. 

2d.  Let  us  now  consider  theequationrfy'— ua-dr*=Oi 
we  deduce  from  it  (/j  + Jz  *^ax=0»  dt/—dx^ax^O, 
and  by  integrating  we  shall  have 

y  +  « -a'  i"*"  - c= 0,  y-^a  i^ -f'=0. 

These  ef|uations,  as  well  as  their  product,  may  be  sepa- 
rately considered  as  the  integrals  of  the  proposed  equation  i 
but  this  case  is  different  from  the  preceding,  since  the  radi- 
cals which  the  integrals  just  obtained  involve,  have  with 
each  other  a  connection  which  gives  the  means  of  compre- 
hending them  botlt  in  the  same  equation,  and  with  one 
constant  only.  In  fact,  if  we  make  the  radical  ditzppear 
in  the  equation 

we  obtain  (y  —  c)'  =  -f  a  a'.  This  result  is  still  the  int*» 
gral  of  the  proposed  equation,  to  which  it  will  immedi- 
ately conduct  us  by  the  elimination  of  c.  It  belongs  to  a 
species  of  parabolas,  each  of  whose  irrational  equations  re- 
present but  one  branch )  and  the  product  of  these  equa- 
tions will  correspond  to  groups  of  branches  belonging  to 
different  curves,  but  which  being  collected  together  by  two 
and  two  for  the  same  values  of  the  constants,  would  give 
nothing  more  than  the  rational  integral. 

369.  Although  the  preceding  statement  makes  tlie 
integration  of  equations  in  which  the  differentials  exceed 
the  first  degree,  depend  upon  the  resolution  of  algebraical 
equations  only,  we  ihall  now  mention  some  cases  in  which' 


I  equal  lo: 
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the  integration  is  elTecced  more  easily  bjr  the  assistance  of 
peculiar  analytical  artilices,  and  which  elude,  at  least  in 
part,  the  difficulties  which  are  presented  by  the  resolution 

dx 

"When  this  equation  involTes  but  one  of  the  two  vari- 
ables>  J'   for  instance,  we   immeiJiatcly  deduce   from   it 

■j-^JTy  from  whence ^=y"X«^  J i  but  if  the  equation  be 

more  easily  resolvible  with  respect  to  x,  than  with  respect 


vealso  have  x=:P,whefe  Pis  a  function  of^,  we  shall  ob- 

■eire  that  the  equation  -^   =  P>   ot  dy  a  pJ  r,  gives 

y=p  i—/x  dp  ;  putting  for  j  its  value  P,  there  will  result 
y—Pp—fPdp:  the  integral  sought  for  will  therefore  be 
the  result  of  the  elimination  of  p,  between  the  two  equa- 
tions 

,  =  P,    y=Ff-fPdp.  

Let  us  take  as  an  example,  xdx-^ad^  =  b'/dji^ -i-d^'f 

or  x+ap=B  V  i  -f-o«,  by  writing  p  in  the  place  of    -^. 

ax 

This  last  equation  gives  immediately 

x=-op  +  i  vT+p,  P=—^  +  i-/T+p'\ 

and  consequently 

y=^p  vT+p-  ^ay"-  -  if  dp  \^l  +  j?\ 

270.  We  w^U  now  consider  the  cases  in  which  the 
two  variables  enter  simultaneously  into  the  proposed  equa- 
tion ;  supposing  however  that  one  of  them,  ^  for  instance, 
does  not  eiceed  the  first  degree,  we  then  get  j  equal  to  a 
function  of  s  and  of  p,  so  that 


"Vliillli 


1 


and  conspciuently 

pdx=Riix+Sdp,  or  (R-p)dT  +  S<ip=0 
If  we  should  succeed  m  integrating  tliiE  last  equation*  \Ft 
shovild  have  between^,  r,  and  an  arbitrary  constant,  a  re- 
lation, by  means  of  which,  exterminating^  from  the  equa- 
tion proposed,  we  should  obtain  a  primitiTC  equation, 
which  would  involve  an  arbitrary  constant,  and  which 
would  also  be  the  integral  sought  for. 

The  following  formula,  which  is  involved  in  the  gene- 
ral case,  is  very  remarkable,  and  of  very  extemive  applica- 
tion, and  its  integration  is  very  easily  effected. 

If  the  proposed  equation  could  be  put  under  the  fonn 
y=p3:  + 1',  and  if  P  involved  the  coefficient  /jonly,  vc 


should  then 


have  dy  —p dx+  (x-{ 1  dp ;   and  since 


<fy=^^jr,therewill  remain  the  equation  f  a"+  - — W^^O,  , 

which    may    be    decomposed    into     the     twio    f acton 

x+  ~ — =0,  and  dp=:0.     Eliminating  »  between  tha  fits' 
dp 

of  these  and  the  proposed  equation,  we  shall  get  a  primitiTe 

equation,  which  will  satisfy  the  one  proposed;  but  which 

involving  no   arbitrary  constant,  will  only  be  a  particular 

solution.    The  second  factor  being  integrated,  givesp=c, 

Di  di/  =  cdit  andj  =  n  +  f'.     The  constants  c  and  r'  are 

not  both  arbitraryj  for,  by  making  in  the  proposed  equation 

P=c,  ne  have  tf  =ct  +  C,  C  being  what  P  becomes  by  thiB 

substitution,  and  from   which   we  infer   that  c  =C :  th© 

integral  of  the  proposed  equation  is  therefore  y:=fj  + C^ 

and  is  found  by  changing  p  into  c. 

Let  us  take  for  an  example  the  equation 

ydx-xdg=ni/di^  +  dl/\ 


•  <> 
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It  maj  be  put  at  once  under  the  form 

^nd  by  differentiating,  we  find 

and  since  iy^^  pdx,  tbere  will  remain 

Tliis  eqoatioti  may  be  decomposed  into  two  factors 


x+  ■  Za^  =0,  and  dpzuOy 


tbe  second  factor  leads  to  pzzc^  and  the  integral  sought 
for  is  


The  first  factor  gives 


substituting  in  the  proposed  equation,  we  have  y^-k-x^^n^j 
an  equation  involving  no  arbitrary  constant,  and  which  is 
not  included  in  the  integral 

and  which  is  nevertheless  of  such  a  kind,  that  the  values  of 
y  and  dy^  which  are  deduced  from  it,  satisfy  the  proposed 
differential  equation,  of  which  it  consequently  offers  zpmr- 
ticular  solution.  We  shall  return  hereafter  to  the  par- 
ticular consideration  of  solutions  of  this  nature. 


i^  .... •«.■.  •- * 
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On  the  Integration  of  Differential  Equations  t^' 

the  second  and  hig/ier  Orders. 

27 1  ■  The  difBcuhy  of  the  integration  of  equations  be- 
comes so  much  the  greater  the  higher  the  order  of  the 
differential  coefficients  which  they  involve,,  and  wc  only 
succeed  in  effecting  it  in  a  very  Hmall  number  of  very  limited 
equations.  We  have  already  seen  in  No.  220,  in  what 
^'~   manner    we   ought    to    treat    equations    of    the    form 


pass  directly  to  those  which  involve  only  two  difiierential 
coefficients. 

in  the  second  order  these  equations  involve  only  ~ 

and  -T^  i  and  making  for  greater  brevity  —  =p,  which  gives 
-j~  Bs  -^,  we  shall  get  the  equation  -j^  =P,  i*  being  a, 
function  of  p.  We  deduce  from  this  rfjr= -^,  and  con* 
tequently  j:=  /  -i  ;  and  putting  for  dx  its  value  in  ti^ 
equation  J_y= /I rfx,  we  find  also  _y=  /  ^-^ '•  then  ic: 
only  remains  to  eliminate  p  between  the  two  equauons 
ir«=C+   /'^,andy  =  C'  + y^^.inoidertogetlhe 

integral  required  in  terms  of  x  and^.  It  Tiill  likewise  be 
complete,  since  it  involves  two  arbitrary  constants ;  and 
we  have  seen  in  No.  44',  that  this  is  the  greatest  number 
which  the  integral  of  any  equation  of  the  second  degree  can 
possibly  contain.  The  elimination  of  j>  cannot  be  effected 
unless  we  shall  have  previously  effected  the  intcgntioiu 


r 


U^^^^^^F 
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iiiillcjted  i  but  by  means  of  quadratures  we  shall  be  able  to 
tonjtruct  the  curve  whicli  may  be  sought  for. 

I  I     e  ,     t  (Jx'  +  dv^)'^ 

Let  us  take  for  example  the  equation    --  -.  --,— ^-   =«. 
^  dxd-g 

Bj  putting  ^(/*  fordy,    and  dpdte  for  d^tf,   we  shall 

change  this  equation  into ^ — -=a,  from  which  we 

dp 

deducts 

a  I — ;  -  ^  dif=pdxs=  ;  ■ 

Jlwintegra^oti  will  give 

dil^dating  p,  we  shall  get  (t— CJ'  +  {y-  CY=a'. 

The  proposed  differential  equation  Is  nothing  mote 
tluin  the  general  expression  of  the  radius  of  curvature, 
Oade  equal  to  a  constant  quantity  a  ( j)9) ;  and  as  we 
ought  to  expect,  the  integral  is  the  equation  to  a  circle  of 
»hicb  this  constant  quantity  is  the  radius. 

'      27B.      It   is   proper   to   remark,  that  the  equations 
«=C+  y   -jf  and  y=  C  +  f  ^-^ ,   severally  satisfy  the 


dx 

tecond  members  integrated,  they  will  be  only  of  the  first 
order;  there  are  consequently  two  equations  of  the  first 
order,  which  satisfy  the  proposed  equation  of  the  second, 
and  both  of  which  are  therefore  its  integrals,  whilst  an 
equation  of  the  first  order  has  one  integral  only.  It  is  easy 
to  discover  the  reason  of  this  difference. 

Let  t/=0  be  a  primitive  equation  between  r,  ^,   and 
two  constants  C  and  C :   if  we  differentiate  this  equation 


hfttti 
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twice  successively,  we  ahall  be  able  to  eliminate  between 
U=0,dU=0,  (/'i7=0,  the  two  constants,  and  ihusarrireM 
an  equation  of  the  second  order,  which  will  be  independent 
of  them  i  but  the  combin  ation  of  the  equations  U=  0,  and 
dU=0,  will  lead  to  two  diiferent  equations  of  the  first 
order:  the  one  will  result  from  the  elimination  of  the  con- 
stant C,  and  the  other  from  that  of  C.  We  will  represent 
them  by  V—O,  f"=0  ;  it  is  evident  that  we  shall  arrive  at 
an  equation  of  tlie  second  order  by  eliminating  C  between 
r^O  and  d  y=0,  as  weU  as  C'between  r  =0  and  4lF'=0 : 
each  of  the  equations  >'=  0,  V^O,  is  therefore  the  inte- 
gral of  that  of  the  second  order.  We  call  them  Jlrst  intt- 
grals,  to  distinguish  them  from  the  primitive  eqiutioDS 
UsbO,  which  is  the  second  inlegral. 

We  readily  see  that  we  shall  be  able  to  deduce  the 
equation  £7=0,  from  the  two  equations  y=Q  and  y=0, 
by  eliminating  betweeii   them  the  dilTereotial   coe£denI 

-^  =:0,  and  that  consequently  we  shall  have  the  smod<I 

integial,  or  the  primitive  equation  of  an  equation  of  the 
second  order,  when  we  shall  have  determined  its  two  first 
integrals,  and  when  we  shall  be  able  to  eliminate  betweea 


them  the  coefficient 


■  dx' 


These  remarks  may  be  extended  to  equations  of  any 
order.  Fof  the  third,  for  example,  the  primitive  equationt 
ought  to  contain  three  arbitrary  constants  (*+) ;  and  vt 
arrive  at  the  differential  equation  of  this  order  by  eliminat- 
ing these  constants  between  the  equations 

-    U=0,      dV=0,     d't/=0,     d^U=Os 
but  if  we  merely  exterminate  two  constants,  we  shall  ha« 
three  difl'ereniial  equations  of   the  second  order,  since  w« 
may  preserve  each  of  tlie  three  tonstants  in  its  turn.    The 
equations  which  we  tlius  obtain   are  the  jirtt  inUgmlt  of 
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tliB  dilTerential  e(]U3tion  of  the  third  order ;   which  must 
necessarily  result  from  the  elimination   of  ihc    constant, 
irfiich  they   severally    involve.      The  second  integrals    are 
in  this  case  the  equations  of  the   first  order,  which  are 
given  by  the  elimination  of  each  of  the  constants,  between 
the  equations  U=0  :ind  d  u—%  and  the  primitive  equa- 
tion (7=0  is  ihe  third  integraJ.      Without  extending  these 
«:onstde rations   any  further,  we    may  conclude  from  them, 
tfAj/  a  diff'trentiu!  equation  of  tlu    n"  order,   hai  n  -first  inle- 
graU,  and  as  these  integrals  are  of  the  «-  1th  order,  they 
I      invotre  only  n~  I  coefficients 

f  Ux'     Ui'*     rfjr' (/y~' ' 

.     a  therefore  we  can  eliminate  thetn,  we  shajl  have  the  n"' 
I     utegral,  or  the  primitive  equatioi}  which  answers  to  the 
differential  equation  proposed. 

fi7S.   We  reduce  in  general  to  the  integration  of  func- 
I     cJons  of  one  variable,  those  equations  of  whatever  order, 
[      in  which  a  differential   coefficient  is  expressed   in  terms 
«3f  one  of  the  next  inferior  order.     If   we  had,  for  ex- 
ample,  -^  expressed  by  a  function  -of  — ^ ,  we  should  make 

-4  =  Q,  from  which  there  woald  result  —4'  =  -^  ;   and 
consequently  the  proposed  equation  would  be  transformed 
~  Q>Q,  representing  a  given  function  of  q.    We 
\  deduce  from  this  last  equation 

•—  =  a,  we  should  deduce  succeSEirclr 

=y^  +  c. 


^=/,.. 
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die  integtal  sought  for  wmiM  then  be  die  resttk  of  tike  efi- 
mination  of  q  between  the  two  equations 

and  there  wofdd  be  three  arbitrary  cohstuits  in  the  fesuk. 
We  might  extend  this  method  of  reduction  to  anj  order 
whatever. 

274.  We  shall  employ  ourselves  in  this  article  with 
the  equation  ---^  sa  F,  T  representing  any  function  whit- 
ever  of  ^.  If  we  make  dy  sapdXfWe  may  d^uce  from  it 
rfr=  --^ ,  which  gives  -^  =  ^  ^^^  •    S'*^>8^^ting 

this  in  the  proposed  equation,  there  results  from  it 
pdpsYiy;  and  by  integrating  we  find^ssS/Frfy+C, 
whence  there  arises 

P  =E  =  ^^^^W7^.  and  .  -f^cjfr4,  -^  ^; 

It  IS  proper  to  observe  that  the  above  integration  may 
be  effected  by  multiplying  the  proposed  equation  by  rfjfj 

for  there  thence  arises    -^   .  ~   =:  Tdy^    and    since 

dx      dx 

g  =  ^-g--  ^"1%  -Sn,  .  C.  .r  i  = 

If  we  apply  this  method  to  the  equation 

d^y  ^/ ay  =  rfx% 
we  shall  have 

dx^        V^y^     dx'  dx        V^' 
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and  by  iptijgxating  i  g  .=  |  v^  +  c, 
.€:atiii;i^  C  into  -=s ,  we  diall  deduce  from  thence 


now  making  ^  +  v^*  j»,  there  will  result 

X-S   -~r— «(Z    1-rz     .)rfa:. 


and  fiqalljr  - 

\r  a 

275.  I  The  method  pursued  in  the  preceding  article 

"reduces  in  general  to  the  integration  of  functions  of  one 

▼arlabiej    all    those    equations    of    what^er   order,    ip 

which  a  difierential  coefficient  is  given  in  terms  of  one 

0f  sAi  (Mrd^r  infenor  to  it  fay  two.    If  we  had  for  insQiQCfl, 

-—-  given  by  a  function  of  -j^ ,  we  should  represent  ~J-  bj^ 
y,  from  nrfiich  there  would  follow 

dx^'^  dx'       dJ^^dx^^ 
and  the  proposed  equation  would  be  transformed  into 

I 

-Q  repreatnting  a  given  function  of  f  •    Then  multiplying 
ihe  t%v  o  members  by  d  f ,  there  would  ari^e 

whence  we  should  deduce^  as  in  the  preceding  No.^ 


ig=/c.,.c.l 


1=   •^ifUdq  +   C, 


-^1 xzz/-- 

Oi/o  +  C  J    V 


I 


^ 


*. 


=  f  I  we  conclude  ■ucceaehrely  that 


+  C 


W" 


i+C. 


the  integral  would  consequently  be  the  result  of  the  eli- 
mination of  q  between  the  two  equations 


'~-J\ 


"s/e-'f +  c 


II 


_jtq_ 


a  the 


» 


involvinu;  four  arbitrary  constanii.     We  should  treat 
«ame  way  analogous  equations  of  higher  orders. 

276.  We  have  seen  In  the  Differential  Calculus  (1 15), 
that  beyond  the  first  order,  the  form  of  the  dilFeicntial 
equations  would  be  changed,  according  as  we  assumed  * 
or  y,  or  even  a  function  of  these  quantities,  for  the  inde- 
pendent variuhte,  and  that  this  amounts  to  the  same  thing  35 
assuming  a  constant  d  r,  or  dy,  or  a  given  function  of  these 
differentials  and  of  their  variables  ;  it  is  therefore  necessary, 
when  we  propose  to  integrate  an  equation  which  exceeds 
the  first  degree,  to  know  upon  which  of  these  hypotheses 
it  has  been  calculated.  The  preceding  examples  would 
all  correspond  to  the  case  of  y  being  a  function  of  m,  and 
consequently  of  d  x  being  constant ;  but  it  will  be  easy  to 
discover  among  equations  deduced  relative  to  other  hy- 
potheses, to  which  of  them  they  may  be  referred. 
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kt'tliiminedUtel^  erident,  tliat  if  we  represent  by  Q 
'f  fiuicdoa  whatever  of  -3-)  every  equation  of  the  form 

:  Q,  2nd  in  which  d^  is  considered  as  constant^  may 


te  treated  in  the  same  way  as  that  in  No.  271,  by  making 
We   may  also  reduce  it  imme- 


--J-  =  y,  and  -— ;  =  -^  . 

<iiately  to  the  form  -7-^  ~  P,  by  passing,  by  the  process 
ia  No.  1 16,  to  the  hypothesis  ai  dx  being  constant,  which 

will  be  effected  by  the  substitution  of— S.  in  the  place 

dy> 


of 


dy^- 


If  the  proposed  equation  ha.d  been  taken  upon  the  hy- 
ihesis  of  vrfj"  +  rf^'  being  constant,  and  if  it  involved 
only  d  r,  rfy,  d^i],  or  dy,  dx,  d'x,  it  might  still  be  treated 
in  the  same  manner  as  that  in  No.  1271,  after  transforming 
it  into  one  in  which  d  x  was  constant. 

277.     We  now  proceed  to  the  equations  which  involve 

the  two  difTerential  coefhcients   -^,  -7^1  and  the  inde- 

pendent  variable  r.  It  is  evident  that  these  equations  are 
reduced  immediately  to  the  first  order,  by  the  substitution 
oi pdx  and  of  dpdr,  in  the  place  of  dy  and  d*t/.  If  we 
could  integrate  the  transformed  equation,  and  if  we  were 
ilso  able  to  deduce  from  the  integral  an  expression  for 
P  in  terms  of  x,  wc  should  obtain  ,v,  by  the  equation 
y  ^fpdx;  and  if  this  transformed  equation  should  give 
XJB  terms  oip,  wc  might  make  use  of  the  formula 
y~px~  Jxdp  (269). 


OBpliUip  of  integntioii  which' are  pnsaen^  hj.  the  eqi»- 
^ona  propoeed ;  Aey  wftf  bt  easily  diicOf^lM'^  die  ip-. 
^icatioa  of  the  Tarioas  proceases  conudered  in  the  pie* 
cdiiiig^]^ages  for  d^  piirpoie  of  hrtiiigniAig  ei^^  nf 
■dwfispt-iocder* 


ipre  might  reduce  them  to  the  preoediog  case,  hj  tiisnmiiig 
^y  conainty  Id  Ae'^bce  of  Jx,  or  tbe  bj  estennludii^ 

']ltjt^1br'taxmt  of 'M  ^e  ^,  d^dwed  from  die  eM^tiM 
'^jits^i^; W  we ihooM  d»f  ha?e      : 

dx*     ^dx        dg 

the  tnmsfbrmed  equadoii  would  then  only  include  |i,  «b  and 
'4y/1Fitwa8po«libletobe!ntegrated9  andif  hgtfe^inifcnna 


of  ^9  we  should  find  x  by  means  of  the  formula  x^  l^^\ 

or  by  the  formula  x  ss  ^  +  /  ^^-J?  >  when  we  bad  v  in 

P    ^     P 

terms  of  ^» 

Let  dieie  be^  for  example,  the  differential  equation 


dx  d^y       "" 

JT  representing  a  f miction  of  \r  only ;  this  equation  may 
be  transformed  into 

Of 

^  ~  (I  +  /»')*  * 
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B7  iategsidiig  tbere  arises 


/dx 


+ 


vTT 


if  we  represent  /  -^  -¥  Chj  F,  there  results  from  it 

There  will  be  no  difficulty  in  obaenrioj  that  the  pro- 
cesses in  this  and  the  preceding  article^  would  reduce  to 
an  inferior  order,  every  equation  of  whatever  order,  in  which 
were  only  involved  one  of  the  variables  and  the  diiFerential 
coefficients  of  either. 

278.  There  are  also  some  other  forms  of  equations  of 
the  second  order,  whose  primitive  equations  may  be  ob- 
tained, or  at  least  their  reduction  to  the  first  order  $  hvtt 
they  are  of  a  nature  too  limited  to  merit  a  place  here. 
What  is  most  remarkable  in  this  and  the  succeeding 
orders,  are  the  properties  of  equations  of  the  first  degree^ 
which  are  formed  in  the  manner  of  those  in  No  257,  and 
whose  essentitd  character  is  to  contain  only  the  function 
sought  for  and  its  differential  coefficients  of  the  first 
degree.  The  form  of  these  equations  is,  in  the  secon4 
order 

d^y  +  Pdydx  +  Qydx^^iRdsf, 

in  the  third 

dy^  +  Pd'ydx+  Qdyds^  +  Rydx*  =  Sdx\ 
and  iir'|;eheral 
it'y  +  Pd*-'ydx  +  Qd'"-'^ydx^...+  Uydx^=z  Fdxf^ 

the  letters  P,  Q,. UsLud  F,  designating  given  functions 


^m        «« 
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The  equation  of  the  first  degree  and  of  iSb!t  second 
order 

d^y  -¥  Pdydx  +  (lydx^  ^  Rds*^ 

is  reducible  to  the  equation 

d^z  +  Pdxdx  +  Q^zdx^  «=  0, 

by  the  same  transformation  which  was  used  in  No.  257  to 
make  die  equation  dg  +  Pydx  =s  Q^dx^  dependent  on 

dz  +  P  zdx  ss  0. 

In  fact,  the  hypothesis  of  ^  =  Xz,  gives 

dyzzXdz  +  zdX, 

i^y=  Xd'z+9,dXdz  +  zd'X^ 

and  changes  the  proposed  equation  into 

X{d^z  -{^  Pdzdx  Ji-Q^zdx^) 
»    -^SdXdz  +  PzdXdx  +  zd'X  ^Rdx\ 

If  we  make 

d^z  +  Pdzdx  +  Qzdx^^Of 

and  if  we  succeed  in  deducing  from  this  equation  the  value 
of  z  in  terms  of  x,  we  shall  have  for  the  purpose  of  deter* 
mining  the  function  A',  the  equation 

2dXdz+  PzdXdx  +  zd'X  =Rdx\ 

which  with  respect  to  the  variables  x  and  X,  is  of  the  same 
kind  with  those  in  No.  C77^  and  by  making  rfA  ==X'dr,  it 
will  be  changed  into 

2  X'dz  +  PzJTdx  +  zdX'  =  Rdx, 

or        dX'+(P  +  ^I)X^dx  =  ^^. 

^  zdx^  z 

This  equation  being  only  of  the  first  degree  and  of  the  first 
order  with  respect  to  X  \  leads  (257)  to 


INTSGIUL  CALCULUS. 
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a  result  which  becomes 


X'  =  ?-^  Ife^'^'Rzdx  +  C], 


by  observing  that 


f  -e 


"?' 


■  %/  .*  ■     •  \« 


veshall  finally  get- 

Z  ^fX'ix  +  C,        3f  =  z/X'dx+C'z. 

^^9..  It  is  of  very  great  consequence  to  remark,  that  it 
U  necessaiy  to  have  the  complete  integral  of  the  equation 

hot  merely  a  particular  value  of  z,  which  satisfies  it ;  for 
the  arbitrary  constants  are  involved  implicitly  in  the  ex- 
pression of  y. 

The  preceding  calcujus  also  shews  in  what  manner  we 
might  deduce  the  complete  integral  of  the  equation  in  terms 
of  z;  for  if/^emide  R^OyAe  equation  in  y  will  be  simi- 
hrto  this,  aiid  we  shall  have' 

—fPdx 

X  =  £l— .,   X^fX'dx^'C\ 

and  y=:izfX'dx\C*z  • 

will  be  the  complete  integral  of  the  equation 

d^y  -f  Fdy  dx  +  Qydx^izO, 
X  being  in  this  case  a  particular  value  of  y. 

£80.    The  equation 

d^z-^-Pdzdx  +  Qzdx^^O 

ft  d* 
is  reducible  to  the  first  order,  by  making  r  =  c 

signating  a  new  variable ;  for  we  thus  get 

fits  Jtdx 

dzszet^    tdxy     d^z-e        {i'dx^ +dtdx)'j 

z  z 


/  de- 
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the  function  #     becomes  a  common  fiuSior^tf  die 
posed  eqoatiafii  wlueh  is  leduced  to 

or  to  di-^ii^^Pt-^Q^dxssO.  • 

When  the  coefficients  P  and  Q  are  consfagti^  wc  "^^^  ^ 
represent  them  bj  il  and  Bi  the  equation 

becomes  , 

dt-hi^^Jt+B^dxsBO, 

In  which  die  TanaUes  are  separated,  if  we  give'  it*  the 

,        ...» 
bnt  as  it  ift  mexely  necessary  to  satisfy  this  eignktion, 

readily  obserye,  thatif  wemake  fsMy  M  bong  a  constaov^ 
we  shall  have  dt^O.  and 

m^+jtm+BmO. 

Thislast  equation  gives  in  general  two  values  of  m;  if  wt   ] 

represent  them  by  n/  and  m%  we  shall  likewise  have  fo   l 
sua 
$      two  values,  which  are 

we  shall  have  therefore  at  the  same  time  two  particular 
values  of  z,  which  are  . 

z^^*  and  z zi^''. 

We  might  with  one  of  these  values,  as  we  have  shewn 
above,  find  a  complete  value  of  z ;  but  in  equations  of 
the  second  order,  of  the  form  of  those  above-mentioned, 


*  It  may  be  proper  to  remark,  th%t  the  above  transfomi»* 
lion  will  reduce  in  general  to  the  first  order  every  equation  of 
the  second^  which  is  homogeneous  with  respect  to  the  quaniitiss 
z,  da,  and  d^z,  considered  as  distinct  variables. 
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vre  obtain  immediately  the  completa  value  of  the  function, 
when  we  have  two  particular  values,  z'  and  2",  by  assuming 

C  and  C  representing  two  arbitrary  constants ;    for  if  we 
Sobstitute  this  value  and  its  differentials,   and  then  collect  . 
together  the  terms  multiplied  by  the  same  constant,  wa  ■ 
llaO  find 

C{d''z  +  Pdxfdx  +  Qz'Ji*) 

■i-C(d^:/'  +  Pdz"tlx  +  Qz"dx% 
a  result  which  is  equal  to  nothing,  independently  of  th4 
Takes  of  C  and  C,  since  the  quantities  which  multiply 
these  constants  become  equal  to  nothing  at  the  same  time 
with  the  Erst  member  of  the  proposed  equation. 

861.    When  the  values  of  rr 
^oentljr  of  the  form 

m'=a  +  $'/'^l,         m"=»-8V'- 
•ehave 


1  are  imaginary,  and  conse- 


-1, 


-(C^- 


'  +  C?-6 


■0; 


wt  render  this  result  real,  by  suppressing  the  imaginar^r 
exponentialB,  by  means  of  sines  and  cosines.   For  we  hav« 

,-fl.-/=T=co8  gj:-*^^  sin  gT, 

•  [(C+C)  coi  BH-(C-C)  v'^  sin  ?  J]  i 


C+C=t 


ic  COS  $x  +  i/  iin  01); 


n{B«  +  j), 


I 

I 
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by  making 

When  the  roots  m'  and  f»"  are  equal,  the  value  of  : 
being  reduced  to 

becomes  incomplete,  it  will  be  necessary  in  this  case  lo 
make  use  of  the  particular  value  x=e^',  m  ordar  to  obtain 
the  complete  integral,  following  the  process  in  No.  279; 
but  we  arrive  at  it  more  easily  by  con  si  Mentions  analogoui 
to  those  in  Ua.  5G,  by  supposing  tbac  »  and  m'  difier  ina 
each  Olhel  by  *  very  Rmall  quantity. 

Let  us  suppose  w'^nZ  +  ij  there  thence  results 

,    z = Cf^'+ c'r" + *■  =  f^'  ( c+  c^•y  i 

developing  /•  according  to  the  powers  of  i,  m*  have 
■a=*^'  (  C^C+Ci  J+C^  +&c.> 
^         /  d      ' 

by  putting 

This  last  expression,  which  satisfies  the  proposed  «  _ 
forallvalueqo&ifciigrias'withh  Ufcewiwrrf^*^!  oriri''=:«i't 
and  in  that  case  it  bscooies 

S62.     Let  us  take  the  more  general  equation-  - 

We  have,  for  the  .equation  ^'i 

d'g-k-Pdpdi+Qifdx'^Rdj^,   , 
from  the  formulK.iij  No.  37Si 


1 
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=Cz+z  /.  !— 5-.rfx  (/#       iJ  z  Jr+C) ;      ; 
*/        z    .        .  . 

This  ei^esfiion,  inYoIving  .two  arbitrary  constantSj^  is  eomn 
pletCi  80  that  it  is  merely  necessary  to  substitute  m  it  a  p^tr* 
ticolar  value  of  z.    T&e  proposed  equation  depends  on 

d*z+Adzdx+Bzd9c^'=:0; 

sod  since  the  coefficients  A  and  .B 'are  constant,  we'Qiay  sa-* 
ti!^ this  last  equation  by  sithply  supposifig  z = ^9     ' 

iriiich  gives 

in  shall  haft  therefore,  since  P^A^ 

I     I  ■  '     'I 

lotegratlag  by  separation  into  ptrta>  ^  shall  finfl  .   ', 

if  we  substitute  this  value  in  the  expression  for^,  and  if 
after  the  proper  reductions  we  put  n  in  the  place  of 
*(il  +  m),  there  will  result 


5=C^- 


■aur 


tn^n 


f^'fe-^'Rdas-^i^fe-'^Rdx 


tn-^n 


^  changing  the  form  of  the  arbitrary  constants, 


m^n 


*  The  formula  to  integrate  here  is  of  this  kind, 
fdUfVdx^UfVdX'-fUVdx{22{). 
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We  readiljr  aer  that  the  quantity  n  is  the  second  root  of 
the  equation  m^  +  Am-i-B  =  0,  since,  by  the  hypothetU 
ffl-f-nx:  -A. 

When  these  roots  are  imaginary,  we  transform  the  ex- 
pression for^by  means  of  sines  and  cosines,  as  in  N0.S8I  ■ 
or  else  by  supposng  in  the  general  erpression  for  j/, 

z=e"03s$x,  OT  zs^e"'  sinfite, 
pardcular  rnlues  which  result  from  the  second  comj^e 
expression  for  z,   in  the  No.  just  cited,   when  we  make 
«=0,  or  c'=0,  and  by  integrating  by  parts,  we  find 
^=*»'[/.cosSj+yBinST] 
f*'['s'mej:/*~'"JZrfxcQa  ga'-coa  Sx fe~'" Rdx  tin  Bx] 


> 


When  fn=n,  the  expression  for^  preceding  this  last 
becomes  incomplete,  as  in  the  No.  just  cited  ;  and  the  se- 
cond part  of  the  expression  presents  itself  under  the  fonn-§-  ■ 
but  we  elude  this  difficulty  by  obserring  that  A  becomes 
equal  to  —  £  m,  and  that  on  this  hypothesis  the  equation 

y=C<-'+^/»-<''+«-"dj(/e'^*— iidx-hC) 
13  reduced  to 

by  integrating  we  find 

y^C/"^-r'{_Ci-{-x/t-'"Rdx-f—'Rxdx)^ 
or 
y  =  r-{Cx+C)-{-/"{xJf-"Rdx-/t Rxdx). 

In  the  applications  of  Analysis  to  Physical  Astronomy, 
we  frequently  meet  with  the  equation 


for  which  vee  have 

m=flV  — 1,  or «=0,  and  S=*; 
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hs  integral  will  therefore  be 
jf  «■/ cos  tf  x-f-f  sin  0  X 

.  vmaxfRdx  cos  aX"-co$  ax/Rd^x  tin  MX 

The  function  R  liar  commonly  the  form 

J+Bcosfix+Cti^yfi+Scc.         *  '••' 

A.  B.  C,  &c.  being  constant  coefficients,  and  a,  0,  Sec. 
representing  whole  numbers }  and  the  integrations  indi- 
cated are  effected  by  the  methods  mentioned  in  No;'196.  - ' 

S83.    Tie  integration  of  the  equation 
J^z+Pdzdx+QzJa*zzO, 

can  some^mes,  diough  rarely,  be  effected  when  the  coeffip 
cients  P  and  (i^xe  variable  quantities :  we  succeed  in  it^ 
for  example,  when 

We  hate  (280) 

making 

there  results 

{a+ix)dm  +  (nf  +  {A-'i)m+B^dxzsO. 
We  satisfy  this  equation  by  assuming 

from  whence  we  deduce  two  values  of  /,  namely. 


but  since 


t  = 

m' 

a+bx' 

fl+ix' 

zz: 

PmA9 

'=:(j+*X)     » 
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we  shall  have  ' 

484.     The  general  equation 

d*y+P^~'ydx+Qd—^gdx' +l/f</j-  =  rJa- 

has  properties  analogous  to  those  wUch  wre  have  sheurn  to 
belong  to  that  of  the  first  degree  and  second  order. 

1st.    When  tjie  19r^,^<^x"  a  wanting)  oi  tlw  eqtutioo 
is  of  the  form 

^x+P4'-'xdxfQd*~''zdx' +Uidj^=0, 

it  is  only  necessary  to  know  h  particular  values  of  x,  to  ob- 
tain at  once  the  general  expression  for  this  function,  and 
^  we  denote  these  particular  values  by  :;,)  Zg,  i„...;^we 
shall  have 

s  =  Ctr.  +  ais+Ci, +  C.r., 

C„  Cj, C'^  being  arbitrary  constants. 

This  proj'osition  is  easy  of  demonstratioo ;  foi  it  it  evi- 
dent that  each  of  the  et^uatious 
C,{d'zt+Pd'~-^Xt?x^Q_^^''x^dx'...+irXid3')=0 

C,id"z^+Pd'-^zJx+Qd'~^zJx\..+UzJx')=:0,  ' 
being,   bf  hypothetis,   identical,   tliftr  sum  will  give  as 
identical  equation,   which  will  ^e  preotftly  the  nm«  M 
would  have  been  obtained  by  substituting  for  z.  and  its  dif- 
ferentials in  the  piroposed  equation,  the  values  which  result 
from  the  alt«ve  gensi«)  expresnon  of  z. 
Sd.     The  integrstion  of  the  equatios  . 
d-y+Pd'-^ydx+(ld^-',,dx^..,+Ui,dj^=,P'dx' 
may  be  made  dependent  on  that  of  the  equation 
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T^is  is  easily  proved,  by  supposing  the  value  of  y  to  be  of 
the  same  form  with  that  of  z  j  but  that  the  quantities  C„ 
C„  C„  ...  instead  of  being  constant  as  above,  are  functions 
of*. 

To  fix  our  ideas,  we  will  suppose  the  proposed  equa- 
tion to  be  of  the  third  order  only :  and  we  shall  have 
S=C,z,+C,:.+C,r.„  where  C„  Q,  Cy  are  to  be  deter- 
mined so  as  to  satisfy 

If  we  form  successively  the  values  of  ifi/,  li'i),  and  d^y,  con- 
sidering C„  C^,  Ci,  as  variable  ;  we  shall  find,  first 

but  since  there  are  three  quantities  to  be  determined,  and 
the  question  proposed  affords  only  one  condition,  we  are 
at  liberty  to  fix  on  two  others  at  pleasure,  and  consequently 
we  may  suppose 

r,d  C,  +  zj  <f  Cs  -H  x,d  C,  =  0, 
vliich  will  give 

This  value,  when  differentiated,  will  become 
<Py  =  C^d*z,+ad'z,+C,d^z,+dzifi  Ci+d  :^dCu+d  z,dC,i 
and  again  supposing 

dz,dC,+dz^C,-^dz:,dL\=0. 
(here  will  remain 

d^u^Cjd^Zi  +  C^d^j  +  C,d^z^ 
whence  we  deduce 
d'y=C,<^--,  +  C,d'z,  +  C,d% 

+  d^z  ,dC,  +  dHfi^t  +  rf'Zjrf  C». 
By  the  si^bstituiion  of  these  values  of  y,  dy,  d^^,  ^y,  the 
proposed  equation  iviJl  become 


k 


wo- 
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I 


+<Vx,d  C^+(PzsdC,+d'z^d  C,  ' 

which  will  reduce  itself  to 

because  the  functions  Zi,  r,,  z^,  satisfy  the  equatioa 
rf=i  +  Pd^zdi:  +  Qdzdjr  +  Uzdi^'^0  : 

consequently  there  will  exist  among  the  differentiaJs  dC„ 

dC^  dCgf  the  three  equations 

z,dC,+  z^C^+  z,dC,=0  -J 

dz^dC,+  dz^Cs+  dz^C,=0  [ 

whence  we  may  derive  the  values  of  each  of  the  differen- 
tials expressed  in  terms  of  x  and  dx,  when  those  of  (,i  in 
Zj,  are  knowD.  Hesce  we  may  obtain,  by  eliminalioBt 
reiulu  of  the  form 

dCi  =  X,dx,       dC^=X^,       dCt=X^x, 
whence 

C,z=fX^dx  +  ii,    Cj=fX^  +  c„    Cf^/X^x  +  V, 
and  consequently 

y  =  z,(/Jr,di+c,)  +  ^(fjrM+c^)+z,(/X^+ti 
will  be  the  complete  integral  of  the  proposed  equation. 

Supposing  we  were  acquainted  with  only  two  pardco- 
lar  values  of  z,  the  proposed  equation  could  not  be  inte- 
grated but  by  means  of  an  equation  of  the  second  ofdn. 
In  fact,  we  should  have  in  that  case 

y=C,Zi+C,z„         dy=C,dz,+C^t^ 
by  making 
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^Fdx', 


but  tince  ve  are  not  at  liberty  to  diepose  of  more  than  one 
of  the  quantities  C,,  C,,  we  aie  obliged  to  use  the  com- 
plete developement  of  d^y,  which  is 

whence  we  get 
rfi=Ci(Pzi  +  C^Zi  +  S  4'xidC^  +  2  d'z^C, 

■i-dx^d'Cj  +  ds^Ca. 
Sabititating  tliese  ralues  in  the  equation  proposed,  and 
leducing,  in  the  same  manner  as  above,  we  should  have 

+  Pdz,dC,dx  +  PdzJCJx  \  ~ 

in  equation  from  which  we  may  eliminate  dC^  and  d^C^  bf 
obtaining  their  values  froni  the  equation  z,e/(', -fZerfC^sO,   ' 
■nd  its  differential  \  the  result  which  contains  only  i/T,,  and  -1 
rfC|,  with  functions  of  x,  is  reducible  to  the  first  order  (277).   I 

Lastly,  when  we  have  only  one  value  of  z,  we  fall 
upon  an  auxiliary  equation  of  the  third  order,  reducible  to 
the  Kcond,  as  we  may  easily  convince  ourselves  by  putting, 
in  the  proposed, 

C,z„     r,£/i,  +  z,dC^,     C^d^z,  +  2  dZidC^  +  r,rf*C„ 
C,d*z,  +  3  d»2,dC,  +  3  dz^d'C^  +  x^u 
tnitead  of  ] 

Si  ^Si  ^V»  and  d'y :  i 

die  equation  produced  by  these  substitutions  is  reducible  to 

+  Pz,rf*C,<iJ  +  2Pdz,dl\dx     [  _  ;'jj», 

suppose  V=0,  the  equation  in  y  becomes  the 
■me  as  that  from  which  :  is  to  be  found,  and  thus  the 
roregoing  calculations  shew  in  what  manner  we  may  obtain 
■m  general  expression  for  this  function  by  means  of  two, 
w  only  one  particular  value. 
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Since  the  method  applied  above  to  the  equation  of  Ae 
Bm  degree  and  the  third  ordec  applies  to  Fquatioos  of  the 
tame  degree  in  every  order  we  conclude]  that  if  v>e  iavf  o 
particulnr  vahts  of  7.,  v)t  can  deduce  the  general  eKpreiJunfar 

thit  function  ;  and  that  lue  mat/  derive  die  lame  exprtisiem  frtm 
the  integration  of  an  equation  of  the  frit  degree  and  9rdrrf  v?ktn 
onlt/  n  —  \  particular  valiiet  are  inaivri.  This  proposition,  ai 
well  33  the  demonstration  we  have  given  of  it,  is  doe  to 
Lagrange. 


285.    The  equation 


^zdx^...  +  Uzdi'i^Q 


is  not  integrahle  In  all  cases,  but  it  may  be  satisfied  wIki 
the  coefBcients  /',  Q,  &c.  are  constant,  by  making  2=/", 
because  upon  this  supposition  it  becomes  divistble  by 
^'di',  after  the  substitution  of  the  values  of  :,  rfz,  ^i,  ™ 
d'z,  which  are 


^',     r-mdx. 


n'di'... 


.e"m'dj'i 


we  then  find 

m'  +  Pm--'  +  Qm"-' +  U 

and  if  we  call  the  n  roots  of  this  equation  n 
we  shall  have 


and  consequently 


,'^  J 


+0' 


Such  is  the  general  eipression  for  z,  nhen  the  roots  M,t 

m; m„,  are  all  real  and  unetjual. 

Should  imaginary  roots  occur,  since  they  always  appear   I 
in  pairs  of  the  form 

we  may  get  rid  of  the  V  -  1,  by  changing  the  exponentialt  f 


w 
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into  sines  and  cosines,  by  meihs  of  the  formula  in  No,  164 ; 
ftnd  if  m^  and  n)»  be  two  imaginary  roots  of  the  same  pyir, 

che  terms  C/    '    +0   ■   ,   which  they  introduce  in  the 
complete  vaiue  of  z,  will  become  (2fil) 

=:^'[<.C^  +  C^)  COS  $x ■ir[C^-C^W~  iinSx} 
=<»'((■,  cosffjc  +  fj8in|Sj:)  =  /*"'^sin(/Ji+y). 
If  any  of  the  roots  m,,  iw^,  wij,  &c  become  equal  to 
e«h  other,  the  complete  value  of  z  given  above,  loses  its 
generality,  since  in  that  case  several  of  the  constants  C„ 
Cj,  gcc.  will  reduce  themselves  into  one,  as  we  have  already 
seen  for  the  second  order  (281).     Suppose  Srst  ffli=iiij:  in 

this  case  the  two  terms  tV™'    +  C.,e'"''    will  give  but  one, 

til,  (Ci  +  Cs)  *  ^  ;  and  the  expression  for  z  will  contain 
no  more  than  n—  1  arbitrary  constants;  but  if  we  suppose 
%=m,-f-A,  we  get 

.-'"'^[^i-H^X-^T^r^^^O] 

"»Iiich  by  the  change  of  T,  +  C  into  e^,  and  CJc  into  rj,  be- 
comes 


"'i-T  /      ,         .     ^*  .  0     \ 

'     /    Ci  +  C^-^-C^ —  +  KC.), 


*nd  making  k  =  0,  we  get  e    '    '.Ci  +  c.^),  which  being  sul*-. 

•tituted  forfjif'"'"^ +ric"'^'^,  the  value  of  :  will  re-attatn 
**»e  generality  requisite  to  make  it  the  complete  integral  of 
*he  proposed  equation  j  so  that  we  have 


To  proceed  to  the  case  where  t 


■+&C. 


1 


i 


'ttppoGc  in  the  foregoing  result  mj  =  mi+i',  and  we  shall 


m 
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we  shall  find 


i 


Kow  by  developing 

'»=*'"'*  [^,+c,+(r;+c,*v+r,^+c^+&c.]  +  tec. 

whence,  hj  changing  the  constants  into 

fj+Cj,  c^+Cji'  and  C;—,  into  Ci,  t^,  and  c^ 
there  will  result 

4nd  whent=0. 

Id  the  same  wajr  we  find  that  if 
/Hi = fn« = m^ = Wf , 
the  general  expression  for  z  will  he 

and  so  on. 

286.  If  we  have  any  number  m  of  differential  cqsa- 
tions  of  the  first  degree,  containing  m  +  1  variableit  one 
only  of  these  will  be  independent,  and  the  m  others  mil  be 
functions  of  that  one.  When  these,  as  well  as  their  differ- 
entia) coefficients,  rise  no  higher  than  to  the  first  power 
in  the  proposed  equations,  which  will  then  of  course  be  of 
the  first  degree,  we  can  always,  by  the  method  pointed 
out  in  No.  119t  arrive  at  a  difTerraitial  equation  of  the 
first  degree,  between  one  of  the  functions  to  be  deter- 
mined, and  the  variable  which  we  regard  as  Independent } 
but  we  may  sometimes  avoid  the  process  of  elimination  by 
integrating  the  proposed  equations  conjointly. 

D'Alembert  is  the  first  who  undertook  the  immediate 
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integration  of  a  system  of  two  or  more  (tiiferential  eqiia- 
uons,  and  the  method  which  he  devised  upon  this  occasion 
is  too  ingenious  to  be  passed  over  in  silence. 
Suppose  we  bare,  first  the  equations 
du-\-{Au  +  B3)dt  =  Tdt, 
dx+{Au^B-i)dt  =  Tdt, 
where  the  variables  u  and  x  are  regarded  as  functions  of 
the  independent  variable  1 1  if  we  multiply  the  second  by  a 
factor  B,  a  function  of  t,  and  then  add  it  to  the  £rst,  w« 
get 

du-^^dx  +  iiA-k-  J:i)u  +  {B^  B'S)x\dt-{T+Ti)dt, 
a  result  which  comes  under  the  forni  of  an  equation  of  the 
first  degree  and  order,  relative  to  two  variables  only,  pro- 
vided we  have 

since  then>  making 

^J  +  S'8 

*e  have 

dz+{A+Ali)  zdt  =  (T+rfl)  it. 
To  satisfy  the  requisite  condition  we  must  suppose  in ' 
general 

Md  eliminating  fl  from  the  second  equation,  we  thence 
deduce  a  relation  between  the  coefficients  A,  B,  A',  B,  and 
^8)  whence  fl  is  given  in  functions  of  /. 

When  these  coefficients  are  constant,  it  will  be  saris- 
fed  immediately  by  supposing  6  constant ;  and  this  factor 
*ai  be  determined  by  the  first  equation,  which  rises  only 
to  the  second  degree.     If  we  deaote  by  6i  and  (/,  the  values 


w^mn 


of  fl,  which  will  also  be  those  of     .  ,    .,■-  i   by   a, 

those  of /i+iffl  i  and  lastly  by  2",  and  T^  those  of  T+r^"^ 
we  shall  find  (257.)  the  two  primitive  equations 

7,  and  Tj  being  the  arbitrary  constants,  from  which  the  f  ^5- 
neral  expressions  for  u  and  for  ,i  may  be  deduced. 

The  proposed  ei]uations  appear  at  first  not  to  be  so  ^*' 
neral  as  they  might  be,  since  all  the  differentials  are  i*** 
found  at  o(ice  in  each  of  them ;  but  if  we  had  the  t\^* 
following 

M  du-^  Ntix+(  Pu+Q  x)iit=R  dt, 

Mdu  -H  N'dx-^{Pu+q  r)  4t=Rdl, 

we  might  easily  reduce  them  to  the  first  form,  by  rec=*" 

procally  eliminating  dx  and  da.     The  process  itself  is  al^»9 

I  immediately  applicable  ;  but  the  operation  is  simpler  in  tK~", 

I  first  form,  which  besides  is  of  more  frequent  occurreni 

"We  sliall  observe  lastly,   that  we  might  have  obtained  o 

indeterminate   quantity  more,  by  multiplying  the  first    *3t 

the  proposed  equations  by  a  factor,  as  well  as  the  seconcSt 

this  however  would  be  useless  in  the  case  where  the  coe=  ^ 

I  ficients  of  the  first  member  are  constant,  the  only  one  \ 

shall  consider  in  this  place. 

had.    Suppose  we  have  the  equations 
du+(A  u+B  i+C  ^)dt=Tdt, 
dx+{A' u+B-  t  +  C !/)di  =  rdt, 
di,+(A"u+  ir^+ry)  dt^T'dl, 
in  which  the  coefficients  of  the  first  members  are  constai 
if  we  multiply  the  second  by  fl,  and  the  third  fays', 
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iii  the  results  to  the  first,  we  shall  obtam  an  equadon 
vldch  miy  be  thrown  into  the  form 


la  order  that  this  ma^  become  an  equation  of  the  first 
<*der  between  two  variables,  wc  must  have 

B+B9  +  Rr       ^.  _  c+rfl  +  C'ff 

These  latter  equations,  which  determine  0  and  6",  by  elimi- 
nation lead  to  a  final  equation  in  f ,  orff,  where  the  unknown 
quantity  after  the  proper  reductions  rises  but  to  the  third 
degree. 

If  we  consider,  tn  particular,  each  of  the  three  roots  of 
this  equation,  we  obtain  three  primitive  equations  of  iht 
fbrm 

"+»,»+»>='  '  °''(/°''T,dl+,,) 

S87.  CAlembert  applies  this  process  to  equations  of 
the  lirst  degree  and  amf  order.  Ic  may  be  extended  without 
difficulty  to  any  number  whatever  of  equations  of  the  first 
degree  and  firsl  order,  and  he  therefore  reduces  those  of 
the  former  kind  to  others  of  the  latter.  If,  for  instance, 
there  be  proposed  two  equations  of  the  form 

(nu  +  (j1tlu  +  BJx)dl  +  {Cu  +  Dx)d^  =  Tii:}, 

he  supposes  (/u=/^/^  dx=qdi;  and  he  consequently  ob> 
tains,  between  die  five  variables^,  q,  t,  u,  i,  the  four  cqu*- 
tions  of  the  first  ordet 
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tip  +  iJp+  B^+Cu  +  Di)dt=::Tiit, 
dq  +  (A'p-i-  B'q  +  Cu  +  D'x)dl=Tdt, 
du-pdl=.0, 
dx—qdt^O, 
which  are  then  treated  as  in  the  preceding  No. 

This  artifice  is  alike  applicable  to  equations  of  all  orders, 
of  the  first  degree,  whatever  be  their  number  *. 


3IeHiod.i  of  resolving  Differential  Equations  of 
t/te  first  and  second  Order  of  approximation. 
288.     After  having  exhausted  the  known   methods  of 
integrating  a  ditferetitial  equation,  we  must  seek  to  resolve 
it  hy  approximation,  that  is  to  say,  to  derive  from  it    the 
value  of  _y  in  terms  of  j,  by  means  of  a  series.    The  first 
idea  which  presents  itself  for  the  accomplishment  of  this 
purpose,  is  to  assume  a  series  for  j/,  with  indeterminate 
coefficients,  and  arranged  according  to  the  powers  of  z  i 
but  iTiost  commonly  artifices  of  a  particular  kind  are  neces- 
sary for  determining  the  exponents,  which  do  not  always 
follow  the  progression  of  the  integral  numbers.     When 
the  form  of  this  series  is  known,  we  then  find  its  coef- 
ficients, by  substituting  it  as  well  as  its  diSerential,  iiuteid 
of  ^  and  di/  respectively  in  the  proposed  equation. 
If  we  had,  for  example,  the  equation 
dj/  -\-  t/d  X  =  mx"  dx, 
we  should  suppose 

S=.A:^   +  Bj-«  +  '+Ci-  +  »  +  &c. 
■ubstituting  this  value,  and  that  of  dy  which  results  from 
it  in  the  equation  d^  +  ydx=m  I'd!,  (taking   care   to 
arrange  the  terms  so  that  a  sufficient  number  of  equatioDS 


^ 
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shall  be  produced  for  determining  the  exponents  and  co- 

eScients,  without  falling  into   contradictions)  we  should 

have 
.4r"-'  +  («  +  l)-ar»+Ce  +  2)C.r"+'+(«+3)/>J''  +  *  +  &c.^_ 
,    -  ««'+  ^x*+  Br-  +  '+  C2*  +  *  +  &c.i^ 

an  equation  which  becomes  identical,  iirorided  we  make 

«=«—!,  or«  =  n+I, 

an^^=-,B=- 


-(. 


I) 


7>  = 


nd  accordingly  we  should  find 

(*"  +  '                   a^  +  ' 
jr  B  »; 

t»  +  1)   (n   +   2) 


Riu. 


■  (»+  1)  («  +  S)  (n  +  S)  ■ 


'  J.tMi! 


is  value  of  1/  is  Incomplete,   since  it  contains  noTi 
arbitrary  constant ;    and   the    same  thing   will  happen    iil'  . 
e*ny  case  where  the  constant  cannot  be  detached  from 
the  rariable  x,  in  the  developement  of  the  integral.     We 
oiay,  however,  obtain  one  which  shall  haTe  all  the  requisite    > 
generality  in  the  following  manner: 

289.  Let  /(T,  y,  e)  =  0  be  the  integral  of  any 
<)tSerential  equation ;  to  determine  the  constant  c,  we 
ihauld  know  the  value  of  y  which  corresponds  to  a  cer- 
^in  value  of  x ;  suppose,  for  instance,  that  t/  =  i,  when, 
J=a  :  by  means  of  this  condition  we  obtain  ^fa,  b,  c)  = 
Irom  which  the  value  of  c  might  be  found  in  terms  of  o' 
and  t.  It  is  evident  that  the  same  end  would  be  accom- 
pliihed  by  preparing  the  expression  for  ^,  derived  from 
the  diffierential  equation  iii  luch  a  manner  that  when  j-  is 
made  ~a,  if  shall  become  =  i ;  now  this  may  be  effected 
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by  putting  x=:a  +  t,  y=i+u,  and  laking  such  a  series    "mo 
represent  u,  that  all  its  terms  shall  vanish  when  /=0- 

The  equation  cli/+;/ds=m  x'd  t  becomes,    by   tt-^» 
truisformation,  tia  +  i6  +  u)tlt=m(a  +  t)"  dt,  and  mabin|»— 

«  =  Jf  +  «(*  +  '  +  Ci"-^*  +  &c. 
we  thall  obtain 

•  J/"-'  +  (.+  l)7i/-+t»  +  e)f/«+'  +  8tc' 
+  i  +  ^^+    -  5*f +  '  +  &c./  _ 

1  l.S  •' 

in  this  equation  we  must  suppose  a~\  =0,  or  «  =  I ,  a^md 
we  shall  then  Gnd 

-'-»!«■  +  * 


1.5 


,&c. 


.  +  &c. 


1.2  .3 

290.    Taylor's  Series  is  immediately  applicable  to  \t^^* 
same  inquiry.     Considering  £   as  a  function  of  a,   th: 
quantity  will  become 

da"  '   1  .2       </«'  ■  T.2.3 
when  o  is  changed  to  o  +  /;  and  we  shall  consequent 
have 

y=6  +  .=*+-.-j  +_.--  +  _   .  ___ +&c=:? 

Eut  because  n  and  b  are  two  corresponding  values  of  x  an^^ 
y,  the  same  relation  must  exist  between  them  and  the  coef^ 


db 


,iy. 


of  —  will  be  had  by  substituting  a  and  i  for  J  and  j>,  x 
the   proposed   equation;    and  the  successive  differential^ 


L 
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of  this  resulting  value,  will  give  those  of  ~ — ,   T^t  ^*' 

by  a  process  exactly  similar  to  that  of,  No,  42.  •  '^'y 

^■ii.-ina 
This  series  will  generally  converge,  when  t  «  Tefy 
small }  and  to  extend  our  numerical  calculations  to  value! 
of  I  more  considerable  than  a+t,  we  must  make  a+Z^it,, 
*+«  =  ^1,  and  substitute  these  quantities  in  the  proposed 
diSerential  etjuation,  in  order  from  thence  to  deduce  the 

values  of  the  coefficients  -~  >  - — ; ,  &c.  by  whoK  assist- 
ance we  may  form  a  new  value  of  y,  corresponding  to 
«!  + 1,  and  expressed  by  a  series  similar  to  ilie  foregoing. 
This  must  be  employed  so  long  as  it  continues  convergent, 
and  then  anoiher  must  be  formed  froni  it,  as  before  e;f- 
plained. 

This  process  ceases  to  be  applicable  when  any  one  of   I 
the  differential  coeificients  becomes  inBuiic  ;  but  this  will  . 
ooly  take  place  either  when  the  function^  is  really  infinitk 
when  x=a,  or  when  the  series  expressing  this  functioa  , 
Contains  fractional  powers  of  .v.     The  first  case  happens^ 


for  instance,  in  the  equation  *^  =  - 


,  whose   iiitegigf 


»y  =  c  +  log.  (jr-fll 
of  X  which  differs  fron 


we  mus-t  here  take  the  first  valujt  i 
J.  In  the  second  case,  the  expi^  1 
Dents  of  the  series  representing  y  must  first  be  determined:  I 
knowing  wWch,  we  may  still  employ  Taylor's  Serie^  1 
If,  for  example,  the  series  proceeded  according  to  the  powers 

ofi  "  ,  take  3*  =  z;  and  having  thus  transformed  the  pro- 
insed  equation,  the  developement  will  then  be  by  powers 
rf  » i  we  have  only  to  remark  that  the  first  method  (289) 
b  free  from  this  inconvei ' 


201 .     The  same  processes  which  we  have  described 
3R  applicable  to  equations  of  higher  orders.     The  most 
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general  is  that  in  which  we  assume  for  y  x  series  whose 
exponents,  as  well  as  its  coefficients,  are   untictermined. 
The  following  example  will  give  an  idea  of  the  manner  of 
obtaining  both  the  one  and  the  other. 
Let  the  cqnation  be 

d'l/  +   ai''r/dz'  =  0; 
if  we  suppose  J 

^  =  ^r"  +  Bx"  +  °  +  Cr»  +  *'+&c. 
and  that  the  series  of  exponents  is  an  increasing  one,  or     | 
that  i  is  positive,  we  may,  when  j  is  supposed  very  small, 
-   conceive  1/  to  reduce  itself  to  its  first  term,  since  the  otheri 
are  too  small  to  be  compared  with  this  first.     On  this  Sup-     < 
position,  we  may  confine  ourselves  to  assuming  ' 

and  the  proposed  equation  will  become  ) 

«(<.-l)Xi--'  +  fl^J-»  +  ''  =  0. 
It  is  not  possible  to  determine  a  so  as  to  make  (he  tw<*,, 
exponents  «  —  2  and  a  ■^-  rt  equal,  except  in  ihe  particul»^ 
case  where  n—  -2;  but  the  eiponent  of  *  being  greate^ 
in  the  second  term  than  the  first,  we  may  neglect  one  o^ 
these  terms  in  comparison  with  the  other,  and  the  equatio^M 
may  then  be  verified  in  two  ways  (by  approximation;  viz^ 
by  taking  a  =  0  and  b=  i,  since  either  of  these  caused) 
the  term  a(a— 1)j4j*~'  (the  greatest  in  the  equation]]^ 
to  vanish:  A  therefore  remains  indeterminate,  and  woq 
have  two  series,  one  beginning  with  ^,  and  the  other  wii 
Ax. 

If  we  take  successively 

and  substitute  for  y  these  values,  and  for  d^y  its  correv  ' 
ponding  values,  we  shall  find,  by  properly  arranging  the 
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terms,  that  i  must  be  equal  to  2  ;  and  In  either  case,  de> 
tenninmg  the  values  of  the  coeScients  A,  B^  C,  Slc.  we 
amTC  at  these  two  series : 


■       +&C. 

{«+2)  (n  +3)  (2n+4)  {2n  -|-  5)  (3«  +  6)  {3n  +  7)^ 

The  developemcnts  given  above  are  only  particular  values, 
since  they  contain  each  but  one  arbitrary  constant  ji  ;  but 
(on  account  of  the  particular  form  of  the  proposed  example) 
[279)  we  shall  obtain  a  general  expression  for  i/  by  writing 
in  the  latter  of  them,  jI^  for  J,  and  taking  their  sum. 

All  thai  has  been  said  in  Art.  290.  on  equations  of  the 
first  order  may  be  applied  to  those  of  the  second,  with  this 
di0erence  alone,  that  the  term  of  the  aeries  given  in  that 
article  must  be  regarded  as  arbitrary,  since  the  equation 

proposed  determines  only  the  coefficient  -— -^ ,  and  chose 

which  follow  it.  To  determme  then  the  expression  for  y 
completely,  we  must  know  what  this  function  and  its  first 
differential  cofficient  become  when  .i  has  a  particular  value  a 
assigned  to  it,  or  else  to  have  two  particular  values  of  j 
corresponding  to  two  given  values  of  r;  but  this  last 
method  of  proceeding  is  appUcable  only  in  general  to  the 
second  integral,  expressed  by  a  finite  number  of  terms. 

292.  The  processes  of  approximation  afforded  by 
Taylor's  Series,  and  which  apply  to  all  orders,  shew  that 
diSerential  equations  with  two  variables  are  always  possible, 
tbu  ii  to  say,  that  we  can  always  assign  values,  either 
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rigorously  or  approximative! y  exact:  and  the  same  thiH-^^ 
Sppears  from  geometrical  coti  si  derations-  In  fact  if  **^^- 
consider  an  equation  of  the  first  order,  we  may  dediL 

wMch  expresses  t2w 

trigonometrical  tangent  of  the  angle  which  is  contained 
between  the  line  of  the  ahscissx  and  riic  tangent  of  t-Mie 
curve  represented  by  this  equation  ;  taking  tlien  the  poi.  vt 
.  My  fig.  oO,  corresponding  to  the  co-ordinates  AP^  ■", 
PM=i,  draw  jWT  making   with  iliQ  parallel  to  Ait,  tS^ 

angle -Af'jUQ  equal  to  that  whose  tangent  is  — j  tF*" 

Une  will  touch  the  curre  required  at  M.    Considering  tl^e 
curve     and    its    tangent     as    coincident    in    the     imn*  ^' 
diate  neighbourhood  of  the  point  of  contact,  the  line  7!^^ 
,  will  determine   the  length  of  the  ordinate  /"  M'  corr^^ 
ponding  to  a  point  I'   infinitely  near  P",  from    which  v" 
calculate,  by  means  of  the  proposed  difterential  equatio 
file  tangent  of  the  angle  jW'A/' Q'  formed   at  the   poia 
W  by  the  tangent  T'  M'  consecutive  to  TM.     The  co^cTit 
tinuation  of  this  process  will  give  a  polygon  which,  in  pr^T'Tj 
iwrtion  as  the  number  of  its  sides  is  increased,   will  diff^ 
le»s  and  less  from  the  curve  to  which  tlie  proposed  equ  -^ 
tion  belongs.    It  follows  also  from  this  construction,  that 
differential  equation  of  the  first  ordpr  represents  an  infini^ 
of  curves,  since  any  point  that  we  please  may  be  assumes 
the  point  M. 

In  equations  of  the   second  order,  which  determitr:: 

only  -T-^i  we  most  substitute  the  osculatuig  parabolas  fi::^ 

tangents.    Having  assumed  at  pleasure  a  first  point  who^^ 
abscissa  and  ordinate  are  ^=  a,  y=  t^  we  form  the  eqi 
ti(Mi 


y'i  =  J(j   -  -ii  +  Ji{v-~  a* 
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ax 


^rch  represents  a  parabola  passing  thruugh  this  point. 
DIfifefentiating  twice  successively  we  derive  from  it, 

X  ,  being    supposed  =  a.      Tlie     coefficieni    A    rtmalW'  '■ 
aj&itrary ;  but  B  is  determined  by  putting  ift  tfic  proposiJ^  I 

equation  a,  b,  and  A  instead  of  x,  ^,    -^  :  we  then  construct  " 

in  the  first  place  a  paratjola  AIN,  fig.  53t  passing  through   F'o- 
JH,    and    whose   tangent    at    that   point  makes    with    the 
xbscissa  an   angle  having  a  given   trigonometric   tangent. 
We  next  calculate  the  value  of  the  ordinate  P'  M '  of  thi« 


e  and  also  that  of  - 


dx' 


rfesponding   to  a  point    P* 

taken  very  near  to  the  point  P  upon  the  axis  of  abscissae  ; 
than  writing  these  values  in  the  proposed  diderential  equa* 

tion,  we  tfience  deduce  a  new  value  of  ~~  .      Let  this  be  ■■ 

<ir» 
represented  by  2  0,  and  making  (,  and  .4,  the  values  of 

J*  JM'  and   of  -«-,  we  form  the  eqiiation 

dx  ^   • 

if  the  Second  osculating  parabola,  from  which  we  detef- 
iiiine  a  third,   and  so  on. 

It  Is  easy  to  modify  this  process  bo  as  to  substitute  the 
osculating  circle  for  the  osculatirg  parabola,  or  to  extend 
it  to  eijuadoiu  of  all  orders. 


Of  the  particular  SalutioHs  nf  Differential  Equa- 
tions of  the  first  Order. 

293,    In  Art.  270,  a  Partiai/ar  ^o/utien  of  a  cffficrential 
eqoarion  presented  itself  which  could  not  be  derived  from 
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the  complete  iiitegfal,  and  in  Art.  888,  we  airiwd  «  a 
value  of  ,v  which  contained  no  arbitrary  constant ;  these 
two  circumstances  give  rise  to  the  following  questions : 
vihence  eriginatt  pariicul/tr  jilutiafis  ^  and,  hov)  are  we  tt 
dUlinguijh  vihether  a  primitive  ejiialian,  vjhtch  tatiijiu  a  pT9- 
poitd  dl^erential  one,  is  or  ii  not  eontaintd  in  itt  integral^ 
theae  are  the  subjects  I  proceed  to  examine. 

The  relation  between  a  difTerential  equation  and  lu 
integral  is  such  that  the  latter  is  equivalent  to  an  infinite 
number  of  primitive  equations  of  the  former,  which  we 
should  obtain  by  giving  successively  to  the  arbitrary  con- 
stant all  possible  values,  and  each  of  which  so  obtained 
would  satisfy  the  differential  equation  (43).  These  difTerent 
primitive  equations  may  be  designated  by  the  name  of 
Particular  Integrali  because  they  are  particular  cases  of  the 
complete  integral.  Particular  Solutions  (whose  mxmhn  a 
always  limiied)  are  primitive  equations  essentially  dif- 
fering in  their  form  from  particular  integrals.  These  so- 
lutions are  of  two  sorts;  those  of  the  first  are  merely 
factors  of  the  proposed  differential  equation,  into  uhicb  dx 
and  dy  do  not  enter,  and  which  consequently  being 
made  =  0  give  primitive  equations,  and  establish  reblioni 
between  z  and  j  which  render  the  proposed  equation 
identical.  Solutions  of  this  kind  (if  such  there  be)  of  the 
equation 

Mdx  +  Ndtf  =  0, 

may  be  found  by  seeking  the  common  divisors  of  thi 
functions  M  and  N. 

The  second  species  of  particular  solutions,  of  wludi 
the  equation y  f/j;—  x  di/=n  v't/a'  -i-  d  if*  +  </y  (S"0.)  has 
afforded  us  an  instance,  is  intimately  connected  with  the 
diffi'Tcntial  equation  from  which  it  originates,  although  it 
rcannoi  be  referred  to  any  of  the  cases  of  die  complete  inwgnl 
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whitever  valae  we  assign  to  the  arbitrary  constant,  as  it  is 
euytoperceive  by  comparing  the  equationsy=ci^+MVl  +c' 
rail'  +  I/*  =  n'. 

The  following  theory  of  these  latter  solutions  which 
before  that  time  were  regarded  as  forming  a  paradox  in 
the  Integral  Calculus,  has  been  given  by  Lagrange  *  ia 

294.  The  particular  solutions,  without  being  ex- 
plicitly comprised  in  the  complete  integml,  may  never- 
theless be  deduced  from  it,  if  we  cease  to  look  upon  the 
aiiitrary  constant  as  invariable.  In  fact,  let  U  =  0,  he  Z 
primitive  equation  containing  the  variables  a,t/,  and  a  con- 
Uttitci  the  corresponding  dilftreii  rial  equation,  which  wewill 
deugnate  by  f'saO,  will  be  the  result  of  the  elimination  of 

thtsconstant  between  the  equations  (7=0,  and   -—  Jx  + 

-J—  dy  ^  0  (43)  ;  but  if  wc  suppose  c  to  be  any  function 

whatever  of  xandj,  we  shall  give  the  equation  U  —  0 
generality  sufficient  to  represent  any  given  equation  between 
the  two  variables,  and  consequently  all  the  particular  sol u- 
liou  d  V  zzO.    This  being  premised,  throwing  the  eqiv- 

^   -—  di  +    —  du  =  0  into  the  form  dy=pdxt  we 
at*  at/ 


*  He  calls  them  Purticoliir  liUrgraU,  and  gives  the  name  at' 
Finica la r  Sulu lions  in  ihe  dillerent  casesof  the  coroplett:  iale{;ral. 
Uplace,  tvbo  iuccL-s.'ii'ully  treated  ilie  same  subject  before 
Lagrange,  euiployed  these  appellationj  in  an  inverted  sense,  and 
I  hire  fulluu-^d  liiin.  It  appears  lo  me  impruper  that  primitive 
^nitiodi  which  satinry  diireretitiiilones  without  being: contained 
in  their  complete  integrals  und  which  cannot  lie  tihtaJnod  by  llie 
wdinvyprocessesof  integration,  Hhuuld  bear  a  name  which  per- 
pelually  reminds  us  of  these  processes. 
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shall  observe  that  since  the  equation  ^=0  results  firqm  th(; 
elimination  off  between  U  —0  and  dy=ptl't  it  ought  to 
remain  unchanged  whatever  value  we  assign  to  c,  and  con- 
sequently that  we  are  at  liberty  to  suppose  c  variable,  pro- 
vided that  the  law  of  its  variation  be  such  as  to  allow  the 
equation  A)f=pdx  to  continue  true  ;  now,  although  whea 
c  is  regarded  as  variable  as  well  as  t,  we  have  m  genenl 
dy  =  pdx  +  qdc,p  and  q  being  functions  of  r  and  of  (t 
Still,  provided  q~0,  ivehave,  di/^pdx:  determining 
then  e  '  in  functions  of  x  and  ^'  by  this  equation,  and  sub- 
stituting in  1/  =  0,  the  value  which  results,  an  equation 
will  be  ob^ined  which  ^vilI  still  satisfy  the  dlFcrential 
equation  f'  =  0. 

.  In  what  h^s  been  said,^  waa  regarded  as  a  iunaifmot 
X  and^;  constdecing  in  its  turn  t,  asa  function  of  .y  aitdo 


the  equation 


ju. 


,  may  be  thiown  toto 


the  form  dx  =  mdt/';  and  reasoning  as  before,  we  a)taU 
iind  that  if  the  value  of  d  j,  taken  on  the  suppositioD  that  t 
vaiiesi  be  dx  =  mdt/+t>dc,  the  equation  resulting  from  the 
elio>inatiou  of  c  between  n=0  and  U~0,  will  also  u^sfy 
the  differential  equation  y=0. 

■  The  primitive  equations  afforded  by  both  the  foregoing 

processes  are  necessarily  either  particular  solutions  of  ^=0, 
if  it  be  susceptible  of  any,  or  particular  cases  of  its  com- 
plete integral. 

These   two   processes  may   be   comprised  in   one,  by 
getting  rid  of  aU  fcacuonal   quantities   in  the   equu^ 

-yds;  -i-^^du  +  ^</<:=0,the  differeniialof  [Aj^O 
dx  dy  de 

tal^en  wilh  respect  to  j,^,  and  e.  It  will  then  have  the 
form 

Mdi  ^  Ndi,+  Pdc  =  0i 
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-*;vhence  we  derive 

and  if  the  integral  functions  M,  N,  are  algebraic,  or  evp^ 
transcendental,  provided  they  te  not  susceptible  of  becoming 
infinite  by  some  value  of  c,  the  cociEcient  o(  d  c  will  not 
disappear  but  on  the  supposition  that  P  =  0,  which  thu4 
IfBl  give  all  the  particular  solutions  of  V—0. 

Wlen  the  equation  P=0  contains  only  c  and  constant 
I  ijnuitities,  it  gives  a  constant  value  for  o  and  gf  course 
conducts  us  only  to  a  particular  integral.  When  c  rises 
onljr  to  the  first  degree  in  the  expression  of  U,  it  will  not 
enter  at  all  into  P,  which  therefore  will  be  composed  only 
of  the  variables  >t  and  y\  but  in  this  case  the  equatiofl 
f =0,  itself  satisfies  F='ii  \  for,  U~0  being  of  the  form 
Q+<-i*=0,  the  equation  ^=0  becomes  PdQ^—  QdP=  0.  ^ 
To  decide  now  whether  ^=0  is  a  particular  solution,  or 
only  a  particular  integral,  we  must  eliminate  one  of  the 
variables  i,  or  y,  between  t/=:0  and  P=0 ;  the  result  will 
give  c  variable  in  the  former  case,  and  constant  in  the  latter. 
If  we  were  to  find  f  =  f-,  we  must  conclude  that  the  equa- 
tion P=0  is  a  factor  of  U=-Q  independently  of  the  coDstaot 
0  and  consequently  is  extraneous  to  the  differential  equation 

r=o. 

I  shall  now  apply  this  theory  to  the  equation 

y  dx  ~  x  dy  =  n  ^di*  +  dy*f 
e  complete  integral  isj^-cj  =n  V*! +c'  (270)}  if  we 
nake  c  vary  at  the  same  time  with  :t  and  j,   and  reduce  ajl 
dK terms  to  the  same  denominator,  we  shall  obtain 

ud  putting  the  coefiicient  of  dc  equal  to  zero,  it  become! 


4 

4 


I 


•■  •  ■    ■■  ■  .     ^  ''!»-•'' 
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.  ■  ]■"  ■■■•;.■  ■      ■-. 

whence  w  deriTe  g—  j      lu  ■    Tbit  value  o£  r  dnqet 

the  e^ttation  jr.  —  ex, «  9  V^l+^into^  «*+ jf*=; ii^,  «mI 
|nf!et  the  liilfticlilar  soladoa  obtain^  in  the'  a^kde  »- 
lema  id* 


i  .  .  t 


All  ^nations  of  the  fonR.jr«3 j9  x+P  (870)^  in  whi<dk 
J3ie  foregoing  U  comgmedt  Jfauiire  in  .analogonip^cnbs  eo- 
ludon.  Their  complete  integral  (represented  by  jr  aer  x\C^ 
C  bemg  •ctepdsed  of  .r^  in  the  same  manacfr  that  Pim  of  jp^ 
iovJieiiigthe'Samefancfiaiiiifit^)  gives  v:> 

ia4;m^VJ^^  obtain  Hie  Tdiw  of ii 

on  vpiu<» 'tm.  pflM^  !Ehia{Kudqil«r 

aoludonTnaidle  .ita  app^nince.  in  integri^ing  t^.jcquatiai 
jf  mp  x-hJP/  for  in  ai^ocen'tiating  it  diis  equatbu  was  ck 

tained,  composed  of  the  two  factors 

x+'~:^0,  and  dptsO, 
and  the  result  of  the  elimination  oip  between 

jf srjux+P, and  x+  7— =0, 
would  be  the  same  as  that  of  tlie  elimination  of  c  between 

d  C 

y^cx-^Ci  and  ar+  —  =0. 

xc 

The  equations^  s:/>jr+P  verc  remarked  long  ago  fcf 
Clairaut,  not  only  on  account  of  the  facility  with  whid 
they  are  integrable  after  a  second  differentiation  5  but  on 
account  of  the  particular  solution  which  this  operation  at 
once  discloses. 

Again^  take  the  equation 
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whose  integral  is 

vhen  die  radical  is  taken  away.    We  find 

xdx^cdy  -  iy+c)  dc=0, 
whence 

and  consequently 

the  particular  solution  is  therefore  in  this  example 

296.  One  property  of  particular  solutions  which  pre- 
sents itself  easily  in  this  latter  example,  and  which  is  uui« 
versaly  is  that  the  differential  equation  may  be  so  prepared  that 
the  particular  solution  shall  become  a  factor  of  it.  In  fact  if  we 
put 

we  shall  have 

xdx+ydy=udu, 

and  the  proposed  equation  becomes 

udu  —  udy  =z  0, 

If  we  had  taken  «=a:^+y*— a*,  the  radical  would  have 
manifested  itself  in  the  transformed  equation^  which  would 
have  become 

du-2dy\^=:0'y 

«^n<l  differentiating,  we  should  have  obtained 

dydu 

and  getting  rid  of  the  divisor,  the  result  would  be 

d^u  V^  -  2tt  d^y  -  dydu = 0, 

an  equation  which  would  still  be  verified  by  the  supposition 
oftt=:0.  As  these  transformations  maybe  continued  as 
far  as  we  please^  it  follows  that  there  are  methods  of  pre* 


y-      dydu      ^ 
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paring  all  the  successive  difl'eTentials  of  the  proposed  etpO' 
tioa,  so  that  the  particular  solution  sliall  satisfy  them  Uie- 
wise,  which  could  not  be  unless  this  proposition  were  tnie  ; 
for  although  when  we  make  the  constant  e  ramble,  and 

for  the  complete  integral,  yet  the  value  of  d't/y  given  by  the 
particular  solution,  becomes 

Jk  dc  dx 

while  it  is  simply  -^  dx'y  for  the  complete  integral  >  it  is  not 

even  the  same  factor  which  these  two  values,  gcnciallT 
■peaking,  satisfy:  the  equation 

(/*«  v^  -  2  rf'^f*  - '/y« = 0, 
is,  as  we  see  Verified  by  the  particular  solution,  indepemt- 
ently  of  the  diil'ereniials  of  the  second  order. 

The  developement  and  the  demonstration  of  Ae  ci^ 
cumetances  I  have  pointed  out,  would  lead  me  too  far;  diej 
are  to  he  met  with  in  a  memoir  of  M.  Poisson,  where  he 
has  elucidated  with  success  many  difficulties  which  sdl! 
iibsdured  the  riieory  of  the  particulai  solutions  of  various 
differential  equations.  {See  the  Journal  de  fEcs/r-Pat/kci- 
nlque  cah.  13). 

297.  To  decide,  from  what  we  have  said,  wheAer  t 
primitive  equation  which  contains  no  arbitrary  coosntit, 
and  which  satisfies  a  given  differential  equation,  is  a  parti- 
cular integral,  or  only  a  particular  solution,  we  require  to 
have  the  complete  integral ;  this  circumstance,  which  is  not 
always  in  our  power,  leads  us  naturally  to  the  foIIowiRg 
enquiry  ; 

Having  given  a  value  y=X,  vjluch  satisfies  a  d^trtntial 
tquatim,  ia  dttetmitit  tuhetlur  it  it  eempriseder  net  in  ih*  «•»• 
plrte  integral,  and  if  ptiiiklt  to  dfduee  this  hiittrfnm  it. 
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.  If  we  suppose  y^s^V  to  be  the  value  of  ^,  derived  from 
the  complete  integral^  the  function  V  must  necessarily  be 
so  composed  of  the  variable  x  and  the  arbitrary  constant  C, 
that  it  shall  reduce  itself  to  X^  by  assigning  a  proper  value 
to  f .  Let  C  denote  this  value  of  C,  and  since  the  supposi* 
don  of  C=C  gives  ""^-^^X^  or  the  difference  F'—JT vanishes . 
when  C— €^=0,  we  may  conclude  that  the  ex'pression 
^"Xy  or  at  least  its  developement^  is  susceptible  of  the 
fonn 

r-Ar=r'(c-c)'*+r"(C-c'/+&c. 

die  exponents  /A^i  >">  &^*  being  all  positive,  and  the  quanti- 
ties IT^  TT^  &c.  being  independent  of  C-7  C.  We  may  as- 
sume now  (C=3C')^=A;  and  h  will  remain  arbitrary  as 
well  as  the  quantity  C ;  changing  therefore  ^  to  ft^  it  be- 


comes 


whence^ 


r-x=rA+r"A^+&c., 


r=x+rA+r'A''  +  &c. 

aa  expression  which  we  m^y  look  upon  as  the  develope- 
ment  of  the  complete  value  of  ^. 

This  being  premised,  if  we  represent  by  dys^pdx  the 
jnoposed  difierential  equation  resolved  with  respect  to  dy^ 
this  new  equation  (which,  by  hypothesis  is  satisfied  by  ^  :=-V) 
ought  to  be  verified  independently  of  h,  by  the  complete 
nine  of  y.  If  we  call  this  X-f  i,  it  will  be  necessary,  in 
order  to  substitute  it  in  dyzzpdx^  to  enquire  what  f  becomes 
when  y  is  changed  to  X-^-k.     Let  then 

be  the  developement  of  this  value  of  ^,  the  exponents  «, 
"1  &c.  which  are  supposed  to  be  arranged  according  to  their 
''magnitude,  will  necessarily  be  positive  ;  for/;  does  not  be- 
come infinite  when  i=0,  since  the  equation  ^  =  Jr  (which 

3  D 


I 


•..    a  .     .'"*!  .t       •:.•■   • 


does  not  give  4jr  inBaite)  midMi'^  e^utaMr^^jrir 
idemiakl^  and  coomtqfoimAf  dJTm  Pdk 

,     When  jf  if  made  m^JT^'ht  thefefmbi*    ,  , 

■        ■  ■  *  - 

irmdi  the  equation  dXa  Air '  ndncea  n 

end  tubstitiidng  for  I  the  derdopement 

n+F-ill'  +  ftc. 


*  •   ■  ■ 

an  equation  ficoni  vhidi  P,  ^TV  ^<  are  tmbe  deterauMd 

independent!/ of  Ae    If  we>  take  ralfdielenivMnidii 

qnantitjr  has  die  least  ezpooent^  we  fenti  tiie  eqnation 

which  cannot  hold  good,  whaterer  be  the  Talue  of  A,  nokll 
ffis;  1  (  in  this  case  h  disappears,  and  it  becomes    , 

When  III  >  1,  we  can  no  longer  compare  the'  first  tam 
FV^Irdx  of  die  second  member  with  the  term  kdF'iiifi 
first  i'  but  we  caase  this  latter  to  disappear  by  poltiiS 
dF'^sOf  which  gives  Psconst.  or  more  simply  F^l%  "^t 
then  suppose  /issmf  and  we  get  dF"^P^dx,  wheooe  we 
obtain  F'ss/P^dr ;  and  proceeding  in  this  manner  we  bA 
the  other  terms  of  the  series. 

When  flf  <  1,  it  is  no  longer  possible  to  satisfy  tlv 
equation  {A)  in  any  way,  since  we  cannot  compare  th 
term  P'tPdx  either  to  the  term  hdF\  or  to  any  of  tho« 
which  follow  it»  all  whose  exponents  exceed  unity;  C» 
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t 

cfution  jf  aX"  not  admitting  an  arbitrary  constant  is  there- 
fore not  a  pardcolar  integral,  but  a  particular  solution. 

298.  This  fimitshes  a  process  for  discovering  imme« 
diately  the  particular  solutions  of  differential  equations  of 
Ae  first  order,  without  knowing  their  complete  integral. 
In  facty  the  derelopement  of  p  when  y  is  changed  txyy^rhy 
would  be,  in  general,  by  Taylor's  theorem, 

dy        df 

■    ' 

and  when  it  takes  the  form 

« being  ^  1,  the  coeflSident  -^  becomes  infinite  (55); 

dy 

coosequendy  the  differentiation  by  which  we  derive  this 
coefficient  from  p  must  introduce  a  divisor  which  vanishes. 

ItfoUows  from  hence,  that  if  we  represent  -r^  by  -■    every 

dy       L 

particular  sdution  will  make  L  =0,  and  will  of  course  be  a 
factor  of  L  \  and  vice  versi  /  every  factor  of  L  which  does 
not  vanish  at  the  same  time  with  JT,  and  which  being  made 
=0,  verifies  the  proposed  diflferential  equation,  will  be  a 
prticular  solution  of  it. 

We  may  elude  the  necessity  of  resolving  the  proposed 
differential  equation  with  respect  to  dy^  by  observing  that 
if  Z=:0  represent  this  equation,  Z  being  a  function  of 
x^y^zadpf  when  we  write  pdx  instead  of  ^,  we  have 

dZj      dZj        dZ, 

-r- At  + -— rfy  +  — -  <//?=0, 

ax  dy  dp 

whence  ^  -  -.  ^  5 

dy  dZ 

T-p 
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and  if  the  equation  Z  has  beeu  preyed  90  as  to  contsfeii 
neither  fractions  nor  radicals,  it  wilit  suffice  'for  rendermsii 

•-^  infinite^  to  niake  a  factor  of  -«-•  Vanish. 
ay  dp 

We  should  thus  obtain  only'  the  particular  solutioji) 
into  which  ^  as  well  as  x  enter ;  but  we  might  obtain  th308< 
which  contain  only  x,  and  which  are  of  the  forpi  :p=. const, 
by  considering  x  as  a  function  of  y  in  the  proposed  equa- 
tion. 

299.     I  proceed  to  investigate,  by  this  method^  first, 
the  particular  solutions  of  the  equation 

xdx  +ydyszdj^  V^x'  +  y^-a* 

of  Art.  (295).  This  equation  becomes,  after  ekterminatiirif 
the  radical, 

or 

and  by  differentiating 

dp  "  . 

the  particular  solution  sought  ought  therefore  to  be  sttcb 
that  by  the  assistance  of  the  value  of /i,  which  its  differen- 
tial affords,  it  shall  verify  at  once  the  two  equations 

a:*  +  2  x^/7  +  (/J*  -  a*)/?^  =0, 

jry-f  (ii*-^  jr*)/?=0. 

It  follows  from  thehce,  that  nvillwui  the  aid  'of  ils  difRrttt- 
tial,  it  must  verify  the  equation  which  results  from  elimi- 
nating/? between  the  two  foregoifig  ones.  This  being  pre- 
mised, the  equation 

xy-\-{a^-x^)p^O 

multiplied  by  p^  and  subtracted  from  the  proposed,  leads 
to 
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0 

and  lubltituting  this  value  dp  in  the  firsts  we  find 

which  5R^  kiiow  !d'  a  particular  solution  of  the '  proposed 
equation. 

The.  more  general  equation  y^px  -h  P  being  treated  ik 


the  same  manner,  leads  to  -- —  esi^+  t—;   the  equation 

dp  dp  ^ 

therefore  which  the  particular  solutions  ought  to  satisfy,  is 

dp 

■  ■  .      . 

and  they  will  result  from  the  elimination  oip  between  this, 
and  the  proposed  differential  equation. 

Lastly,  to  givean  example  of  particular  solutions  of  the 
fonn^=const.  we  will  take  the  equation    > 

■  \ 

whence  we  deduce  immediately  ;      . . 

Ab  this  expre$3ion  cannot  betome  infinite,  etcept  when 
the  exponent  m  —  1  is  negative,  and  at  the  same  time^s=  j, 
ayatue  which  does  not  !>atjsfy  the  proposed  equation,  ex*^ 
cept  when  m  is  positive,  it  fdllows  that  the  exponent  m 
must  be  a  positive  fraction.  In  this  case  y^a  is  a  parti-^ 
hdar  solution,  while  the  complete  iirtegral  is 

^^ 1 ^i^aeconst.  .  ' 

SOO.     In  general,  among  algebraic  functions,  radicals 
•kme  ac(|ttire  a  denominator  by  diffisrentiation,  and  conse- 


I 
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quently  they  alone  can  give  _^  =  -  ,  when  p  has  a  finite    ( 
ay       0 

vatuc  i  it  is  therefore  among  radicals  tliac  we  must  look  for 
particular  solutions,  by  equating  to  zero  the  function  which 
they  affect.     By  following  this  process  the  equation  < 

Kdx+ydy=dy  v'J^+p^V 
gives  immediately  Jt'+y — a'=0  j  and  the  equattOB 


from  which  we  obtain 


leads  to  «*+*'- 


=0,  as  we  have  already  found  i 


Resolution  of  some  Geometrical  Problems  depending 
on  Differential  Equations. 

301.  As  the  method  of  dirowing  into  an  equation 
Geometrical  Problems  which  depend  on  differential  equa- 
tions, rests  solely  on  the  properties  of  tangents,  normalst 
radii  of  curvature,  &c.  and  therefore  presents  no  difficul- 
tte»,  but  what  are  common  to  all  other  translations  into  the 
language  of  analysis,  where  the  expressions  of  the  lines  to 
be  considered  are  known ;  I  shall  only  give  a  few  exam* 
pies  of  iL 

It  is  first  to  be  observedi  that  the  integration  of  dif- 
ferential equations  of  the  first  order  is  also  called  the  M^ 
thod  of  Tangents,  because  every  diflerential  equatioD  o( 

this  order,  as  it  gtres  the  Talue  of  -7=-  in  x  and  _y,  expret»M 

the  relation  between  the  co-ordinates  and  the  tub-tangent, 
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&e  tangent,  or  the  normat,  See.  in  the  curve  which  it  repre- 
sents.   In  fact,  if  we  deduce  from  the  proposed  equation 

the  value  of  ^  =p,  the  sub-tangent  will  be  expressed  by  . 
^-y  the  tangent  by  ^  ^'  +;■' ,  file.  (65).     The  Differential 


Calculus  was  originally  invented  for  the  purpose  of  drawing 
ungents  to  curves ;  that  is  to  say,  for  resolving  the  i^/rw*  ' 
problem  of  Tangents.  The  integral  Calculus  next  employed 
■the  ingenuity  of  Mathematicians,  for  the  purpose  of  arriv- 
ing at  the  primitive  equations  of  curves,  by  the  propertiei 
of  their  tangents  ;  but  the  progress  and  numerous  applica- 
tions of  this  calculus  have  caused  the  appellation  of  tht 
Invtrtt  Mcthad  of  Tangents,  which  is  adapted  to  only  one  of 
these  applications,  to  be  disused. 

Originally,  Mathematicians  endeavoured  to  determine, 
by  means  of  the  areas,  or  even  the  arcs  of  certain  known 
curves,   the  ordinate  of   the  curve  required :   such  con- 
structions however  have  since  been  laid  aside ;  bec^t^uae, 
elegant  as  they  may  have  been  considered  in  theory,  they  ' 
are  always  less  convenient,  and  besides  less  exact  in  prac>  \ 
lice  than  the  formula  of  approximation  which  have  takea  \ 
place  of  them. 

A  differential  equation,  generally  speaking,  cannot  bA  | 
constructed  till  the  variables  are  separated,  for  the  expre^  i 
sion  of  one  of  them  is  then  made  to  depend  only  on  ths  ] 
quadrature  of  a  curve,  whose  primitive  equation  is  known. 

302.  I  take,  as  an  example,  the  construction  of  a 
curve,  in  which  the  sub-tangent  is  a  given  function  of  the 
abscissa  x.    The  differential  equation  of  this  curve  will  be 

T —  —X,  X  expressing  tlie  given  function.   The  vartablet 

tre  here  separable  immediately,  the  equation  having  but 
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two  terms,  when  it  becomes  ^  :=   ---.    Multiplying  the^ 

two    members    by    a .  constant    quantity     m^    we   get 
^ULL  ss   f  y  and  denoting  by  X  ^  the  logarithm  of 

taken  in  the  system  whose  modulus  is  m^  integrati(v^ 
gives  us 

Fig.  Constructing  now  the  curve  DU^  ^g*  51,  such  that  the 
^^*  ordinate  corresponding  to    the  abscissa  AP^    shall  be 


iW* 


P//=:^,  the  area  ADNP  will  give   the  value   of 
^5-tJ!^ .    This  area  is  reduced  to  a  rectangle  FQ^  one 


have  L.  ^(2=^g(101),  ox  L.RQ^zzL  f 


f 

of  whose  sides  is  m ,  and  the  other,  A  Qa  will  express 

_    P — _— :  describing  then  the  logarithmic  curve  £-Ri 

whose  ordinates  are  perpendicular  to  the  axis  A  C,  and 
erecting  at  the  point  Q  the  perpendicular  R  Q,   we  shall 

X 

will  therefore  be  equal  to  the  ordinate  of  the  curve  re- 
quired.* 

We  ought  to  remark,  that  this  construction  does  not 
require  that  we  should  know  the  analytical  expression  of 
the  function  X i  we  may  take,  in  its  place,  the  ordinate  of 

*  We  «hall  not  arrest  our  progress  to  detail  the  diflerent 
methoiis  of  describing  the  logarithmic  curve,  which  are  all  men?'y 
aj)proxiniative,  since  it  is  more  simple  to  construct  it  by  p»i"*^' 
by  means  of  a  table  of  logarithms.  The  areas  included  t^' 
tween  the  hyperbola  and  its  asymptotes  may  also  be  empK'y^'l 
(225). 
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•ny   curve    referred  to  the  axis   AB,    and    perform  the 

graphical  operations  which  the  foregoing  formulae  indicate  i 

Hpon  this  ordinate,  and  on  the  arbitrary  line  m.    We  see  j 

*lso  that  this  line  m  has  been  introduced  merely  in  order  J 

to  reader  the  formula  homogeneous,  and  may  be  supposed  i 
"qua]  to  unity, 

303.  VVe  proceed  to  state  the  solution  of  a  problem 
Celebrated  from  the  earliest  infancy  of  the  Integral  Calculus 
— iAe  proBltrrt  of  Trajectories.  Its  object  is  to  determine  a 
ftirvt  vihick  jhaH  inter  sect  all  curves  ef  a  given  species  at  a 
given  angle.  By  curves  of  a  given  species  are  here  meant 
tke  different  particular  curves  obtained,  by  assigning  to  one 
of  the  constants  of  any  primitive  equation  all  possible  values. 
If,  for  instance,  the  parameter  of  a  parabola  be  made  to 
vary,  a  series  of  parabolas  will  be  obtained,  referred  to  the 
Same  axis,  having  a  common  vertes,  and  whose  concavities 
tare  turned  the  same  way.* 

Let  DN_,  DN,  fXiV,  &c.  fig.  52,  be  the  curves  so  in-  Fic. 
tersected,  and  MZ  the  curve  which  cuts  them,  or  the  tra-  5Si 
jectory  required  j  if,  through  M,  any  one  of  its  points 
■\re  draw  a  tangent  Mt,  and  draw  also  that  of  the  curve 
cut  by  it,  which  passes  through  this  point,  the  angle  TMt, 
l>y  the  condition  of  the  question  must  equal  a  given 
angle.  Let  us  denote  by  i;  i/,  the  co-ordinates  of  the 
cutting  curve,  and  by  if,  y,  those  of  the  curve  cut ;  also, 
let  a  denote  the  trigonometrical  tangent  of  the  constant 
angle  TMi,  which  is  equal  to  the  difference  of  the  angles 
JUTP,  MtP,  whose  respective  tangents  are  expressed  by 


•  In  Mechanics,  the  name  of  irajectory  i^^  also  gi'eii  lo  ihe 
curve  described  by  «  body  acted  on  by  any  forces ;  but  such 
tnyecloriesdo  not  of  course  come  under  consideration  in  a  w«k 
devoted  nlttly  to  Analysis  and  Geometry. 


J 


I 


4(H 

tut  TMt  = 
leads  to  tbe  following 
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tml.JHlP-MTP), 


(Trig.  86). 


rix  d^ 
We  here  suppose  that  the  primitive  eijuation  of  the  ir^^ 
tersected  curves  is  known ;  and  we  thence  find,   by  dirf^ 
ferentUtioR  dy  —pdjf,  and  the  foregoing  equation  will  thia^ 
become 

•Q^^r^p-ri-' •'^>- 

te  will  be  necessary  now  to  write  throughout  x  aaA  y,  in* 
stead  of  /  and  yj  since  at  the  point  M  the  intersecting 
and  intersected  curves  have  the  same  conardinates.  Tbii 
being  done,  if  we  eliminate  between  the  equation  (A)  ami 
the  primitive  equation  of  the  intersected  curves  the  con- 
stant whose  dilTerent  values  particularise  each  of  thoie 
curves,  we  shall  have  a  result  which  will  include  all  then 
Successive  intersections  with  the  trajectory,  and  will  of 
course  be  the  equation  to  this  latter. 

Take  for  example  a  series  of  parabolas,  having  the  M""* 
axis,  and  the  same  vertex  ;  and  whose  equation  iBy'=««°^ 


which  gives  p  = 


„y- 


We  may  eliminate   immeoi- 


atelyfrom  this  expression,  by  means  of  the  proposed  equa- 
tion, the  parameter  «,  which  particularises  each  parabo'* 
of  the  same  tiegree  ;  and  substituting  the  result  in  the  equ*' 
tion  (A),  after  changing  y  andy  into  *  and  j,  and  diviiiiiiE 
byj^-'y-',  we  shall  find 

a{nxdx  +  mi/d^)  +  mydx-nxdy  =  0. 
This  equation  being  homogeneous  may  be  treated  by 
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die  method  in  Art.  255.  When  m=«=  i,  h  becomes  in- 
tegrable,  by  dividing  by  ;f"  +^',  since 

^^Sd^^^  ^.^^  0""  =  p(262)i  we  have  then 

by  changing  the  arbitrary  constant.     If  wc  tlien  make 

*'a*+y  =  M,   arc  (»"  -^=  /, 

we  find,  t}iat  the  equation  is  that  of  the  logarithmic  spiral, 
whose  property  it  is  to  cut  the  radius  vector  in  a  constant 
angle  ( 1 14) ;  and  in  fact,  in  the  curve  under  consideration, 
the  intersected  curves  are  nothing  else  than  a  system  of 
right  lines  drawn  through  the  origin  of  the  coordinates, 
and  whose  equation  is  y  —  a  x'. 

If  we  would  suppose  the  angle  TMt  a  tight  angle,  a 
must  be  supposed  infinite,  and  of  course  only  the  terms 
multiplied  by  it  must  be  retained  :  thus  the  above  equation 
reduces  itself  to  nxd j  +  mydjf  =0,  whose  integral  is 
»T'  +  ra^'=f,  and  indicates,  that  the  curve  which  cuts 
all  the  proposed  parabolas  at  right  angles,  is  an  ellipse  de> 
acribed  upon  the  same  axis  as  the  curves,  and  having  the 
•ame  vertex  with  them.  The  trajectories  in  which  the 
angle  TMt  is  a  right  angle,  are  called  urthagottal  trojtct^' 

ries  1  their  general  equation  is  1  -{-p  ~  =  O,  and  is  oIk 
tained  by  making  a  infinite  in  the  equation  {A). 

304.     The  following  problem  will  shew  in  what  man- 


F 
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ner  Geometrical  considerations  lead  to  the  theory  of  purti- 
cular  solutions,  explained  in  (294).  To  find  a  eurve  nuhf 
thai  all  the  perptndiculars  dropptd  from  a  givft  point  upon 
ike  tangents  of  thti  eurxt,  shall  be  equal.  To  obtain  the  dif- 
ferential eqiiatjon  of  the  problem,  we  must  remember  that, 
calling  X  and  y  the  co-ordinates  of  a  curve,  and  i'  and  y 
those  of  its  tangent,   the   equation  of  the  latter  Is 

t/—y=:-l  ix'~x)  (67);   assuming  therefore  the  gWen 

point  from  which  the  perpendiculars  are  to  be  dropped, 
for  the  origin  of  the  co-ordinates,  each  of  these  perpendi- 
culars will  have  for  its  eqaationy=  -  __  »'  (Trig.  86), 

and  its  length  will  be  expressed  by  v  :r^  +y-    If  we  put 
for  %'  and  for  y'  the  co-ordinates  of  the  point  where  it 
meets  the   corresponding    tangent,    and  whose  values  are     , 
found  by  the  two  equations  above  (Trig.  87),  we  ^tall  have     ' 
from  these  equations  |, 

■■-  .  s^a^I^JLz^^ll^       ^ (xdy-i/dx)dx  J 

dx'  +  d^     '     '  dx'+dt^    '  i 

I       '.  .  s—Ti r       xdy~ydr  \ 

■  and  vy^+y's  -/'-    ■■'     =  m;  1 

vdx^  +  dif  \ 

and  the  differential  equation  of  the  curve  required  is  there-,    | 

fore  I 

xdy  -ydx  z=  n  vdjc*  +  dy*. 
This  being  known,  it  is  easy  to  see,  tliat  the  circle  whose 
radius  is  n,  and  whose  center  is  the  origin  of  the  co-ordtfc 
nates,  satisfies  the  conditions  of  the  question.    This  circle  | 
having  jr'-f  J* =n^,  for  its  equation,  is  precisely  the  soIutioQ   || 
found  in  (270) ;   but  every  right  line  situated  so  that   its  J 
least  distance  from  the  origin  of  the  co-ordinates,  shall  be  | 
equal  to  n,  equally  resolves  the  problem  ;    and  as  an  iafi-  | 
nity  of  right  lines  may  be  drawn  so  as  to  satisfy  this  condi.,| 


J 
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tion,  it  follows  that  it  is  in  the  equation  comprehending  all 
these  lines  that  we  are  to  look  for  the  complete  integral  of 
the  above  difiereotial  e<iuation,  which  in  fact  is 

y-cx=nVrr?{2lO). 

A  circumstance  worthy  of  remark,  and  which  is  imme- 
diately perceived,  is,  that  all  the  light  lines  of  which  we 
hare  spoken,  arc  necessarily  touched  by  the  circle  which 
represents  ttie  particular  solution,  since  its  radius  is  the 
perpendicular  let  fall  upon  each  of  them. 

The  same  relation  exists  between  the  difl'erent  curves 
which  the  complete  integral  of  any  differential  equation  of 
the  first  order  represents,  and  that  which  is  defined  by  a  par- 
ticubT  solution  of  this  equation ;  the  latter  will  touch  all  the 
former.  In  fact,  the  differential  equation  determines  only 
the  direction  of  the  tangent ;  and  every  curve  which  at  any 
assigned  point  has  a  common  tangent  with  some  one  of  the 
curves  derived  from  the  complete  integral,  wiU  necessarily 
satisfy  it.  Now  this  is  what  actually  lakes  place  in  the 
curve  which  touches  all  the  others. 

It  follows  from  this,  that  the  evolute  of  any  curve  is 
nothing  more  than  a  particular  solution  of  the  differential 
equation  which  represents  all  the  normals  of  the  curve, 
whose  evolute  il  is ;  and  in  general,  that  curves  given  by 
particular  solutions  result  from  the  successive  intersections 
of  the  curves  which  correspond  to  the  different  values 
which  the  constant  in  the  complete  integral  may  assume. 

The  connexion  established  in  Art,  294,  between  the 
complete  integral  and  the  particular  solutions  of  differen* 
rial  equations,  is  thus  deducible  from  Geometrical  considera- 
tions i  for  every  point  in  the  circle  of  tlie  preceding  exam- 
ple may  be  regarded  as  the  intersection  of  two  consecu- 
tive tangents ;  that  is  to  say,  as  the  intersection  of  two 
right  lines  derived  from  two  consecutive  values  of  the 
consunt  c .-  the  abscissa  and  ordinate  of  this  intersectioo 


4a« 

depend  upon  the  vnlue  of  c,  which  is  reciprocally  a  function 

"    '       '  lent,   that  tD 

:hat  which  t) 


of  these  q 
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r  of  J  and  y 


quantities, 
form  the  equation  of  a  line  consecutive  to  tl 
represented  by  the  equation 

this  must  be  differentiated  on  the  supposition  that  c  alone 
varies;  and  as  the  intersection  only  of  these  two  lines,  or 
thfl  point  where  the  co-ordinates  are  common  to  both,  ii 
required,  .x  and^  must  be  regarded  as  constant.  This  in* 
tersection  will  therefore  be  given  by  the  two  equations 

if  a  particular  value  be  assigned  to  c ;  but  if  we  eliminate 
f>  the  result,  since  it  now  corresponds  to  no  one  inter- 
section  in  particular,  must  embrace  the  whole  series  of 
points  produced  by  the  crossings  of  the  hnes  depending  on 
a!i  the  values  of  Cj  combined  two  ajid  two  consecutively;  that 
is  to  say,  the  circle  which  is  the  particular  solution,  and 
which  is  here  derived  from  the  variation  of  the  arbitrary 
constant.  The  same  remarks  may  be  made  on  evolutei, 
when  we  consider  them  as  produced  by  the  intersections  of 
the  consecutive  normals  of  their  original  curves. 


Of  the  Integration  of  Functions  of  two  or  more 
yuriables. 

Invttl'tgatian  sf  a  Function  of  mart  than  cne  yarht/f,  whtn  aa  ' 
itJ  Differential  Coefficients  of  the  lame  Order  art  givm, 
explicitly  or  implicit  It/, 

305.     Functions  which  depend  upon  two  or  more  t»- 
Tiables,  differ   from  those  which  contain  only  one,  inM* 
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>nuch  as  they  have  more  than  one  diSerential  coefficient  of 
every  order.  Ifz,  for  instance,  be  a  function  of  twovari- 
*bles,  it  will  have  two  dilferential  coefficients  of  the  first 

^Tder>  namely  -r-  t   -—-,  the  one  being  taken  on  the  aup- 

di     dtf  ' 

^sition,  that  r  alone  varies,  the  other  that  ^  alone  ia  va- 
riable. For  the  second  order  the  number  of  differential 
coefficients  rises  to  three,  and  thus  goes  on  increasing  from 
one  order  to  another  (I2t).  In  re-ascending  from  the  dif- 
ferential coefficients  of  a  function  of  two  or  more  variables 
«o  the  function  itself,  several  cases  present  themselves  j 
1st,  We  may  have  all  the  difi'erentlal  coefficients  of  the  same 
girder  actually  expressed  in  terms  of  the  independent  vari- 
ables. Sd,  The  function  itself  may  enter,  together  vinth  the 
independent  variables,  in  the  expressions  of  the  differential 
coefficients.  3d,  We  may  have  no  more  given  than  a  cer- 
'Vain  relation  between  these  coefficients,  the  function  from 
"^ffhich  they  are  derived,  and  the  independent  variables.  , 
"V^e  shall  first  consider  the  simplest  cases. 
t  306.    When  the  differential  coefficient  of  the  first  order, 

,    «£  any  function  of  two  variables  are  known,  we  may  thence 

.deduce  the  first  differential,  and  vJef  versa:  if  — ^=»,-i=y, 
ai        dj/ 

Ve  have  i}i=-pdT  +  q  di/.  To  find  z  we  must  integrate 
the  differential  pdi  ■\-qdy  by  the  process  applied  in 
An. 261,  U)  the  differential  Mdx  +  Ndy,  which  would 
he  impossible,  unless  p  and  q  satisfy  the  equation  of  con- 
dition ~£-  =  -^  .  \Vhen  this  is  not  the  case,  we  conclude 
djf        dx  , 

that  the  expression  pdr  +  qdy  is  not  the  differential  of 
any  function  of  two  variables  and  signifies  nothing  what- 
erer,  so  long  as  we  regard  at  the  same  time  the  two  vari- 
ables r  and  _y  as  independent. 

307.    We  will  uow  consider  the  functions  of  three 
variables. 
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I         Let  dz  ^ndu  +  pdx  4-  qdg,  that  is  to  say,  let 
dz  rfz  _         dj._ 

da'^"'  dx"^'  d^~'^* 
lifp,  andf,  being  functions  of  u,  Xft/.  There  exist  between 
these  functions  relations  analogous  to  those  which  we  haw 
noticed  in  the  differential  dz  —pd.i  +  qdi/.  In  fact,  if 
we  suppose  successively  dy,  d.x,  and  d  ii,  to  vanish,  that  is, 
if  we  regard  in  succession,  ^,  j,    and  a,  as  constant,  the 

,    proposed  differential  ought  to  afford  us  three  complete  dif- 
ferentials relative  to  two  variables  ;    that  ia  to  say, 
dx=  ndu  +  pdr,  d  t=ndu  +  qdi/,  dz  =pdx  +  qdy, 
from  which,  as  a  necessary  resuh 
^  dri  _  dp       djt  _  dq        dp  _  dq 

l(  di       du  '     dy       du'      dtf~  di 

'         The  integration  may  then  be  performed  considering  « 

■  ■  first  only  one  of  thevariables,  and  proceeding  asif  thetwo 

others  were  constant,     het/n  du=  U  +  V,   V  denoting  a 

function  into  which  u  does  not  enter.     If  n  at  the  tame 

tfme  contain  w,  x,g,  we  shall  get  by  differentiation 

,       dU  .        dU  ,  dU  ,        dV  ,        dV , 

dz  =  --  du+  —~dx  +  -^  dy+  ^-^  d  i  +  ■      ih 
du  di  d^  ax  dy 


/dU   ,   dV^,         ,dU      dV\j 
dz  ^ndu  +  (—    +~--)di  +(-p  +-r)^^' 
\  dx       dx^  ^  dif        dj/ 


Aould  be  identical  with  the  proposed,  we  miut  bave,,  *^ 
parately, 

dU  ■^  dr 

p='7-x'--rx* 

dU  ^dV 
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£roin  vibicti  we  deduce 

dV  ^  dU 

dy       ^       d^* 

Now  "T-  and  -;-'  are  known  functions :  and  we  therefore 
dx         dy 

obtain  Fby  integrating,  relatively  to  the  two^  Tariables  x 
and  jfj  the  differential 

by  the  process  of  Art.  261.  Now  this  process  supposes  that 
the  equation  of  condition 

dy      dxdy      dx       dyd^, 
a  tadsfiedj  but  this  equation,  since  r^^Trr  C^^)  ^* 

duces  Itself  to  ^  =  ^^ .    Also,  since  V  cannot  cootun  u, 

dy       dx 

we  must  have 

dxdu  ■*"    *        dydu       * 
which  gives 

it  ^£JL        ^gr»   ^?  I 
du      dxdu^      du      dydu 

and  consequently 

dp  ^dn        ^  —  ^St 
du^  dx^      du  '^  dy^ 
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unfe 

.   dU 
and    ^-  =  n. 

The  process  of  iniegralion  thus  leading  us  bxck  to  t&c 
equations  ^^^ 

4h       d^       thi  _  d£       d£^      dq^  ^^H 

di^  du'     dtf   ~  du'      dy       rfi  *  ^^P 

it  appears  that  three  equations  contain  the  only  conJttioH 
which  must  of  necessity  be  satisfied  in  order  that  the  ci- 
pression  dz  =  nd u+jtd  v  +qdif  should  be  the  dilFerentiil 
of  a  function  of  three  variables  »,  x,  and  j. 

Wc  shall  pursue  this  subject  no  farther ;  what  tus 
already  been  said  ts  sufEcienl  to  shew  the  manner  of  ope- 
rating on  a  differential  of  the  first  order,  containing  any 
number  of  independent  variables,  and  it  is  easy  from  theon 
io  derive  the  method  which  roust  be  emfdoyed  for  iBffin- 
enlials  of  superior  orders,  in  which  </*  u,  rf'j,  d'T/,  &c. 
must  be  regarded  as  new  variables. 

308.  We  proceed  now  to  the  case  where  the  functioD 
required  enters  into  the  expression  of  its  diflVrenttal  cocf- 
ficients,  which  are  thus  all  given  impHtit^.  Let  us  first 
suppose  that  the  futution  z  depends  only  on  two  variable* 

X  and  jit  and  we  shall  have  —    =  e,    r—  :=  0 »  s  and-f 
di  dy 

containing  at  once  r,^,  and  z;  and  we  tbenc«  deduce  the 

differential  equation  dz^pd^  +9dff,  to  which  any  equt- 

tion  whatever 

Pdx  +  Q,dy  +  Rdg  ^0, 

may  be  referred,  by  making  —  —  esp,  _   »  —  j. 


INTEGRA!.  CALCULUS.  411 

In  onler  that  p  and  q  may  be  the  differeatial  coefficients 
of  1  function  of  two  variables,  it  is   requisite  that  —^- 

•ImuM  be  identical  with  — ^  ,  or  -)*-  =  -r^  •   emplov- 
dr  dy         dx 

ing  here  the  notation  of  Art.  126,  to  denote  tliat  not  only 

^  indy,  but  also  the  function  z  which  implicitly  contains 

duse  variables,  must  be  made  to  vary.  Thus,  putting^  and 

e  shall  find 


rfy^*    dz       dx       ^    dx' 
da       dx      ^   d:       ^    dz 


Xf  we  substitute  —  77  >  ~  "s  t  ' "  tl'C  place  of  p  and  q, 
shall  find,  after  all  reductions, 

^>«_«iP  +  «.^_e.i?  +  g"'.p.iS=„,,5. 

rfy  ay  d  .f  d  r  d z  dz 

an  equation  which  comprehends  the  relation  which  must 
exist  between  P,  Q,  ftnd  R,  in  order  that  in  the  equation 

Pdx^-Qdy+Rdz=iO, 
*  may  be  regarded  as  a  function  of  the  two  independent 
^'ariables  i  and  y,  and  that  the  integral  of  this  equation 
**tay  be  consequently  expressible  by  a  single  primitive 
eiqoation  between  the  three  variables  j ,  y,  and  :.  It  follows 
^Tnn  this,  that  a  differential  equation  taken  at  random 
Cannot  always  be  verified  by  a  function  of  two  independent 
Variables. 

For  a  long  time  those  equations  whi^  did  not  satisfy 
.condition  (JB)  were  called  j4ijurd  Equalient,  and  were 
as  haring  no  meaning ;  but  Monge  has  she' 


i 
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that  every  difiercntial  equation  with  three  variables  Ins  a 
real  signiiicntion  ;  and  that,  while  those  whose  iotegnl  ti 
expressed  by  a  single  equation  among  the  three  variablu 
belong  to  curve  surfaces,  every  other  represents  an  infinity 
of  curves  of  double  curvature  possessed  of  a  property 
common  to  all  of  them.  Vi'e  shall  at  present  confine  oar 
attention  lo  the  first  kind  ;  and  return  afterwatds  to  the 
consideration  of  the  others. 

309.  Although  the  equation  (B)  should  become  iden- 
tical by  the  substitution  of  the  values  of  P,  Q,  Ry  it  don 
not  follow,  as  a  necessary  consequence,  that  the  equation 

Pdx  +  Qdff  +  Rdx  =  0, 
is  an  exact  ditTerential ;  but  at  least  it  may  be  rendered 
such  by  multiplication  by  some  factor.    In  fact,  let  |4  be 
this  factor,  and  therefore 

^Pdj;  +  fi  Qdy  +  ^Rdz 
an  exact  differential,  we  shall  have,  dien,  by  (307) 
d.^R  _  d.^Q       d.^R  ^  d.^P      d.^Q       J^^Q 
dif    ~     dz    '        dx  dz   *       dx    ^^y   ' 

equations,  which  when  developed,  become 


\dt/  dz'  dy 


■  dz  ' 


(C)i 


if  we  eliminate  ^  by  multiplying  the  first  by  P,  the  secoTid 
by  —  Q,  the  third  by  R,  and  adding  the  products  together) 
their  sum  will  be  divisible  by  f<,  and  will  give 

dy  dx     ^  dr     *  dz  dx  dy 

an  equation  identical  with  {B) ;  and  when  this  is  utisfied* 
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tfie  determination  of  ^  will  depend  solely  on  anjr  two  of 
"die  three  equations  {C),  taken  together. 

510.    When  the  dilferentiala  d t,  dy,  and  rfs,  rise"^ 
above  the  first  degree  in  the  proposed  equaciont  it  ciinnot  " 
be  integrated  by  the  means  above  laid  down  unless  it  satia>.  ^ 
6es  a  new  condition  which  we  will  next  investigate.    Tafcf 
for  instance  the  equation 
P^^x'  +  2dy'  +  R't~^  +  ^Sdxdy  +  ':>Tdxdz+iydyd:i=0^^ 
it  cannot  result  from  the  difFerentlation  of  a  primitive  equaJ  | 
rfon  between  the  variables  j,  ,v,  and  z,  unless  it  can  be  reJ  ] 
dnced   to  the  form  P'dr  +  Q' dy  +  R'dx  =0:    for,   [ 
whatever  be  its  integral,  we  may  always  derive  from  it  by  | 
differentiation  dz  =  pd  x  +  qdy,  p  and  q  denoting  any  J 
functions  whatever  of  r,  y,  and  z :  consequently,  if  ths  I 
proposed  equation  be  resolved  in  dx  (or  if  d  ;  be  found  ni 
functions  of  x,y,  r,  &c.)  the  differentials  di  and  d^  muft 
appear  in  the  result  entirely  disengaged  from  the  radical ; 
which  will  not  always  take  place  ;  for  we  have 

*/r  =  l  I-  Tdx-Vds 

±  V(r--/'/ej</i-+2(77^-«*jJz(/jf+(*"-Q«)rfyh 

and  if  the  quantity  which  is  under  the  radical  be  not  a  pei- 
fect  square,  or  at  least  if  we  have  not 

{Ty  -  Rsr  =  (T*  -  PR)  (r»  -  qR\ 

the  diiferentials  d  i,  di/,  will  remain  undisengaged  from 
the  radical.  In  general,  whatever  be  the  degree  of  the 
proposed  equation  with  respect  to  d  z,d  r,  d^,  it  is  neces- 
sary that  when  arranged  according  to  the  powers  d  dx,  it 
may  be  decomposed  into  factors  of  the  form 
dz  ~ pdx  —  ^dtf  =0. 
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Integration  of  partial  Differential  Etpmtiom  of    "^  ■ 
the  first  Order. 

We  now  proceed  to  the  third  case  in  the 
>>  Ration  offunctionsof  two  or  a  greater  number  of  variables. 
I  &  this  case  we  have  only  given,  for  the  determination  of 
\  the  unknown  function,  some  one  or  more  of  its  differential 
I  eoef&cients  of  a  certain  order,  or  one  e<|uation  alone  be-  -^ 
I  tween  them.  In  this  consists  what  is  called  the  Caleidiu 
[  j^  Partiul  Differeaca,  and  wJiich  ought  to  be  denominated, 
L^f^ording  to  the  remarks  in  Arc.  IS4,  tht  Integra!  Calcuhu 
r-^  Pf^'i^i  Difftrtnltals,  for  the  differential  coefficients 
Eypparatcly  considered  lead  us  Co  a  knowledge  of  the  partial 
r  differentials  alone  and  not  the  differences,  which  are  the 
f  object  of  a  separate  calculus  which  will  be  found  in  the 
I  Treatise   on  Series,   which   terminates   this   work.     The 

coefficient  -= r-i  ,    multiplied     bv    rfr"(/u"    becomes 

—r- — — ^  di"  du',  and  then  expresses  the  mth  differential 

(taken  T^Iative  to  i)  of  the  rtth  differential  of  t  relative  to;, 
and  vice  veria. 

312.  The  simplest  partial  differential  equation  is  that 
which  contains  only  one  of  the  coefficients  of  the  first  or- 
der, together  with  the  independent  variables.     Suppose, 

for  eiample,  ~-  ■=  R,   R  not  containing  3 ;   multiplying 

L  \fdxt  we  obtain   ~dx  =  Rdi,  ordz=Rdx,  provided 

that  in  the  differentiation  of  ;,  x  is  regarded  as  the  only 
variable,  and  therefore,  integrating  relative  to  x  alone,  it  will 
become 

z^fRdi-\-C. 


k 
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Xn  ibis  result  C  ctetiotes,  not  i.  simple  arbitrary  constant, 
but  a  function  of  all  the  variables,  except  x,  which  z  may 
contain,  of  a  form  absolutely  indeterminate.  If,  for  in- 
stance, z  depended  at  the  same  time  on  x  and  ^,  we  should 
laave  z—fRdt-^<p  (y),  ip  (if)  denoting  an  arbitrary  func- 
tion, composed  of  y  and  constants,  combined  in  any  way 
■^re  please.  "When  z  depends  on  three  variables,  x,  y,  m, 
-«re  shall  have  z=/"ii(ix+^  («,  y),  and  ^  («,  j)  will  repre- 
sent an  arbitrary  function,  in  which  the  variables  u,  t/,  may 
be  combined  in  any  manner  whatever,  either  with  each 
other  or  with  constants.  In  general,  for  any  number  of  in- 
dependent variables /,  /,  u,  Xfy^  &c.  theintegialof-j— =i2 

-«will  be  I  =.fR  dx-i-<p  U,  t,  u,  j/,  8cc,),  for  it  is  evident  that 
the  function  ^  (j,  t,  u,  y,  &.c,),  whatever  be  its  form,  will 
zjot  change  by  the  variation  of  r  alone,  and  therefore  in  all 


cases — will  be  equal  to- 


dx 


We  have  supposed  that  z  does  not  enter  into  R.    If 

liowevei  this  were  the  case,  the  equation  mast  he  treated 

as  if  X  and  :  were  the  only  variables,  and  integrated  as  zn 

-«>i4kary  di&rendal  eqaation,  by  some  of  the  methods  de- 

Kveied  before.    The  integral  of  the  e<]uatioR 


't±dx-Rdx=0,  QT  dz 


iring  denoted  then  by  fzsconst.  we  shall  have 

r=#(/,/,  «,y,&c.) 
for  the  primitive  Equation  on  which  tlie  function  z  depends, 
In  fact,  if  this  equation  be  differentiated,  relatively  to  x  and 
1,  the  result  will  be  of  the  form 

P(/3  +  (2Jr=0, 


4 


and  it 


rill  be  such  that  -  S  =R,  which  gi^es^  =  R. 
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Suppose  for  instance 

that 

x|  =  je. 

If  we  regard  y  as 

invariable. 

and  integrate 

the  eqiutiw 

it  __  dx     i>-y' 

r  as  a 

common  differentia 

cqaation  b^ 

tween  z  and  x,  we 

have 

'!£  =  '(£ 

X 

-IT- 

whence  I  -  =  1  {a'  +  j*) 

-u 

J   and  :=r. 

■"+.»•. 

I 


L " 

I 


in  which,  as  y  was  supposed  invariable,   the  constant  f 
maybe  any  function  of  ^  -whatever ;  and  we  get,  for  the  itt- 

tegral  of  the  equation  —I  =  J?, 

^  (y)  denoting  an  arbitrary  function  of  y. 

313.  The  equation  Pp  +  Qq^R,  in  which  P,  Q,ijA 
R  contain  at  once  x,  y,  and  z,  is  the  most  general  whicll 
it  is  possible  to  have  between  the   coefficients  p  and  ; 

(—  and  — ^  "^j  wlien  they  do  not  rise  above  the  first  de. 
dx         dy  / 

gree.     If  we  take  the  value  of />  in  this  equation,  and  sub- 
stitute it  in 

dz  =  pdx-i-qdy, 
wc  shall  Bnd 

Pdz-Rdr=q{Pd3-(ldx), 
the  coefficient  q  remaining  undetermined.  Two  cases  heie 
present  theraseives :  1st,  the  composition  oi  P,Q^  R  may 
be  such,  that  the  function  Pdz~Rdx  contains  only  the  va- 
riables 2  and  X,  whose  difJerentials  it  involves,  at  the  same 
time  that  Pdy  -  Qdx  contains  only  x  and  y.  2d,  one  or 
the  other,  or  both  of  these  functioni  may  involve  tbe 
three  variables  x,  y,   z. 
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(a  the  fir»t  qtfe  there  exists  a  factor  m,  wluch  renders 
|^^--(^  a  complete  differential,  and  a  factor  m^  which 
lerfMrms  the  same  office  to  Pdz  —  Rdxi  and  if  we  denote 
thtie  coniplete  differentials  hy  d  M  and  d  N,  we  hare 

P^-Qd!y=-dAf,  PdZ'-RdxiizldN, 

nd  ihf  fbrtgobg  equation  will  become  dN  m  ZJL  dM* 

It  cannot  then  be  integrable^  unless  a  .  ^  be  a  function  of 

M 

M\  but  this  lapig  the  case^  the  form  of  that  function  is 
pearfeotly  siriHtrary;  putting  then  q.t,  zz^'  (M)^  we  have 

dJf^^'{M)dMy  and  integrating,  it  becomes  Nzztp  (jif), 
if  denoting  an  arbitrary  function. 

As  SB  example  of  this  case,  we  ^hall  ts^e  the  equatipn 
pt^jjl'=znZy  orx— -  +^  — =«z;  from  wluch wc  find 

P=jr,  (2=y,  R^nzy 
Pdif—(ldx'=ixdy—ydXf 
Pdz  —  Rdxzz  xdz-nzdx\ 

vA  by  the  integration  of  the  equations 

xdy—ydx^-Oy  inid  xdz  —  n zdx:=.0, 

ve  find,  that  the  factors  (a  and  f/  are  respectively  -^    and 
~— ,  and  consequently,  that  Mz=.  Z  ,  iV  z:  —  ;  whence 

itfi^Uows,  that  -2  zz4ti(^\  orz=a"*.0  ^»^),   that  is 

to  say,  z  is  an  homogeneous  function  of  x  and  y  of  the 
/irth  degree.  In  fact,  the  equation/7X  +  ^y««;:  is  no  other 
than  the  expression  of  the  theorem  relating  to  homoge- 
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neous  foQCtions  girm  in  No  266,  ind  of  whicli  d>e  fore- 
going process,  in  the  case  of  two  viriabln,  furnisbcft  a  de- 
moastntlon. 

SI*.  When  the  variables  *r,  y,  and  ;  are  iolermwed 
withoDt  distinction  in  ite  functions  P</y  -  Q</«,  Pdt  —  Rti, 
it  is  oo  longer  possible  to  rcinlcr  them  sepantely  integn- 
Ue,  hy  means  of  factor*,  and  this,  because  the  cquatioat 

Pdy-Qdi=0,     and  Pdz~Rdx=:0, 
tre  not  integrable  separatelf  and   independetttif  i   fior  wt 

•  most  obwrre^  that  :  cannot  be  regarded  as  coDStant  in  the 
fortner,  nor  *  in  the  lat»r.  Lagrange  irai  the  first  who 
observed  that  if,  oeveitheless.  these  e<)iiations  were  tote. 
crated  tM^ntly,  and  that  from  them,  tv-o  primitiTe  equa- 
tion* were  derived,  each  containing  an  arbitrary  constant, 
so  that  M  and  \'  being  given  functions  of  x,  g,  :»  we  dionlil 
\an  M=a,N=^i  ttkoi  the  integrtl  of  the  proposed  eqn-  , 
rioQ  Pf*Q3  would  be  \=p  {^/:,  y>  denoting  always  W 

'  aihttrary  function.  This  imponant  proposition  seems  to  be 
deinoBRTated  in  a  manaer  soSaentljr  simple,  as  foUon. 

Sboe  the  e^oatiaiu  M.^~*,   A'  =  >  are  supposed  tt    ' 
be  deduced   from  the    equations  Pdr  —  Q_d g  ~  o,    and 
Pdz-Rdx=0,  their  differentials  must  hold  good  at  the 
same  time  with  these  latter ;  that  is,  if  in  die  equatioos 


-dx  +  ~-Jj  +  --~  dis=Ot 

dg  dz 


71" 


the  values   of  df  and  dz  deduced  from  dte  equaUni 
Pdf—Qdt=0,md  Pd:-Rdx=:0,-bcni>SUtBttd,  «e 
-  shall  arrive  at  results  which  are  identically  equal  t9  zero. 
These  results  are 

rfM  „     „ 


'^-^'4^^ 


r^ 
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1 

ax  dy  '  dz 

whence  we  deduce 

dM  dM    Q   _dM     R 

dx  ^       dy  '  F        dz  *  P' 

lli    .        dy    '  P        dz    ^  P' 
Nov  the  equation  Nbs<P  {M)  gives  dNsup  {M)  dM,  or 

'         ay    ^       dz  ^Idx  dy    ^        dz         •» 

^  Sttbadtutiiig  in  this  equation   the  above  values  of 

'If    dISI 

7^,  _,  we  shall  find  ' 

•»     dm 

^(Pdy-ddx)  -{-j^ipdZ'Rdx)  = 

«:f  (JIf)  .  I^CPrfj^^  Qdx)^^^{Pdz^Rdx)  J 
iriience  we  obtain 

If  then,  for  the  sake  of  brevity,  we  represent  by  «  t&e 
quantity  which  multiplies  (Pdy^  Qdx),  and  which  is  inde- 
tenninate  (containing  4>' (M)),  the  above  equation  will 
become 

Pdz-Rdx  =-  •»  {Pdy-Qdx)\ 

whence  (308)  we  get     ' 

dz        i^+^'O  dz  ^ 


y!" 
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values  u-htch  satisfy  the  pftiposed  ctiuition,  indcpendeotlf 
of  «,  and  consequently  of  tp  (M\ 

When  we  make  <(<  (M)  =  a,  the  integral  A*  =  0  (iW) 
reduces  itself  to  N=t,  which  shews  that  N=t  is  a  particu- 
lar integral  of  the  proposed  equation.  The  same  may  be  said 
of  M-=a;  for,  from  the  equation  N=^  (M)  we  derive  3f  =t 
'Pi{^)t  'Pi  indicating  the  inverse  operation  of  <ji,  and  conse- 
quently lp^  (N)  denoting  ait  arbitrary  function  of  N,  and 
which  we  may  therefore  suppose  =  «,  * 

315.  In  a  great  number  of  cases  the  integration  of 
partisl  differential  equatione  of  the  first  order  with  thrrt 
variables,  is  ijreatly  facilitated  by  separating  them  into  two 
others  by  the  introduction  of  an  indeterminate  quantity, 
as  may  be  seen  in  ihe  following  example : 

Let  the  equation  be /<^,  t)  =  F( q,yy:  if  we  make 
f(p,x)=t,,  we  shall  have  at  the  same  time  i^(yj  3')="! 
and  from  these  two  equations  we  deduce 

f,  and  F,  denoting  the  inverse  functions  of  those  wliJcb/ 
and  F  represent.  The  equation  dz  =^rfj+  jrfy  will 
then  becojue 

dz^di  ,/  C-t  *)  +  d#  .  i?  («,y) ; 
but  if  wfe  repreteBt  the  telsgnlJ/i/*  ./<«,  x%  ttd 
fdy.F,{ii,  y)  uken  bnly  with  respect  to  the  Tariablei 
X  foA.  y,  by  P  and  Q ;  these  last  being  also  functions  of  n, 
we 'shall  liavfc 

md  consequently 

•  "Soe  Notte  (O). 
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As  this  last  equation  cannot  become  a  complete  difieteni* 
tialy  except  upon  the  supposition  that  —^  -f  --^S  zs  ([/(»»), 

from  wUdi  it  wt)uM  (cdlow^  that 
nre  must  (lierefore  hare 

atf         air 

two  equations^  between  which  w  must  be  eliminated^  when 
tke  arbitrary  function  ^  («)  is  detennined. 

It  18  often  sufficient  tO'  substitute  in  dbe  equation 
^xzzfdx'k'qdgi  the  yalue  oip  orq^  derived  immediately 
fr^m  the  proposed  equation,  and  then  to  integrate  the 
f^sults  by  parts.  For  instance,  if  we  have /?=:/(y),  it 
becomes 

dz^dxf{q)  '\-  qdy: 
^e  therefore  find 

^nd  since  the  integration  indicated  cannot  take  place,  un- 
less xf(q)  +  y  =s  ^'  (q\  it  follows  that 

^nd  assigning  any  form  to  q,  the  elimination  of  q  from 
^>%sfe  equstiohSy  gives  an  equation  between  z,  x,  and^. 
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ftke  Integration  of  partial  Differential  EquationssJi 
of  an  Order  superior  to  the  first.  " 

316.  When  we  proceed  to  the  second  order,  the  dif-  4 
fcrential  coefficients  of  this  order  are  three  in  number,  for  2  \ 
function  of  two  variables,  and  a  partial  differential  equa-  -^ 
-  tioh  of  the  same  order  may  express  in  general  a  relation  J 
between  the  independent  variables,  the  function  sought,  and  -fl 
Its  diSerential  coefficients,  as  well  of  the  first  order  as  the  ^E 
second.  We  see  by  analogy,  that  the  general  equation  of  ~^B 
any  order,  and  with  any  number  of  variables,  must  contain 
the  independent  variables,  the  Function  sought,  and  its 
dilFerential  coeilicients  from  the  first  order  to'  that  oF  the 
equation  inclusively. 

Before  we  consider  the  general  case,  we  shall  mention 
some  which  are  reducible  to  inferior  orders. 

1st.  Every  equation  among  three  variables  of  the  form 


'   i^'^'dw"*     <t2du"' di'dv-'i  ~ 


^^BEfldiough  of  the  order  m-^n,  may  be  reduced  to  the  ordei 

I 


i 


'm^  by  making  —-  =v,  as  it  will  then  become  I 


/ 


t  dt,      d'v  d-v\ 


In  the  solution  of  this  equation  we  must  suppose  first  ^^ 
constant,  since  all  the  diSerential  coefficients  of  v,  which  - 
are  found  in  it,  are  taken  relative  to  r ;  and  it  may  ihete- 
fore  be  treated  as  a  differential  equation  between  two  vari- 
ables X  and  V :  but  it  is  evident,  that  to  give  the  expression 
of  V  all  the  generality  of  which  it  is  susceptible,  it  will  be 
necessary  to  replace  the  m  arbitrary  constants,  which  it 
itoght  to  contain,  by  so  many  arbitrary  functions  of  the  van- 


INTBCRAL  C.U.CU1.DS.  4S3 

able  jr,  wliidi  was  originally  supposed  constant ;  v  being 
tbufi  obtained^  we  find  the  expression  of  z  by  the  equation 

_ — =Vt   tn  which  we  must  now  legard  x  as  constant, 

«y 

and  which,  by  this  means,  becoming  an  equation  of  the 
«th   order,   between  two  variables,  may  be   treated  as  ao^J 
equation  of  this  kind,  observing  only  to  change  the  n  arid*  | 
trary  constants  introduced  by  the  new  integration  into  if-j 
many  arbitrary  functions  of  x. 

2cl.  Equations  of  the  form  • 


,/"  dz      d^z  d'z\     - 


may  be  always  treated  immediately,  as  if  there  entered 
into  tfaem  no  more  than  two  variables,  viz.  x  and  z  in  the 
former,  y  and  i  in  the  latter ;  and  after  this  integration 
functions  of  y  must  be  substituted  for  the  constants  in  the 
one,  and  of  x  in  the  other. 

The  ecjuations  of  the  second  order, 


didy 


+  ^^=e. 


didjf^  *-dj,    ^' 


where  P  and  Q  contain  only  x  and  ^,  belong  to  the  first 

of  these  forms.     If  we  make- — :=  ^'i    the  first  of  them 

becomes  —  +  Pv  =  0,  an  equation  of  the  first  order  and 
dy 

degree,   with  respect   to  v  and  i/,  and  whose  integral  is 
therefore 

e  put  fox  V  its  r*iue  ~ ,  and  change  Cu>f<x),  we 
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and  integRtii^  nov,  widt  respect  to  jr  uvJ  r 


1 

■  only,  wrp^ 


I'  and  timtiag  dw  second  cqtutioa  in  the  ; 
vbcn  PsO,  the  above  results  redoce  themselves  to 
kin  the  one  case,  ud  in  Hut  other  to  ^m 

'imt  since  the  fnnctton  ^  !«  arbitmy,  these  may  be  writto 

Ve  tnajr  also  obsene,  that  the  latter  caws  depend  on  dc 
integntlon  of  functions  of  one  rariable  only,  and  iiare  heen 
considered  in  this  point  of  view,  ui  No.  247* 

We  have  instances  of  the  second  general  form  in  dit 
equation 


=«•  w^^rr'^- 


where  P  and  Q  are  supposed  to  contain  r,  y,  and  z.  IV 
former  must  be  tnated  as  an  equation  of  the  second  ordffi 
between  x  and  < }  and  the  arbitrary  constants  arising  fron 
iu  intention  are  fonctitHis  of  ^.  The  Jatter  fQay  beifC- 
rated  on  in  the  same  manner  relative  to  the  variaUet  a  Mid 
^,  and  the  arbitrary  constants  ranit  be  changed  to  fnactioos 
of  s.  To  take  only  the  simplest  ctses,  let  na  reduce  die 
pntpoced  equations  to 


j?=e-     ^=<2. 


^ 
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^rhere  we  will  suppose  Q  to  contain  only  x  andy  ;  and  the 
formulK  of  No.  22U.  will  immediately  give 
x=/di/QtIx  +  Cxi-Ci         z  -fdyfQ_dy  \Cy\C% 
^R^ence  ne  conclude  that 
z  —Jd  *fQdL  +  J-?  Cy)  +  +  0)  i    ^  '^fdyfQiy  +  yv  {x)  +  4.  (i). 
317.     In   considering  equations  of  the  second    order  ' 
vrith  three  variables,  and  which  contain  all  the  differentia 
coefficients  of  this  order,  but  of  the  first  degree  only,  we 
shall  use,  for  simplicity,  the  following  substitutions : 


dz  ^ pdi  +  qdy 
dp  =  rdx  +  sdy 
iPz  =■  dpdx  +  dqdy 


dq  =sdx  +  tdyi") 
rdx*  +  2  tdxdtf  +  td^. 


The  partial  differential  equation  of  this  order  with 
three  variables,  generally  considered,  can  give  only  one  of 
the  coefficients  r,  s,  and  /,  in  functions  of  the  others  and 
of  rfje  quantities  p,  q,  x,  y,  z  %  which  is  not  sufficient  for 
the  determination  of  thi:  differentials  dp  and  dq.  We  maf 
»l»o,  by  the  aid  of  three  djfFerentials  eliminate  from  the 
proposed  equation  two  of  the  three  coefficients  r,  /,  t,  and 
the  result  will  express  the  relation  which  the  proposed  efjua* 
tion  denotes  as  existing  between  dp  and  dq.  It  is  thil 
process  which  Monge  has  followed. 

We  shall  apply  it  to  the  equation 

*here  R,  S,  T,  V,  are  supposed  to  involve,  in  any  way 
whatever  the  quantities  x,  V)  ^,^,  ?■  If  we  substitute  the 
'ilues  of  r  and  of  /,  derived  fronn  the  equations 

■  The  coefEcienl  of  dx  ui  rf  y  is  ihe  same  as  that  of  dy  in 
^p  OD  account  of  the  condition  -fi  =  -3- ,  which  lh«  differ- 
<atial  1^1  ought  tu  satisfy. 


m 

which  values  are 
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d^,    dt}  =  idx  +  td^t 


,  _  ^P  -  '^S  t  =-^5-1 


tdx 


dx        '  djf      ^ 

we  find, 

Rdpdy  +  Tdqdx-Vdxdjj=s{Rdy^~&dxdy  +  Tdi% 
an  equation  in  which  it  would  seem  that  it  was  twcessiry 
to  integrate  separately  the  two  memhers,  on  account  trf  the 
indeterminate  difFcrential  coefEcient /,  which  multiplies  the 
second  ;  but  here,  as  in  No.  3  It,  it  is  sufficient  if  we  cin 
arrive  at  two  primitive  equations  M=ii,  and  N=t,  which 
satisfy  at  the  same  time  the  two  equations 

Rdpdy  +  Tdqdx  ~  Vdxdy  =0 
R  dy^  -  Sdrdy  +  rd  j'  =  0. 
The  integral  of  the  equation  proposed  being  then  N=f  (My 

To  demonstrata  this,  we  shall  first  of  all  tranafoim  lb* 
preceding  equations  into  others  where  the  diifereutials  do 
not  rise  above  the  first  degree,  and  we  therefore  suppoK 
dy  =  mdx.  The  second  of  the  above  equations  becoming 
by  this  substitution 

Rm*  "  Sm  ■¥  7  =  0 {A). 

determines  the  quantity  m ;  and  putting  for  dy  Its  value  id 
■  Rdpdy  +  Tdqdx-Vdxdif—Q,  we  shall  hlOefV  for  each 
of  the  values  of  which  m  is  susceptible  a  system  of  equa- 
tions of  the  form 

dy-  mdx±;6\ 
Rmdp  +  Tdq-  FfHdix^oJ^^'''' 
with  which  must  be  join«d  the  equation 
rfz  =  pdx  +  qdy,, 

which  expresses  the  rehtbn  betwesn  the  function  x  anA 
the  coefhcienls  y,  p-. 


9 
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Thisb^t^.premised,  if  the  equations  flfsj,  and  Ns(^ 
satiafy  the^equations  (1),  and  if  in  the  diflFetentials 

ax  ay        ,      dz  dp     ^        dq 

^     dJf  J   ^JN  .     ^  dN  J    ■     aN  J        dN  J 

""^ITz  ^'-^  ^  ^^  +  -31  ^^^  +  <^  ^'^  +  77  ^*' 

we  sobstitate  the  value  oi  dz  obtained  from  the  equatioii 
tf  i  B  pdx  ^-  q  dif^  and  histead  6f  dy  and  dq^  the  fsduei 
giTen  bf  lite  ^intiona  {l\  the  resuking  equatiolfs 

/dM  ^    dH  .^t    .^    ,  rfiH  ^  f^m  JMv   , 


(  -7—  +  «  — T-  +  (»  +  o  m)  -5—  +  -=-,  T-  I  »  ' 

+  (57 --J- 57)'^/'  =  °' 

must  be  identical,  and  must  therefore  be  equivalent  to  the 
following,  separately: 

dM  ^     dM^,     .        .dM  ^Fm  dM  _^ 
dx  dy        ^       ^       dz  T     dq 

JM  _Rm  dM  _^ 

dp  T      dq 

d:N  ,      dN       ,      ,        ^  dN  ^Vm    dN      ^ 

d^  _Rfn   dJ^^Q 
dp  T      d  q         ' 

The  equation  N  =  ^{M)  being  differentiated,  gives 

dN=:f'{M)dM, 

or 
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•  dx  +  -r-dy+  -j- rf 
ds  ''- 


dx  dy  d 

9  i^)\—r-  ox^— — dv  +  -r~ax  +  -—dp  +  j —  d^l 
*^     ^\dx  drf    ^      dz  .  dp  ^      dq       'J 

and  if  we  substitute  in  this  last,  the  values  of 

dU      dM      dN      dN 

dx  '     dp  '     dx  '     dp  ' 

taken  from  the  four  preceding  equations,  and  at  the 

time  change  dz  intopdx  +  qdi/,  we  shaU  obtain 

/dN  ,     dN\,.  .  . 


♦'(Jtf) 


\i'^ 


T    dq 


{Rmdp  +  Tdq  -  Vm  ix) 


4 

tame 

i 


M  ,      dM^  ,, 


'—^Rrndp-tTdq-F. 
dq 


•i')[. 


which  comes  to  the  same  as 

Rmdp  +  Tdq  ~  f^tndT  =  »  (dy~  mdx), 
if  we  make 

_dM\ 

If  we  now  put  rdx  +  tdy  and  idx  +  tdy  for  dp  and  dq, 
and  put  the  coefficients  of  the  independent  differentials  dx 
and  dy  each  equal  to  zero,  we  should  obtain 

Rmr  +  Tj  -  Fm  =  ~^m,    Rms  +  Tt  ^m; 
and  from  these  equations  deducing  the  values  of  the  dif- 
ferential coefficients  r  and  *,  in  order  to  substitute  them  in 
the  proposed,  it  will  become,  after  all  reductions. 
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J-  (X  »»'  -  Sm+  T)  =  Oi 
9  tfierefore  (by  reason  of  the  equation  A)  it  will  be  satis- 
fied independently  of  the  quantities  u  and  /. 

318.  The  theorem  above  demonstrated,  as  well  as  those 
analogous  to  it  in  the  higher  orders,  is  not  equally  general 
■with  thai  of  No.  314  j  for  it  must  be  remarked  that  the 
equations  i.])  may  contain  at  once  the  five  variables  r,^,  Z| 
J7,  and  q,    and  if  we  join  to  these  equations,  the  equation 

*i  X  ^ p  d  x  +  qd y  it  will  be  impossible  by  elimination  to 
arrive  at  a  resulting  equation  containing  less  than  three  of 
them,  and  which  consequently  cannot  be  derived  from  one 
single  primitive  equation,  except  under  certain  conditions 
(308).  We  shall  not  however  be  warranted  in  concluding 
from  thence,  that  if  these  conditions  be  not  fulfilled  the 
proposed  partial  differential  equation  itself  cannot  be  de- 
duced from  any  single  primitive  equation. 

319.  Suppose,  for  instance,  we  have  given  the  equa- 
ttOD  • 

in  vhjch  A,  B,  C,  &c.  are  constant,  and  J' is  a  function  of 
T  and^.     The  equation  (A)  becomes,  in  this  case, 

Am*—Bm-i-C=Oi 
and  its  roots,  which  we  will  designate  by  m'  and  m",  are 
Constant,    and   will  thus  furnish  two   systems  of  equa- 
tions (1)  whose  integration  gives 


Am'j/  +  Cq-ni'/F'dx  =  i) 


Ani'p-vCq  -I. 
and  in  which  the  integral /^i/a 


only. 


depends  upon  one  variable 
because  y  may  be  exterminated  from  it  by  aubstitut- 
value  derived  from  the  Brst  equation  of  each  system. 


M 
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We  have  therefore  at  once  the  following  two  first  iuw  -»■ 
grals  of  the  proposed  equation 

and  by  integrating  any  one  of  theae  equations,  we  shall  ar — ^M* 
rive  i1  the  second  integral.  If  we  take,  for  instance,  th^  -^di 
first,  it  gives 

in  which,  for  greater  simplicity,  we  may  write  m"  instea^^^ 

C  C 

of -J-;,  becauw  by  die  equation  (J)  we  hare  «/»"«:  -j  « 

and  by  subetituting  this  in  the  equation  rfr  =  f(/x+  yrfj 


dz-''-^fVdx-di.^{jf-m-x)=q.id^~m"dx): 
consequently  the  equations  to  be  integrated  (314)  will  be 

'A 
die  former  gires  y  — W« = y,  by  which  the  latter  is 
into 

if-Eose  integral  ta 

z-  L.fdxfVdx-  ^A-^,*  Jo'  +  (m"-«')*  I  =*', 

and  which  reduces  itself  to 

z  ^  j/dx/rdx-^  (.y-m'x)  =i',  " 

)rten  for  a*  we  siAstitute  its  falae,  observing  tCot  ^  it'iB 
aiUtrai'y  fmnction  ii^iose  diflerential  coefficient's  aVe'cbOse- 
qnently  arbitrary  too,  and  tfhich  may  iilsct  be  sti^jtoM^ta 
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comprehend  any  constant  quantity  we  please.  We  must 
also  remark  here,  that  in  order  to  ohtiiafdxfVAa:,  the 
first  integration  must  be  performed  with  respect  to  r,  sub- 
nituting  for  if  its  value  deduced  from  the  equation 
t/~tii.r=a,  as  was  before  said;  but  having  obtained'  this 
■result,  we  must  replace  a  by  its  value,  y—  m'x,  and  pre- 
vious to  the  second  integration,  change  y  into  a'  +  n/".r,  its 
value,  deduced  from  the  equation  //  -  n:".r  —  d .  In  gcnft- 
ral,  when  we  have  several  of  these  successive  integrations 
to  perform,  we  can  never  employ,  in  order  to  simplify 
them,  more  equalipns  -  than  subsist  coteoiporaneiou&lj!. 
With  attention  to  those  circumstaaccs  the  second  intc^^l 
of  the  proposed  equation,  j4r+i/j  +  C/=ii',.  w*"  be 

If  we  had  ^=1,  /}=0,  C=— f%  and  V^Q^  theprft- 
posed  equation  would  be 


and  the  integral  would  become 

320.  The  arbitrary  functions  which  enter  into  the  inte- 
grals of  partial  differential  e(]uations,  are  determined  by 
supposing  that  the  function  a  takes  particular  forms  when 
certain  relations  between  x  and  y  are  assigned.  We  shall 
give  two  examples  of  the  method  of  performing  this : 

1st.  If  we  have  I  =ill"^  (  Tj,  Wand  ^^denoting  func- 
tions whose  form  is  given  in  x,  y,  z',  and  if  we  would 
determine  the  function  represented  by  the  characteristic  0, 
6Q  that  when  F  (j,  j,  :J  =  0,  we  shall  have  at  the  same 
timey(x,  J,  e)=0,  the  characteristics  i^  and  ^,  denoting 

^'Tliis  it  the  equation  of  vibrating  chords. 


^ 


I 


1 
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functions  of  a  given  form  j  we  make  V=t,  and  combine 
the  three  equations 

V=i,      F  (i,  y,  z)=0,    /Ct,  y,  »)=0, 
in  order  to  deduce  from  thence  the  values  of  i, ;/,  and  z,  in 
terms  of  /.     If  now  these  values  are  substituted  in  M, 
it  will  become  a  function  of  I,  which  we  will  designate  by 
X,  and  we  shall  then  have 

i=r*(0,  oT^it)=j, 

and  the  form  of  the  function  <p  is  therefore  determined, 
and  the  value  of  the  expression  <p  {V)  \&  known,  if  in  this 
equation  we  write  instead  of  I  and  7"  their  values  in  tenni 
of  r,  y,  and  z. 

2d.     Suppose  l  =  M^(r)  +N*(r); 

Mnce  there  are  two  functions  to  be  determined,  there  must 
also  be  two  conditions:   suppose  then  that 

F(.XiS,  z)=0,    gives /(JT, 3*,  3)=0j    and  that 
F{x,y,%)=0,    givesyCi, y,  2)=0,    for   the   two 
conditions. 

If  we  make  V=t,  and  from  the  three  equations 
r=/,     S{x,y,z)=ti,    /{x,y,z)=0, 
deduce  the  values  of  a-.y.a,  in  /,  the   functions  M,N^ 
will  be  changed  into  functions  of  i.    Let  Tand  0  be  these 
functions,  and  we  shall  ha.ve 

i=rv.{()+A4-W (O; 

again,  combining  the  three  eiguations 

''=',     F'(z,y,z)  =  0,    /'(i,y,z)=0,  I 

to  obtain  the  values  of  x,  y,   z,  in  / ;  we  shall,  by  mesms      | 

of  these  values,  change  the  quantities  M,  N,  into  fuse-     , 

tions  of  t,  which  we  will  denote  by  T  and  f,  and  ^^|tad 

.  become  ^^^^H 
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hf  means  of  the  equations  (1)  and  (2)  we  detemune  tlie 
functions  ^  {t)  and  ^  (t)  tn  r,  and  then  we  have  only  to  sub- 
stitute rfor  /,  to  get  the  values  of  ^  (  ?")  and  j-  (  ^}  in 


'quations  of  total  Differenttalst    tvlach  do 
not  satisfy  the  Conditions  of  IntegrabiUty, 

341.  We  have  shewn  in  No.  308,  that  a  differential 
equation  of  the  first  order,  between  three  variables  of  the 
form  Pdi-^Q^dy-^Rdz  =  0  cannot  be  satisfied  by  any 
function  of  two  variables,  except  the  equation 

fly  «y  ox  ax       ^az  az 

bi  identical  of  itself;  but  when  once  a  mutual  dependsnce 
of  whatever  kind  is  established  between  x,  it,  and  z,  the 
proposed  is  changed  into  another  containing  no  more  than 
two  of  these  variables,  and  will  therefore  suffice  for  the 
■letennination  of  one  of  them  in  functions  of  the  other. 

^^^ftreJizd,  for  example,  the  equation 

^^H)*  .  dx    _        Mdi+j/dy 

^^f  Z-C    "  x{x-a)+y(y-bY 

■*Mi,   provided  a  and  h  are  not   equal  to  zero,  canpot 

uiisfy  the  condition  above-mentioned,  we  suppose  y=-^  {x\ 


i 


*  The  determination  of  the  arbitrary  functions  comes  to  the 
•*n»e  thing  as  making  the  curve  sorface  represented  by  the 
P^opoted  equation  pass  through  given  curves  ;  and  these  curves 
">ay  be  continuous  or  discontinuous,  as  well  ai  the  functions 
"^eanelres. 

•  See  Note  (P), 


aa* 
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^  (i)  denoting  any  function  of  x  whateTer,   and  tt  wiH 
become 

which  gives  as  many  different  relations  between  %  and  i, 
as  we  please  to  assign  particular  forms  to  the  functioo  f. 
If,  for  instance,  we  make  <P  (r)  =  J,  we  shall  have 
dx    _  Stedx  2dx 

x~c  ~  T(jC~m-)-i-x{-t)        Sx-o-t' 
whence  we  find 

L-e=C(2x-a-i), 
and  the  proposed  will  be  satisfied  by  the  system  of  eqiu- 


1 


Newton,  in  his  Treatise  on  Fluxions*,  had  alrculf  pc 
out  this  method  of  resolving  differential  eqaationt 
taining  more  than  two  variables;  but  it  has  the  h 
nience  of  requiring  an  integration  for  every  result  we  wraU 
obtain,  and  Monge  has  remarked,  that  by  the  proper  intKK 
duction  of  an  arbitrary  function  we  may  arrive  at  a  geQ»> 
ral  system  of  equations,  which  shall  give  an  infinite  nnmba 
of  particular  ones,  all  satisfying  the  proposed. 

S2i.    The   process  to  be  followed  for  inKgntkig  the 
equation 

Pdr+Qdy  +  RdzT^O, 
by  one  primitive  equation,  when  this  is  possitiTe,  leads  Bi 
also  to  the  most  general  solution  it  admits  of  in  the 
tiatj  case.  In  fact,  if  we  first  of  all  perform  the 
regarding  one  of  the  variables,  x  for  instance,  » 
and  if  we  represent  by  (/=<■  the  primitive  eqnatioo 
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eorTBSpoodB  to  Pdx+QJff=0,  if  then  we  differentiate  thii 
primitive  equation,  making  at  the  same  time  7,  y,  z,  and  C 
to  vary,  and  compare  the  result  with  the  proposed  equation^ 
we  shall  obtain 

dC       dU  _ 


'-=.R. 


J*  being  the  factor  which  renders  Fdx+Qdi/  an  exact  dif- 
ferential. The  second  member  of  this  equation  does  not 
indeed  reduce  itself  in  this  case  to  a  function  of  z  only,  as 
it  does  when  the  condition  of  integiability  is  satisfied,  and 
therefore  is  incapable  of  giving  C  in  functions  of  z,  as  this 
condition  requires  -,  but  it  is  evident  that  supposing  always 
C  to  be  a  function  of  z,  the  proposed  equation  will  be 
satisfied  by  the  primitive  equation  V=sC,  provided  we  have 
at  the  same  time 

dC       dU         „ 

If  then  we  make  C=^  {z\  the  B^atem  of  equations 


will  (atisfy  the  proposed,  whatever  be  the  form  of  the 
function  ip  \  and  an  infinite  number  of  particular  cases  may 
be  obtained  by  assuming  ip  at  pleasure. 

If  we  apply  what  has  been  said  to  the  ecjuation 
dz     _  xdif\-f/dy 

which  we  took  as  an  example  in  the  preceding  No.  we 

have 


Pdx+  Q,d3  = 
emake 


"l'*llll      -,     /!  =  -_L, 

»(I-«)+j(y-i)  s-e 


INTBORAL   CALCULUS. 

we  find  t7=»'+y,  and  thus  we  obuin  the  equilioM- 


Of  the  Method  of  Fariatims. 

InvesHgaiion  of  the  Variation  of  any  Function  vihattvtr. 

523.     All  the  applications  of  the  Differential  Calculni, 

thitherto  presented  to  the  reader's  view,  suppose  that  the 
leUtton  between  the  variables  remains  unaltered  during  the 
whole  course  of  the  investigation  ;  but  there  is  a  variety 
of  problems,  in  which  it  is  necessary  to  conceive,  that  this 
relation  changes.  For  exampk,  if  J"  denote  a  function 
containing  at,  y,  and  the  differential  coefficients  of  y,  tie 
integral  y  f'rf  r,  taken  between  the  same  values  of  J,  il 
susceptible  of  an  infinite  number  of  values,  w4)ich  depend 
on  the  relation  established  between  a  and  y;  so  Hut  it 
may  be  asked,  among  all  the  possible  relations  between  i 
and  y,  which  is  that  which  gives  the  integral  f  idx,  I»- 
tween  given  limits,  the  greatest  or  the  least  possible  ralue. 
The  integral  y/'i/ J,  so  long  as  we  assign  no  paniculir 
relation  between  x  and  i/,  expressing  the  measure  of  a  cef 
tain  property  common  to  all  curves,  «c  enquire  then  for 
what  particular  curve  this  property  is  a  waxinmm  or  a  mim- 
Tig.  mam.  It  is  evident,  that  if  CE,  fig.  54,  represent  thlf 
5*-  curve,  then  for  every  other,  as  ^e,  the  integral  fVdi 
must  have  a  less  value  in  the  former  case,  and  a  greater  in 
the  latter.  In  order  to  satisfy  this  condition,  the  first  thing 
requisite  is  to  investigate  the  difference  which  any  change 
in  the  relation  between  y  and  x,  or  in  the  nature  of  tie 
curve  which  this  relation,  represents,  produces  in  the  inte- 
gral/ri/r.  This  change  may  be  expressed,  by  maVingj 
Tary  independently  of  J ;  for  when  we  consider  two  currei* 


ww^^m 
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CE  and  7  c,  the  same  abscissa  j:  corresponds  to  ^e  two 
oidlnates,  PM  and  Pf,  and  their  difference  Mft  ought  to 
be  distinguished  from  the  difTereiices  M'R  and  /■'/>>  which 
exist  between  two   cunaecutive  ordinates,    taiien  in  the 


Lagrange,  whose  first  researches  produced  the  Calculus 
of  Variations,  has  also  made  an  application  of  it  to  Mecha-,     | 
nics,  of  the  highest  importance,  ihe  force  of  which  w.Il  be 
easily  seen,  if  we  observe  that  we  may  regard  the  co-ordi- 
nates of  the  different  points  of  a  body  in  motion,  either 
for  the  purpose  of  comparing  at  the  same  instant  two  dif- 
ferent points  of  the  body,  or  two  consecutive  positions  of 
the  same  point.     In   the   one  case  there  exists  no  relation 
between  the  co-ordinates,   but  that  which  defines  the  sur- 
faces which  terminate  the  body  j  in  the  other  tlie  co-ordi-  J 
nates  vary  according  to  the  conditions  of  the  motion  oncrf'B 
commenced,  and  as  functions  of  a  new  variable,  which  w  m 
the  measure  of  the  time.    Here  ate  again  two  modes  of  I 
varying  the  same  quantity,   and  which  it  is  highly  convfr  J 
iiient  to  denote  by  two  distinct  signs.  That  which  succeed||  J 
the  other,  and  is  as  it  were  superimposed  on  it,  constitUtCj^  J 
the  Calculus  of  Variations,  whose  various  applications  caa  1 
acarcely  be  understood,   unless  ve  regard  it  as  having  fir  I 
Ui  cbjett  tht  differ tntiatian,  under  a  mv>  paint  of  view,  of  quattm  I 
tHitt  vikich  have  already  been  differentiated  in  some  other  man^  m 
mr.     In  this  second  system  of  differentiation  an  hypothesn  ' 
must  be  made  agreeable  to  the  nature  of  ihe  questions  we' 
propose  to  resolve.     (See  the  Mecanique  Anali/tique,  paget 
51  and  195). 

324.     Lagrange  has  designated  this  new  differentiation 
by  the  characteristic  i,  and  this  practice  has  been  adopted. 
la  order  not  to  overstep  the  limits  of  our  subject,  we  shaV  J 
confine  ourselves  to  the  application  of  the  principles  of  ln0  I 
Calculus  of  Variations  to  Geometrical  questions.  ' 

In  these  questions  the  cbuacteristic  d  is  used  to  denote 
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the  traneition  from  one  point  to  another  in  Uie  same  cunre,' 
and  the  characteristic  i  is  applied  to  the  Change  of  ttf 
cuTTe.  Thus  ^/S  being  represented  byrfy,  JW^will  be 
Sjr;  whence  it  followa  tliat 

If  we  pass  to  the  point  »'  from  iU',  we  findf  ,^  wh«, 
we  have  before  said,  , 

but  the  point  ^'  being  consecutire  to  li  m  the  curve  1 1, 
we  have  also 

=  ^  +  Sy  +  (/y  +  rffy; 

and  the  comparison  of  these  two  expressions  for  rfie  tans* 
line>  gives  this  remarkable  consequence : 

The  same  thing  may  also  be  proved  without  the  cooff 
deration  of  curves,  if  we  denote  by  tp  {x)  the  prijniti* 
form  of  y,  and  by  another  function  4' (j],  the  result  C 
the  variation*.     Consequently  I y  =.  ^  {i)  —  ^ '^xy  wiD  b 


*  In  order  to  assign  a  camniua  origin  to  the  fanctiooa  ^  (i 
and  -^  {x),  Euler,  who  tiastencd  to  adopt,  and  to  illustrate  ifa^ 
Calculus  of  Variations,  regarded  the  prioiitive  value  of  jr,  Or^C^ 
as  being  deduced  from  another  function,  containing  at  the  tani- 
(Ime  with  k  a  new  variable,  (,  and  becoming  ip  (x)  when  i=(l 
{Novi,  Chmm.  Acad.  Pelrap.  lorn.  XVI.  page  3d).    By  this  mean. 

y+B}!  becomes  j(+  JT'^''  ^'"'  TT    being  taken  on  the  byiK^r 


thesis  that  ( =0  represenlc,  as  long  ati  we  assign  tto  pinti 
relation  between  y  and  (,  an  arbitrary  function  of  «,   The  gem^m 
ral  value  ofy  would  be  oxpresiied  by  the  series 
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a  certain  (uncdon  of  x,  and  of  course  a  function  of  ,y,  bf , 
reaKHi  of  the  primitive  relation  between  tbese  variables* 
Denoting  then  by  f  this  last  function,  we  have  ■  i 

According  to  this  law,  if  we  denote  y  +  rf_y  by  ]/',  we  shall 
bate 

whence  we  conclude  that 


sy-«y=«(y)-»(y)=i/.*f^>=rfayi 


but*! 


if  we  take  the  variations,  we  have 

whence  we  obtain,  as  before, 

It  follows  from  this,  that  S  d'^  =  d  S  rfy  =  d'  S^ ;  and  con- 
tiauinjj  in  this  way,  we  arrive  at  this  fundamental  theorem! 
id'y^d"  iy, 

m  consequence  of  which  ive  are  at  Hhtrty  la  transpose  tht 
dtaracterirtjcs  d  and  1. 

In  order  to  give  greater  symmetry  to  our  operations. 
Well  as  to  embrace  circumstances  relating  to  the  limits  df  i 
tile  integrals,  of  which  we  shall   give  some  examples  fat> ' 


■he  variable  (  being  suppiiscd  ('<)ual  to  zeni  iii  jaiid  iis  dilleftiiw 
I'll  coefficients;  and  if  we  take  the  diirertniial  coefficients  of  ' 
tbii  aeries,  with  regard  Xxt  x,  we  shall  furni  all  thu  quautltie* 
^bich  it  is  necesiiary  to  substitute,  iu  order  to  obtiiin  ihe  varied 
*a(e  of  the  integral/ Krf  J,  arranged  in  power*  off.  ll  is  under 
tfaia  form  thai  Lagranjfe,  in  the  new  ediliun  nl'hi»  Levant  4ur  le 
C^lcvl  1^3  FoNCfiMM,  presents  the  Caiculiu  of  Vanatiuiu,  respecU 
*Qg  which  heeateraiuLoa  variety  oF  highly-interesting  details. 
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ther  on,  we  make  x  vary  as  well  as  y ;  but  die  abovt 
theorem  does  not  on  this  account  ceaae  to  renain  true) 
because  the  law  of  variation,  although  arbitrary,  being  con- 
stant, ^  X  is  a  function  of  x,  from  which  S  x'  is  deduced  hj 
changing  j-  into  i':  we  have  therefore  idr  =:  dir,  ind 
^milarl)'  i  d  F=  di  r,  for  any  function  V,  dependent  on  x. 

325.  There  is  an  analogous  theorem  relative  to  ^c 
iignyi     In  fact  if  we  represent/ 1/  by  t/„  we  shall  bare 

dl/,=  U,      whence  idU,  =  iUi 
if  now  we  transpose  the  characteristics  S  and  d^  and  past  n 
the  integrals,  we  find  successively 

d'cU,=iU,     and£(7.  =/Bt/; 
and  replacing  f/,  by  its  e<)ual  /  U,  we  find 
l/U=/iU. 

S2G.  This  being  premised,  we  see  that  in  order  u 
obtain  the  variation  of  any  function  {/,  containing  i,  v, 
and  their  diirerentials,  of  any  orders,  we  must  suppose  tbit 
X  and  _v  respectively  become  j  +  J  .r,  and  _V  +  ^  .'A  ^^^  npji 
ix  and  0^,  as  arbitrary  functions,  the  one  of  r,  and  the 
Other  of  y.  The  operation  breaking  off  at  the  terms  which 
contain  higher  powers  of  ox  and  cy  than  the  first,  tk 
process  is  evidently  the  same  as  that  of  differendattog  iu 
the  ordinary  manner  the  function  U,  as  well  relative  to  i 
andji,  as  to  their  dilTcrcntiais,  regarded  as  distinct  vaiiablMi 
only  in  this  last  differentiation,  making  use  of  the  charac- 
teristic f'  instead  of  d.  It  is  evident,  in  fact,  that  on  thi* 
■Jiypothesis  the  differentials  of 

-v,     J,      dx,      dr,,      &c. 
are 

ex,    cif,     idx,    ^dy,     Sec. 

Jf  therefore  the  ordinary  differentisd  ot  Uit 
*IU=2Mdx  +  Nti*x+i'd'x-\-Qd*K+eie. 
+  mdy  +  rid^g+  pd'y+ q  d*i/ +^C. 


J 
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P  «uffice  to  change  the  last  d  into  i,  and  we  shall  have 

t>tSy+  Kid}/  +pS^*y+  qidhf  +&C. 
r^efaaccion  t/be  of  the  form  Vdx,  ^containing 


fM  =».  ^  = 


.  &c. 


■we  shall  have 

dV=M4T-^Ndy^Pdp  +  Q4q^Rdr^&.i. 
and  the  variatioR  will  b« 

%y=Mlx+my  +  P6p-\-Q_tq^Rtr^-Kc. 

observing  that  the  quantities  p,  q,  r,  &c.  are  to  be  conn- 
dered  as  involving  two  independent  variables,  x  and  y 
(preceding  No.),  and  that  therefore  their  variation  may  be 
taken  on  two  ditferent  hypotheses,  viz.  making  either  one 
of  them  v«ry  alonct  or  both  together.  We  shall  proceed 
upon  this  tatter  supposition,  because  as  we  have  already 
remarked,  it  is  more  general,  and  because  it  is  easy  from 
thence  to  deduce  the  results  of  the  other,  by  suppressing 
the  terms  relative  to  the  variable  which  we  would  consider 
IS  constant.  Ifow  if  we  differentiate  by  the  characteristic 
i  the  functions 


Sy 


-JA 


'--r.) 


_  dit  dtf-dyidx 
dxidp—dp%d  X 


_  dx  .idq  —  dqidx 
dx'  '' 

&c. 


dly-pd 

I 

dx 

dcp-qrll 

X 

dx 

dlq~Td 

I 

and  by  the  assistance  of  these  expressions  we  may  find  the 
Tanation  of  any  expression  whatever,  containing  x,  yt  and 
tlieir  differentials  of  any  order. 

S  K 


mam 


i 
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92T.  When  we  consider  an  integral  fgroiirii  a* /{/, 
in  which  U'is,  as  above,  a  function  of  i;if,  and  their  dif- 
ferentials, we  have  of  If  =/o  U  (325)  ;  and  by  the  pre. 
ceding  No. 

+/(m  -ty+fiidy  +  pt  d's+  q  I  -/V+^c.) 
Tliis  expression  \s  nol  reduced  to  the  most  simple  iam 
it  can  be  exhibited  in  ;  it  must  be  so  transformed,  to  ibij 
eflect,  that  no  term  shall  remain  under  the  si gny  contain- 
ing at  once  the^charac  ten  sties  %  and  d  applied  to  each  other; 
and  this  may  be  accomplished  by  transposing  the  c  afiet 
the  d,  and  then  integrating  by  parts,  as  follows  : 

/Nidi=/Ndix  =  Ntx   -fdNix 

fP  id'r  =/P<{'>x  =  Pdh  -fdPdix^PJh-dPh-   +fJ'-Pii 

fQi^X7zfQd^ix=Qd'ix~/dQd'ix  =  Qd-tx-  aQdix+pQ'^ 

&c.  =  &c. 
Similarly,  we  have 
fmiy   =/miy 

/nidy=fndty:=:»Sy    -fdntf, 
Jptd'3=/pd*iy  =pdiy~dpig  +/d'pi>, 
/jtd's=fqd'ii,  =qd'i</-d^dhff  +d'giy  — /-^f^y 

8a.  =  &c. 
aiuf,  l)y  substitution,  we  obtain 

fiU^'f.N-dP  +  d^Q~  &c.)ij  +  (P  -  Jg  +  SK.)dii 

+  «2-&c.)  J*  »*+&«• 

;  ^{H  —  dp  +  d'y  &C.)  Jj/  +  {p  -  dq  +  itC)i*3 

+  lq   -  &C,)<Mjf  +  S«' 

+/(M~dN  +  d'P-d'Q  +  &c.)ix 
•^/(.m  -  dn    +  d*p-d^q  +  &C.)  *y. 
This  result  Ucompoeed  of  two  similar  parts ;  theoAe^i^ 
to  the  variation  of  x,  the  other  to  that  of  j ;  iod  it  is  tiij  ^ 


M 


J 


see  that  it  might  be  extended  to  any  numbej;  pi  vaiiabl^j 
by  adding  to  it,  for  each,  a  series  of  terms  9imilar  to  those 
which  the  variable  x^  or  the  variable  y  has  produced. 

35^8.  When  the  expression /£/  is  put  under  the  form 
fVdx^  that  is  to  say^  when  only  the  varial)les  x  and  y  and 
differential  coefficients  p/^  enter  into  V^  the  inyestigation 
of  the  variation  appears  rather  more  complicatedj  but  it  has 
led  to  consequences  su$\ci(ently  remarkable.  We  must 
first  observe  that 

.  i£fdf  B,/X(ydx)  =frdH  ^/dxir^ 
'    '       '    /rdix  =  F\x-/dP^if, 

and  consequently,  thal^ 

t 

^/Fdx  s  Fix  +y(Jx>r  -  dFfx). 

The  quantity  d:f^F  —  dFixis  formed  by  writing  for 
d  F  and  }  F  their  t^es  stated  in  (^29) ;  ^uul  It  becomes 

dx.iVr^4F.ix  =  Nidxiy"dt/ix)+  P'ydxlp-dpix) 

•¥  Qidxlq  -dqisp)-^  Sic. 

Putting  now  pdx  for  dy  in  the  quantity  which  is  multi- 
plied by  Ni  and  for  ip  its  value  (326)  in  that  which  is  mul- 
tiplied by  P,  we  find 

dxly—dyix  =  dx  (^y  —  pix) 

dxip  ^  dp}x  •=i4^3f  —  pd^x  --  dplx  =  d{}y  -  p^x), 

whence  it  follows^  t)iat 

dxip  - dpix  =  d(^J^hjiJili) . 

IT  ire  change^  into  jv,  and /^  into  q^  we  have  similarly 

ixi,-d,ix^d(iil£^^). 

and  so  on  :  miakitlg  then 
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-Jyix  =  udxf  dxip  -  dp) J!  =  d», 

~dqixx=d~,   &C. 

uenily 

ixiy-dVix^  =/N^dx  +/Pd>, 


e  second  membei  of  this 
is  affected  bj  the  chua^ 


/ 


is, 


J. 


^dx        dx       J   dx      dx 
&c. 
B]r  means  of  these  expressions  we  obtain 

i/vdx  =  r**  +  {P -^  +  &c.|  « 

We  maj  extend  this  lesidt  vithout  any  difficolty  to  die 
case  of  a  greater  number  of  variables  diependent  on  x,  bj 
adding  for  each  of  them,  a  series  of  terms  nodlar  to  dme 
which  hare  been  obtained  by  considering  jr  alone  i  bat  it 
is  important  to  ob>erve>  that  if  we  replace  «  by  its  nfaw 
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l  —  pix,  the  part  affected  by  the  sign /may  then  be 
littea  thus, 

id  we  now  see  that  m  this  case  the  coefficient  of  iy  and 
at  of  ix  have  a  relation  which  could  not  be  perceived  in 
e  preceding  No.  and  in  virtue  of  which,  if  one  of  these 
efficients  be  made  equal  to  zero»  the  other  also  vanishes. 
329.  A  remark  not  less  worthy  of  attention  ii,  tliat  if, 
the  developemem  of  i/U  (327),  we  had 

M  -  dN  +  d'P  -  d'2  +  &c.  =  0 
m  -  dn  +  d'p  -  d'2  +  &<:-  =  0, 
,e  variation yjy  would  be  entirely  freed  from  the  integral 
gn  i  but  these  equations  are  precisely  those  which  ought 
I  hold  good,  in  order  that  the  function  U  should  be  im- 
ediately  Integrablc  of  itself  :  this  may  be  shewn  a  priori, 
f  applying  the  method  of  variations  itself  to  determine 
>ese  conditions. 

In  fact,  let  V  be  the  differential  of  a  function  Ui;  or, 
\U  =  d  Uit  and  consequently 

>[/=  3dU^  =  diU„ 

follows  then  that  if  U  he  ^  complete  differential,  iU 
Ught  also  to  be  one  ;  and  consequently  when  we  have 
rought  out  from  under  the  integral  sign  all  those  tcrmt 
'btch  are  susceptible  of  integration,  those  which  remaia 
mst,  collectively,  be  equal  to  zero  ;  and  that,  without  the 
ecessity  of  supposing  any  relation  between  .r,^,  ix^  ty. 

The  developement  of  )/Fdj,  as  it  furnishes  only 
lie  single  condition 

dx      dx     « X 


i 

I 

■ 
4 


44ft 
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shews,  thar  that  which  relates  to  the  varitble  h  becotnnrf 
no  use  when  the  function  U  is  reduced  to  the  form  Trfi, 
f  containing  only  i, y,  and  the  differential  cMf&cients  of  j. 

330.  Ihese  remarka  are  not  limited  to  the  esprewon 
for  JU  \  they  equally  extend  to  thoee  of  f/U,f^  f/,  &c. 
whatcTer  be  (he  number  of  the  signs  of  integration  j  and 
if  we  seek  the  variations  of  these  latter  formulsr,  as  we  imc 
done  with  respect  to  /  U,  we  shall  6nd  the  equations  of 
condition,  which  must  hold  good  in  order  tliat  U  shall  Ik 
the  complete  differential  of  a  function  t/y  of  an  order  im- 
mediately inferior  to  Vi,  of  a  function  Uq  whose  order  ii 
inferior  to  that  of  U  by  two  units,  &c.  and  so  on.  L«t 
iU=  Mix+  Ndix-i-P>i"'ij:  +  Q<i*ix  +  6cc.-t  . 

+   mJy  +  ndiif  +  pd'iy  +  qd*iy  +  &c.  J  ' 
we  shall  have  then,  by  what  we  have  already  shewn^ 
;/U-  =  CiV  -  d  P  +  rf'Q  -  &c.)  J  a:+(P  -  J  Q  +  &c.)  i'*' 

+/(M  -J N  +  d'P—d'Q+  &Q.)  ii 

but,  Sy  1/  =  S  t/j ;  and,  since  t/^,  =  d  U„  it  becomes 

2  l/i  is  therefore  obtained  by  integrating  cj  U  once  mofft 
and  bringing  from  nnder  the  first  sign  of"  integration  »»■ 
which  it  is  possible  to  integrate.     Thus  we  find  ' 

^t/,p^/-tiV-rfp+(''Q-&.c.)Sj-+/(r-</Q+&c.)./*«    -■■' 


.,t/4".-.'* 


+/{?-&c.)</'Jj  +  3t^ 


- '  '+//(M-dN+J'P -J^Q  +  &c.>  ?x 
+//(«  -dn  +  d-p-  d'^  +  ikc.)lyi 
and,  integrating  by  parts  tht  terms  wbicb.  contain  ti 
ferentials  of  ?  r  and  S  v,  we  have 


■  I  •  -tJ 
I 


.  -M-?  '.:■•-■'-■  ii^(iR^»Kfj)^.t»-^t(k. 

Such  is  the  expression  for  the  required  variation^  which 
will  not  be  entirely  freed  from  the  two  signs/  unless  the 
equations 

n  -  2dp   +  3<^J-   4^r  +  &c.  =0 

JIf-    JiV  +    rf^P-    d^^   +  J*J?  -^  &c.   =0 

be  Mentical ;  m  which  case  I U^^  being  oftceinteghftefi  re- 
lative to  the  characteristic  ^  will  iit- once  {pre  CT^  or  the 

sectmd  integntl  of  Ae  propo^  function  IT. 

...  '  •  •  . 

For  instance,  iet  Uts^x  d^y -{-Q^dxdg  -^y  d^  x\ 

and  we  have 

ci}:s:d'ylx^Q,d^d2x^9d*lK 

•i-d'xty+Qdxdoy+xd^iy^      /. 

M^d'y,     N^Udy,     P«3S 
m^d^Xj      h^2dxj     p  ss  x ; 

and  the  equations  of  condition  given  above,  beC^i^c 

^dy  -  2  dy  =  0 
2dx  -  2dx  «  0 

d^y  -  2  d^y  +  d*y  =  0 

d'x  -  erf*a:+i/*ir<fcO: 

the  proposed  function  is  therefore  immediately  integrable. 
The  part  ycx  +  xoy^  freed  from  the  signyi  gives,  when 
integrated  relative  to  the  characteristic  c,  JJf^zzxy. 


r 


^MS  ihTEG&AL  CAieaan. 

The  foregoing  processes  are  sufficient  to  shew  that  tlie 
first  integration  of  a  differential  function  of  m  variibles, 
requires  m  condition)  to  be  tatisfied,  when  these  variables 
are  regarded  as  independent,  and,  that,  for  a.  number  n  of 
successive  integrations  there  will  be  m  n  equations  of  con* 
dition.  There  would  be  but  m  - 1  for  the  first  integn- 
tion>  and  n  (m  —  1 )  for  all  together,  were  the  proposed  fnac- 
tion  of  the  ioim  f'Vd  x,  where  V  contains  onlj  dif- 
feijeutiat  coefficients. 


$ 


On  the  Maxima  and  JMimnia  of  indeterminate  in- 
tegral Formulx. 

S3 1 .  Integrals,  such  as/y  d  x,  /  v'rfx'  +  di/',  may  be 
called  indeterminate,  when  no  particular  form  is  assigned  lo 
the  function^  >  but,  in  order  that  they  may  be  susceptive 
of  a  maximum  or  a  mwimum,  these  integrals  must  be 
definite  (209),  since  it  is  only  when  taken  between  givtn 
limits  that  they  have  any  fixed  value,  when  y  is  determiJieil 
in  functions  of  i. 

The  principles  laid  down  in  No.  13*,  respecting  fuM- 
tions  whose  form  is  given,  will  apply  also,  with  the  aid  of 
the  Calculus  of  Variations,  to  indeterminate  integrals,  fc 
fact,  pursuing  the  course  traced  in  No.  121,  the  reiult  of 
the  substitution  of 

x  +  Bx,  if+lif,  Jj+oiix,  </j  +  C(/j.&c. 
in  the  place  of  the  quantities  x,  ^,  Jt,  dy,  &c.  in 
any  function  u  of  these  quantities  may  be  arranged  mccord- 
ing  to  the  powers  of  the  variations  ix,iy,idx,i  dy,  !(C. ; 
and  lu  will  contain  all  the  terms  of  this  developement  in 
which  the  variations  do  not  rise  above  the  first  degree. 
These  terms,  since  they  change  their  sign  at  the  same  time 
with  the  variations  which  affect  them>  ought,  according  to 
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beory  above  ciled,  to  vanish  in  the  case  of  a  maximum  or 
nutiif  whatever  be  the  variations  5  r  and  Zy  \  and  con- 
ently  we  must  have  iu  =  0.  "When  u  =fU,  sincfc 
'  =fo  U,  (325);  we  must  have,  at  the  maximum  and 
numofjU,  the  equation y*  t/=0,  noticing  however 
it  ia  only  when  taken  between  the  limits  assigned  for 
haty"c  U  is  to  vanish. 

t  follows  also  from  the  same  theory  that  the  condition 

0  does  not  necessarily  indicate  the  existence  of  a  rnai- 

1  or  minimum,  since  this  requires,  besides,  tliat  the 
>  in  which  the  variations  rise  to  the  second  degree 
always  preserve  the  same  sign  ;  the  (discussion  of'these 
'  conditions  is  too  compIic;tted,  and  too  delicate  to  be 
duced  in  this  place. 

32.  The  developemeiit  of  ^i^  U  is  composed  of  two 
entirely  distinct  from  each  other  {327),  since  one  of 
is  freed  from  tlie  signy"  ami  the  other  remains  af;- 

d  by  it ;  the  first  may  be  represented  by 

he  Tatter  by  '     ;/|x  2  'x  ^^V'fi'lf .'"  ^^ 

e  two  parts  cannot  be  compared  Mitli  each, other,  since 
Latter  is  unintegrable,  so  long  as  c.i  and  ci/  preserre 
independence  which  the  nature  of  the  problem  re- 
>8 ;  and  In  this  state  we  cannot  cause  the  integral  to 
h  by  any  other  means  than  by  making  separately 

X  =  0,  >/,  =  0, 
lember  of  which  equations  is  universally  ecjual  to  that 
le  independent  variations;  but,  when  there  arc  no 
than  two  variables,  and  .U  may  be  thrown  into  the 
yd  A,  the  developement  of  the  variation  oifVdx  ia 
i  that  X  =  -  'f'/'i    «"'•    consequently  that 


I 


OTP 


X,dx  +  ^dj/  =  0,  a  condition  easily  verified  in  etCTy 
particuliir  case.  It  follows  from  this,  that  the  equatioQi 
X~0  and  f/=0  are  Jii  fact  one  and  the  same,  and  that  one 


» 


relation  only  exists  between  j-  and  1/  which  we  might 
equally  well  have  obtained  by  making  c  j  =  O,  that  is  to 
say,  by  supposing  x  not  to  vary ;  but  this  hypothesis  (as  we 
shall  soon  see)  would  grcjtly  restrict  the  properties  of  that 
part  of  the  variation  which  is  unaffected  by  the  signy*.  ^         ■ 

It  appears  then  tliat  the  equations  noticed  in  (3^9)}  at 
expressing  the  conditions  which  render  the  formula  /U 
andyf  rf.r  integrable,  and  which  in  that  case  are  identical,     , 
determine,  in  every  other  case,  the  relation  between^  and 
K  by  which  the  proposed  integrals  attain  their  maiimum  or    : 
minimum  values.     We  easily  see  that  these  equatioos  may    i 
rise  to  an  order  whose   exponent  is  double  that  of  the    J 
highest  ditl'erential  involved  in  either  U  or  F. 

333.    The  expression  for/o  V  becomes,  by  the  disap>  >^ 
pearanceDf  the  part  aflected  by  the  integral  sign,  ^  1 

and  making,  for  the  sake  of  brevity/S  U—ip,  the  com^dite 
value  of  this  integral  is  obtained,  by  taking  the  difference 
between  those  of  <>  at  each  of  the  limits  (209) ;  so  thit  if 
^'  represent  the  value  of  <p  at  tJie  first  limit,  and  fli'  at  tfie 
second,  we  shall  havey2  1/=^"  — ^',  whence  it  foUowi, 
that  in  the  case  of  3  maximum  or  minimum  of  the  integtll 
fU,  the  condition 

must  also  be  satisfied  *,  but  we  must  be  careful  to  notice, 
that  this  equation  contains  no  quantities  but  such  as  W 
relative  to  the  limits  of  the  integral^ I/;  and  that  thersn* 
aliens  e  j,  tfy,  idi,  ?i/y,  &c.  may  there  be  either  nothinS> 
at  simply  coimected  with  each  other  by  given  relations,  K- 
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~  cording  as  these  limits  are  fixed  or  variable.  The  Geome^  1 
trical  application  of  these  ditferetit  circumstances  will  lUuv,  m 
trate  them  sufficiently.  ^  I 

The  former  case  takes  place  when  the  curve  which  reiw  J 
ders  the  proposed  integral  a  maximum  or  minimum,  is  to  fafT  1 
determined  among  all  curves  subjected  to  the  condition  of  A 
passing  through  two  points,  whose  co-ordinates  are  givea;  "1 
as  well  as   everything  else  relating  to  them;  and  whe*  J 
the  integral  is  to  commence  at  one  of  these  points,   an4  | 
terminate  at  the  other.    If  j'  and  t/  denote  the  co-ordi- 
nates of  the  first,  and  .t"  and  y"  those  of  the  second,  these 
quantities,  since  they  belong  to  all  the  curves  which  caa 
come  under  consideration  in  the  question,  will  not  undergo 
anjr  variation.     When  therefore  we  change  x  and  y  first 
anto  je  and  /,  and  then   into  2''  and  */",    we  must   make 
^^=0,  cy=0,  ex"  =  0,  cy"=0.    The  terms  alVected  with 
These  variations  will   therefore   disappear  of   themselve»|^  j 
from  the  equation  ^"  —  ^'  —  0,  which  will  in  conse(]uenca  1 
"he  verified,  if  it  contain  only  these  terms ;  and  the  curv«(  J 
deduced  from  the  equation  x  =  ^t  will  completely  resol?tt  1 
*he  problem,  provided  we  subject  it  to  the  condition  o£  I 
pauing  through  the  two  given  points ;  which  may  univer- 
sally be  effected  by  a  proper  determination  of  the  arbitrary 
constants,  comprised  in  the  integral  of  the  equation  cited, 
.     -vhich  in  that  case  will  be  of  the  second  order. 

If  the  equation  ^1"— ^'  =  0  contain  besides,  terms  af«  j 
f ected  with  edi',  S  liif',  0  d  x",  i  dy"\  and  if,  in  addition  ti 
the  preceding  condition,  the  tangents  of  the  curve  sought  V 
be  required  to  have  a  given  inclination  to  the  line  of  the  1 
absciass,  at  the  limits  of  the  integral,  these  terms  will  di»<  j 
appear  of  themselves ;  because,  as  the  differentials  r/i  and  1 
^y  undergo  no  change  at  the  limits,  the  variations  fc/jiV  1 
rfj",  8  jy,  will  be  equal  to  zero,  and  will  therefur^^ 
e  products  into  which  they  enter  to  vanish :  but  iit*| 
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order  to  make  the  curve  required  satisfy  this  condition,  its 
equation  ought  to  contain  two  arbitrary  constants  more  than 
in  the  case  last  examined,  and  consequently  the  dilFerential 
equation  ;t=0  ought  to  be  of  the  fourth  order.  This  wH 
sufSce  to  point  out  la  what  manner  the  equation  <p"~^'=0 
will  be  be  satisiied,  when  the  co-ordinates  of  the  limin 
and  their  differential  coefficients  have  fixed  values  i  we  now 
proceed  to  consider  the  cases  where  the  limits  thentetvc* 
must  be  regarded  as  variable. 

334.  It  may  be  required,  that  the  curve  which  has  fhe 
proposed  tnaximum  or  miniinum  property,  shall  be  taken,  not 
among  all  curves  which  can  be  drawn  through  two  giwo 
points,  but  among  all  which  can  be  drawn  between  two 
,  given  curves  j4  .1'  and  B  B,  fig.  55,  without  determining 
the  points  in  which  these  latter  are  intersected  by  it.  It 
is  evident,  that  in  passing;  from  one  curve  //  li  to  another 
A'  H',  the  extremities  .1  and  B  will  have  changed  their 
places,  the  abacisBfc  which  correspond  to  the  beginning  and 
the  end  of  the  integral,  have  not  tlierefore  the  same  tbIm* 
in  its  varied,  as  in  its  primitive  state ;  and  the  ordinates  of 
those  points  will  have  varied  according  to  the  law  wbidh 
determines  the  nature  of  the  curves  A  A'  and  B  fV,  Under 
these  circumstances,  the  variations  of  the  ordinate!,  and  of 
their  abscissa,  must  have  the  same  relations  as  the  iXik- 
tcntials  relative  to  the  curves  ^j4' and  IMV,  which  rela- 
tions are  expressed  by  the  equations  of  these  curves,  and 
are  therefore  given.  It  is  rcquiste  then  to  introduce  these 
relations  into  the  equation  >/>"  — ?>'=0,  and  afterwards,  in 
order  to  verify  it,  we  must  make  the  coelBcienis  of  those 
variations  which  remain  independent,  equal  to  zero. 

In  proportion  as  the  function y*(/ contains  differcniials 
of  higher  orders,  the  number  of  terms  of  the  equatim 
0"  — fl''=0  will  increase,  and  we  are  at  liberty  to  subject, 
the  limits  to  new  conditions ;  as  for  instance.  If  the  curve 
AB  were  required  to  be  taken  among  all  which  can  toucl^ 
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at  once  the  two  curves  AA'  an*l  B^.  In  virtue  of  this 
condition,  not  only  the  co-ordinates  x  and  ry  muat  have^ 
at  the  limits  of  the  integral,  relations  expressed  by  the 
equations  of  these  curves ;  but  the  same  must  also  hold 
mth  respect  to  ihcir  differentials.  Thus  the  variationa 
orfy,  idtf',  cdx'fldij",  are  no  longer  independent ;  but 
most  coincide  with  the  second  differentials,  relative  to  the 
given  curves.  We  may  then,  with  the  help  of  these  rela- 
tiens,  eliminate  some  of  the  variations  Srfj',  ^dy',  Idx", 
idt/\  from  the  equation  ^"-V'=Oi  and  it  must  then  be 
satisfied,  by  putting  separately  equal  to  zero,  the  coeflicient} 
«f  the  variations  remaining,  which  will  be  entirely  arbi- 
trary. 

The  equations  obtained  by  this  process,  since  thej 
establish  relations  between  the  co-ordinates  of  the  extreme 
points  of  the  proposed  curve,  will  necessarily  have  reference 
to  the  constants  introduced  by  the  integration  of  the  equa- 
tion X—^t  ■'"''  *''"  serve  to  determine  their  values. 

Sis.  A  few  particular  applications  will  illustrate  the 
jreceding  theory;  but  we  must  first  remark,  tliat  since 
'Zhere  are  circumstances  where  it  is  necessary  to  consider 
the  variations  of  the  limits,  if  th  co-ordinates  .r',  tf\  x",  t/", 
«f  these  limits  enter  into  the  expression  for  U,  they  must 
l>e  made  to  vary  in  that  expression,  as  well  as  x  and  y, 
^^■d^^consequently  to  add  to  cU  the  terms 

^B^     jf'csf  -i-m/  +.4"aa"  +B"zy' 

and  since  the  variations  3  j',  di/,  sy,  ly,  are  independent 
of  the  indeterminate  co-ordinates  x  and  tf,  they  may  be 
brought  from  under  the  sign/,  while  the  functions  J',  A'\ 
8tc.  A\,  ji'\,  &c.  remain  affected  by  it ;  and  it  «ill  be  re- 
quisite to  introduce  into  the  first  part  of  the  variation /£  U^ 
the  terms 
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these  integrals  being  taken  between  the  same  limits  as  tliat 
proposed  at  first. 

'  . ,  It  is  not  at  once  evident  what  the  preceding  terms  be- 
come, if  one  of  the  limits  be  at  the  same  time  the  ongtn 

'.  of  the  co-ordinates.  This  dilEculty  may  be  avoided,  bj 
making  first  of  all 

T  =  ^-a-,   i,=:y-y. 

and  then  supposing,  that  the  origin  of  the  co-ordioaUi 
'  JC,  T,  is  lixed>  while  the  quantities  x'  andy  are  variable; 
utiius  it 'becomes 

As  to  the  differentials  d  x,  di/,  Sec.  since  they  do  not 
depend  on  the  quantities  *'  and  /,  they  consequently  ha^*^ 
no  variation,  and  the  expression  for  I  U  becomes  simply 

+  «(cr-Jy)+nSd}'+&c. 
It  is  then  allowable  to  put  x',  i/',  eqnal  to  zero,  provided      '^ 
allow  the  variations  p  j',  iy,  which  may  be  considered 
the  first  degree  of  magnitude  of  these  quantities,  to  rem^*-^ 
On  this  supposition  Jf  and  T  again  become  j  and  tf,  ; 
the  change  which  takes  place  in  /i  U  reduces  itself  to 
terms —cyy^—*yym,  whose  integrals  must  be 
between  the  Jimits  originally  proposed. 

336.  Suppose  it  were  required  to  determine _y  in  fui 
tions  of  X,  in  such  a  manner  that  /i/di^  +  di/*,  betwe^^ 
given  limits,  should  be  a  minimum^  which  comes  to  tf^ 
same  thing  aS  ia  find  the  nature  of  th  ihortest  line  wfuch  fc^* 
ie  drawn  between  ttao  paints  upon  a  plane.     Now  we  hare 


m 
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/-r-- f —    <ixldx-i-d~yldy 

3  r= S  Vdx^+ds^=  - — ,. ^   ^ 

Vdj'  +  dy 

nnMiig  •/Z^Xdy=ds,  and  transposing  the  cliaracterls- 
tit>  rf  and  ^-     If  we  now  integrate  by  parts,  we  get 

,'  d,  d,  "    J   \    d,  di    '> 

ud  the  part  affected  with  the  sign/gives  (332), 

dt  =0,  whence  ^>=C.    ^  =  C,  y=Cr  +  C'. 
rf/  di  dz 

7hU  result,  as  might  be  expected,  indicates  a  straight  linej 
and  the  constants  which  it  includes,  will  sufEce  to  satisfy 
the  conditions  relative  to  the  points  between  which  ic  must 
be  drawn. 

The  part  fi«ed  from  the  signy^  or  ^  f33S),  containing 
on^  the  variationi  of  the  co-ordinates  of  the  extreme  points, 
raidshes  when  they  are  fixed  ;  and  the  constants  C  and  C 
are  in  that  case  determined  by  subjecting  the  right  line  to 
pass  through  these  points.  When  they  are  not  fixed,  but 
only  subject  \o  the  condition  of  being  situated  in  giren 
carves,  the  quantities  a'  and  y,  i"  andy".  which  are  un- 
known, must  then,  as  well  as  their  variations^  satisfy  the 
equation  ip"  — ?>'=  0,  which  becomes 

and  also  the  equations  of  the  given  curves,  whole  differen- 
tials we  will  denote  by 

rfy  =  mdx,       d^=.n  dxi 
we  have  then  (384;!,  .;-,-i^,.;  iilj  -■•  ..I , 


^ 

» 
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and  on  account  of  the  independence  of  the  variations  e  j^ 
mdij^,  this  equation  separates  itself  into  the  following; 

,  >*»  +m'</y=0,  or^,  =  -— , 

whtch  denote  that  the  proposed  right  line  must  meet  each 
of  the  given  curves  at  right  angles. 

In  consequence  of  the  equations  ^  =  Cj;  +  C",  we  have 
df/  =  Cdt,  for  every  point  in  the  right  line,  and  the  precfr 
ding  equations  become 

\+Cn''  =  0,       l+Cm'=0; 

but  the  constant  C"  depends  on  the  co-ordinates  of.  the 
extreme  points,  because  the  equation  of  the  right  line  dninl 
throujjh  these  points,  is  H  "„ : 

y  —  j/'=  ~ — ^^{x  —  x'j,  which  gives  C^^, — ^: 

and  substituting  this  value  for  C,  there  [dsult  the  equations 

the  combination  of  which  with  those  of  the  given  curr** 
determines  the  points  through  which  the  shortest  distant 
between  these  curves  passes,  and  completes  the  solution  * 
the  problem. 

We  should  have  arrived  at  tJie  same  equations,  by  6, 
supposing  the  extreme  points  fixed,  in  which  case  we 
have  the  equation  ■"' 
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*  — y 

between  y  and  «.    In  fact,  bf  reason  of  this  relation,  the 

integral/v^rfjr*  +  rfy%  when  taken  between  the  abscissae  J?' 
and  9i\  becomes 

■ 

•  ■  .  ,        .  .  . 

and  the  mere  application  of  the  Differential  Calculus  suffices 
to  determine  the  minimum  of  this  expression,  if  we  take  into 
consideration  the  mutual  dependence  which  the  equations 
of  the  given  curves  establish  between  :i  and  y,  J'  and  y . 

It  in  t|ius  that  we  may  arrive  at  the  solution  of  problems 
similar  to  the  foregoing,  without  the  aid  of  the  equation 
^"^4^'tszO  (which  is  not  deducible  by  the  methods  of  £uler 
and  Bernoulli),  as  often  as  we  are  able  to  obtain  the  inte- 
gral  proposed ;  but  by  considering  that  this  integral  is  an 
implicit  function  of  the  quantities  relative  to  its  limits, 
M.  Poisson  has  immediately  investigated  the  relations  which 
an  absolute  maximum  of  the  proposed  integral  requires  to 
be  established  between  these  quantities,  making  use  of  the 
method  of  differentiation  under  the  sign y  (note,  page  334). 
Thus  he  has  arrived  at  the  same  equation  (ff  —  if/szOf 
which  results  &om  the  method  of  variations. 

337.  The  problem  of  the  preceding  No.,  when 
considered  as  relative  to  space  of  three  dimensions,  leads  to 
Ae  determination  of  z  and  y,  in  functions  of  x,  in  the 

expression/V^/  X* + rfy*  +  d  z\  which  If  we  put  =/rf  /,  we 
have 


7'-  '£  '>*'^''-JX^r/'-'''/,Y*-P/'> 


d  _  . 

Sm 
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Tlie  part  aficeted  by  die  aigny^  affiMnb  die  ditee  eqaadomi 

d^j^mO^     d-f-mO,     d—'^O^ 
at        ^        d/     •■         at 

wlioae  condmiatioM  by  2  and  8|  agree  in  gf?iiig 

and  denote  diat  the  line  requifed  is  a  atiaight  one. 

If  this  right  line  be  drawn  between  a  fiud  point  and  a 
cnrve^  whpae  diiSerential  equation  is 

dz:=:pdx^qdj^, 

wt  Invst  hare,  mt  the  second  limit  ia^«j9tit^4-f  tjTf  od 
dw  first  being  filed,  gives  ^«0.  The  ?ahie  of  t  <* ths^ 
fore  changes  ^bO  into 


which,  putting  the  coefficients  of  the  independent  variationi 
equal  to  zero,  gives 

whence  we  see  (by  No.  143),  that  the  line  required  ii.a 
normal  to  the  given  curve  surface. 

If  the  whole  course  of  the  shortest  line  to  be  deter* 
mined,  is  subjected  to  the  condition  of  lying  upon  a  p^ 
curve  surface,  the  variations  ^Xf^y,  ^z,  under  the  siga/i 
must  satisfy  the  differential  equation  of  that  surface,  wliicb 
we  shall  represent  hjdz^pdx-^-qdy^  we  therefore  mak 

Iz^plx-^-qly 
in  the  expression  fox  fdU^  which  thus  becomes 
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^fom  the  part  afiected  by  the  signy^  we  derive  the  equations 

~-+/>d— =0,      d-/  +  qd-—  =  0, 
»/  ds  ds  ds 

me  of  which,  together  with  that  of  the  given  surface,  is 
.iifficient  to  determine  the  nature  of  the  shortest  line  which 
an  be  drawn  upcm  this  surface  between  two  points  in  it. 

If  this  line  is  to  be  drawn  from  a  fixed  point  to  a  cunre 
raced  on  the  same  surface,  we  shall  first  have  ^'sO,  and 
f  we  denote  by  dyzzndx^  the  differential  equation  of  the* 
projection  6i  the  proposed  curve  on  the  plane  of  the  x  and 
f,  we  shall  \iZYely'*:r:n"lx"\  and  the  equation  ^''sO, 
irliich  will  be  changed  by  reason  of  this  to 

vill  denote  that  the  two  curves  under  consideration  must 
^t  each  other  at  right  angles. 

338.     We  proceed  to  investigate  the  relation  between 


'  andy,  which  shall  render  the  expression  /  ^dx  •\-dy  ^ 

^  V2{y^Y) 

minimum  where  T  is  considered  as  a  function  of  the  co- 
I'dinates  x  andy,  i"  andy,  relative  to  the  limits.* 

To  resolve  this  question  in  all  its  generality,  we  must 
Ukc  y  vary  as  well  as^r  (333).     Suppose 


*  TTiis  is  the  problem  of  the  Brachystochrone,  or  the  curve 
Dng  which  a  body  will  descend  in  the  least  possible  time  from 
le  point  to  another. 


^^m,. 

■  ^^^^H 
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*'2(,-*l  =  ., 

Vii"+rf/=rf/, 

and  we  shall  have 

!„-»»-»y 

'=H'"'+if'"'' 

f-r:^^" 

-'^>^fzi-/"*J=h"> 

■-"".h 

"-"*^'' 
'i-'^.)''} 

ttm 

ms 

with  the  iign  /,  we  derirt 

u'             udi 

d =0, 

mis 

the  ^rat  of  these,  which  is 

noat  simple,  glres                j 

.. »  +  dy'' 

TTiis  result  denotes  a  cycloid  (IOC);  for  if  we  mitt 
jf—Y=iZf  we  shall  obtain 

When  3  1:'=  0,  the  quantity  ^  gives,  for  the  limili,tlit 
equation 

cii"Sj^  +  rf/2/=0,  dx'lx'  +  dy'l^=0, 

horn  which  we  conclude,  as  in  No.  336,  that  if  the  cWT* 
required  be  drawn  between  two  others,  it  must  meet  them 
at  light  angles. 

When  i  T'\s  not  nothing,  we  must  calculate  the  Talo* 
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of  /  —  I  between  the  limits  of  the  proposed  integral. 

Now  the  equation   . 

^*    A.A  ^y        t\ 
tr  uds 

fumished  by  the  coefficient  of  S  3f  under  the  sign  /»  gires 

-Y  = T"  +  const. 

«r  uds 

and  if  we  take  notice  that  I  Yl  since  it  does  not  depend 
on  the  indeterminate  variables  x  and^^  must  have  the  same 
▼alue  at  both  limits,  the  equation  ^"  —  ^'=0  becomes 

«'<//  u'ds'  u'ds'    ' 

If  we  take  /":=  y',  which  gives  8  Yrziy,  we  have,  after 
ledudng  and  separating  the  variations  relative  to  each  limit, 

j«"d/'         ^  t/'d/'   "*         '      u'd/  t/'ds"   ^         ' 

and,  if  we  then  make,  as  in  No.  336, 

d  X 

and  call  to  mind  that    *-^  :=  C,  the  equations  above  will 

uds 

take  the  form 

from  which  it  follows^  that  n'zum.  This  result  shews, 
that  at  the  points  where  the  required  curve  cuts  the  given 
oneSj  these  latter  must  have  their  tangents  parallel.  More- 
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over  the  equation  relative  to  this  last  limit  comes  to  ihs 
same  as 

d:/'Zx"+  dt/"iy"=0, 

and  therefore  proves,   that   the  required  curve  mvst  cot 
the  second  given  curve  at  right  angles. 

539.  The  preceding  problems  relate  to  absolute  mat- 
(Hifl  and  minima  }  but  the  question  To  find  among  all  pctsiilf 
relatieru  hetwren  x  and  y,  wiich  give  the  samt  value  of  tht  in- 
determinate integral f\5 ^,  taken  from  x  =  x'  to  x  =  i",  iha 
•which  renders  the  eiprestion  f\5  a  maximum  or  mintmum 
under  the  same  circunulances,  belongs  to  the  class  of  relative 
maxima  and  minima.  It  may  be  resolved  by  making  the 
variation  of  the  funciiony"t/+ ay"!/,  equal  to  zero,  o being 
a  constant  but  indcierntinate  coefhcient.  This  is  not  the 
pisce  to  demonstrate  this  rule  in  detail ;  we  may  however 
easily  perceive  that  if  the  above  function  be  a  maximum  or 
minimum,  and  we  supposeyT/i  =  A,  the  integraiyt/  will 
always  have  the  greatest  or  least  value  which  it  is  sus- 
ceptible of  on  this  hypothesis.  The  indeterminate  coefficient 
a  serves  to  supply  the  condition /f,  =  A. 

If  for  instance  the  curve  were  required  which,  under  a 
given  perimeter,  shall  include  the  greatest  or  least  space, 
we  should  have 


fU  +  afUi  =f{i,dx  +  a  '/dx'  +  </y }  : 


and  if  we  put  ^o  »'  +  dy"  t=ds,  the  part  of  the  variatioa 
affected  by  the  signy  would  be 

and   would  give,  for  the  determination  of  the  curve  re- 
quired 
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whose  Integral 

ds  ^     Va'  -  (X  -  C)* 

evidently  denotes  the  circle  whose  radius  is  a. 

This  radius  is  to  be  determined  from  the  value  assigned 

to  the  perimeter /V^^x*  +  dy* ;  and  the  constant  C,  and 
that  which  would  be  introduced  by  the  integration  we  have 
left  unperformed^  will  suffice  to  make  the  circle  pass 
through  the  fixed  limits.  Its  area  is  a  maximutn  or  mini'- 
mttm^  according  as  it  turns  its  concavity  or  its  convexity 
towards  the  axis  of  the  abscissae.  Such  is  the  simplest  case 
of  the  ^* Loperimetricai  Problems'*  so  called,  because  at 
first  only  curves  of  the  same  length  were  considered  *. 


«  See  Note  (Q). 
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APPENDIX. 


On  Differences  and  Series. 

S4Q.  A  8ERIB8  being  a  regular  progretnon  of  tenna 
increasing  or  diminishing  in  magnitude  according  to  a 
certain  law»  it  follows, .  that  when  that  law  is  given,  and 
the  place  of  any  term  in  the  series  assigned,  its  magnitude 
mj  be  determined ;  and  thps  the  successite  terms  of  the 
scries  may  be  prodvoed  in  order.  To  assign  the  place  of 
any  term  in  a  series*  it  is  sufficient  to  indicate  the  number 
of  terms,  by  which  it  is  removed  from  some  one  which  we 
regard  as  fixed.  This  number  is  Usually  called  the  inJ^ft 
of  the  term  to  which  it  corresponds.  For  example,  in 
the  series 

0,   1,  4,  9,  16 1*, 

if  we  assume  the  first  term  as  our  point  of  departure,  we 
shall  have  for  the  corresponding  series  of  indices 

0,  1,  9,  S,  4 X. 

If  the  series  be  continued  backwards,  the  indices  iftust 
be  considered  as  negative  5  thus  in  the  series 

•  ••  *""^,»«. ""  J,  O,  ^J,  0|  ^T,.0««..X',««« 

r 

mm^-^Xf   •••"•  Lf  Vj    I,    V,   3,  ••••••  X,  ••• 

the  numbers  in  the  lower  line  represent  the  indices  of  the 
terms  immediately  above  them. 

9  N 
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341.    Since  a  regular  progression  or  uniform  law  is 
sentially  included  in  our  notion  of  a  series,  it  follows  that 
the  magnitude  of  every  term  is  determined  solely  by  its 
index,  and  by  the  law  which  the  series  observes ;  in  other 
words,  that  any  term  is  a  certain  function  of  its  corres- 
ponding index,  the  form  of  which  does  not  change  in  pasir 
ing  from  one   term  to  another,   but  remains  the  same 
throughout  the  whole  extent  of  the  series.    Thus,  in  the 
former  of  the  above  series,  each  term  is  the  square,  in  the 
latter,  the  cube  of  its  index,     lliis  function  analyticallj 
expressed,   is  called  the  general  term  \   and  it  is  evidentf 
that  by  substituting  successively  in  its  expression,  instead 
of  the  symbol  (x),  which  denotes  the  index  the  progression 
of  natural  numbers, 


-2,  -1,  0,1,  e,  3, 


the  terms  of  the  series  will  be  produced  in  this  order:  Ae 
general  term  may  therefore  be  considered  as  characteriziiig 
the  series,  and  as  including  all  its  properties,  and  our  wif 
sonings  respecting  series  will,  in  consequence,  be  whoUf 
confined  to  their  general  terms. 

1  he  general  terms  of  an  arithmetic  and  geometric  pro- 
gression are  rcfipectively  rt  +  ^ .?  and  ^',  for  when  each  of 
the  above  progression  of  numbers  is  successively  written 
for  r,  in  tliese  expressions  we  obtain  the  series 


a  — 2  b,  a  —  by   a,  a-yh,  a  +  2  b, 
I  I 


»    1,   Hy    ./% 

a'         a 


In  general,  when  we  speak  of  a  series  in  future,  we  shaD 
consider  it  as  continued  indefinitely  both  ways,  unless  the 
contrary  is  expressly  mentioned.  This  is  essential  to  all 
reasonings  in  which  only  the  general  term  is  employed, 
and  is  precisely  analogous  to  the  expression  of  a  cune  by 
its  equation,  in  which  no  limitation  of  its  extent  is  ad- 
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mltted.  The  sum  of  a  series  is  the  aggregate  of  aU  its 
terms  connected  by  the  sign  + ,  which  the  word  seriesy 
alone  is  frequently  used  to  signify. 

I 

342.  The  general  term  of  any  series  is  usually  denoted 
by  subscribing  its  index  to  a  certain  letter,  (called  a  cha- 
iracteristic),  towards  the  right-hand,  thus,  i/,,  A^j  or  affixing 
it  in  any  other  part,  as  'c/,  according  to  the  necessity  of  the 
casCf  just  as  in  the  foregoing  pages,  f{x)  and  0  (x)  have 
been  used  to  denote  functions  of  x*.  Convenience  of  writing 
where  the  same  letters  frequently  occur,  arising  from  the 
Yejection  of  superfluous  parentheses,  is  the  only  reason  for 
the  distinction. 

•  »,  then  bring  any  function  whatever  of  x,  if  for  x  we 
write  successively  the  progression 

...—  2,-1,0,1,2,. x,a:+l,... 

we  shall  produce  the  series 

..••tf..29     ^  — If    ^  —  Of'^19     ^99   ......  tf*j    f/jr:|-l,... 

of  which  it  is  the  general  term. 

The  excess  of  the  term  «,  + 1  over  that  which  immedi- 
ately precedes  it  (u,)y  or  the  function  f/,^i—w„  is  called 
/he  difference  of  the  function  u^,  and  is  denoted  by  the  sign 
A,  thus 

Now  It  is  obvious  that  or^  +  i  — «,  is  a  certain  function  of 
JT,  the  nature  of  which 7s  entirely  dependent  on  that. of  the 
original  function  i/,,  from  which  it  is  derived :  At/, is  there- 
fore a  certain  function  of  x,  derived  in  this  particular  man- 
ner from  tf,,  and  as  the  Utter  has  £/,  the  former  must  be 
considered  as  having  £^u  for  its  characteristic.  The  dif- 
ference of  the  function  A  u^  ( or  the  iecond  difference  of  i/,)  is 
therefore  A«x-fi—  ^«x-  This  second  difference,  or  A  ( Ai/,), 
by  an  abbreviation  of  the  same  kind  as  that  used  in  the  Dif- 
ferential Calculus,  is  written  A^i/,,  and  thus  we  have 
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In  like  manner 

A  V=  A'1/,4. 1  -  A'^u^ 


AX=  A*— ^»,4.i-  A*^*«r« 

348.  When  the  particular  form  of  the  function  «« is 
assigned,  nothing  is  easier  than  to  deduce  the  Yalaes  of 
the  successive  difierences  Au,,  A*Ujf  Sec.  in  terms  of  x* 
It  is  only  to  turitt  x  +  1  Jir  x  in  tie  expressionxf  the  fiauAm^ 
and  to  attract  from  the  result  the  origwal  epcpreiJWft :  Ae 
remainder  if  the  first  difference  of  the  proposed funetitH^  Wdr 
others  may  he  obtained  in  like  manner. 

If  for  example  we  had  u,^a^ix,  we  should  bbtaia 

A«,=  |fl+*(jr+l)^  -(fl+*x)=*;     A*tf,sB*-*=0. 

Mfore  generally,  if  u,zza+b.v,9  where  v,  is  any  fmictioa 
of  X,  we  should  find 

Suppose  again  u^=a\      In  this  case 

and  so  on  to 

The  following  results  will  be  useful  to  us  in  our  future 
enquiries,  and  will  serve  at  present  as  exercises  for  the 
reader.  Supposing  then  c/,  and  v,  to  represent  any  func- 
tions whatever  of  x,  we  have 

A  («,.  V,)  =«/,  +  !.  v^  +  i-w,  .f,=  («/,+  A«,)(v,+  AvJ 
z=f/,.  Av,4-v,  .  AUg+  AUg.  AVg 
=  w,  .  Avg-\-Vg^x .  Aug 

Wy  reducing  to  a  epmmon  denominator,  and  substitadog 
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'<bTe,+  i  andr,  +  „  in  the  namerator,  their  values,  w,+  iw, 
and  V,  +,i  v^. 
Again, 


a|»,.i 


*=«'  +  ! «.  +  ■-(»,  +  -+,-",). 

If  u,  be  the  general  term  of  an  arithmetical  progression, 
or  if  u,  =  a  +  i  J-,  the  factor  u,  ^. ,  ^ ,  —  u,  becomes  («  +  I  )i, 
which  being  constant,  it  appears  that  the  difference  of  a 
factorial  function  of  this  kind  is  of  the  same  form  with  the 
function  itself,  only  having  one  factor  less  ;  in  like  manner 

1      _     ",+.+,-«, 


to  which  result  the  same  observacioa  may  be  applied,  only 
that  the  number  of  factors  in  the  denominator  of  the  dif- 
ference is  greater  by  an  unit  than  in  the  function  propoud. 
Again,  we  have 


'-  +  .  +  1 


'.  +  -  +  1 


344.  The  successive  differences  of  any  rational  inte- 
gral function  of  x  are  easily  obtained,  and,  as  they  lead  to 
certain  very  remarkable  results,  we  shall  proceed  to  investi- 
gate them.  To  begin  with  a  simple  case,  lei  us  takev,=x% 
whence  we  get  A  b,=  (j+ l)'- j*=  2  j  + 1,  and  A'u,= 
4(,+ l)+l-(2i  +  l)  =  2,  a'u.-=0,  Sec.  Ifwesuppose 
w,^^,  we  have  in  like  manner, 

A  ..T^=  (j+l)'-a'  =  3i'  +  3j:+  1 
A*.a'=:3  .  A  (t'>  +  3  .  Ai=tij  +  6, 
and  a' '  x'=Gf    A*,J*=0,    &c.  and  so  on. 

The  general  expression  of  any  rational  integral  function 
being 

tti  first  diiFerence  will  be 
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where  B^...T^  Ky  arc  certain  constant  coefficients* 

In  like  manner,  since  this  is  a  rational  integral  function^ 
one  degree  lower  titan  the  original  function^  we  shall  have  for 
the  difference  of  this,  or  the  second  difference  of  u^^ 

and  the  /ith  will  be 

A''u,zin{n-  1)'...  2.1.-4, 

so  that  in  general,  the  nth  difference  of  a  rational  integral  ftmC" 
•  tion  of  the  nth  degree  is  constant ^   and  of' course  all  tlie  higher 
wlers  ofd^erences  tkxnuh* 

In  order  to  see  more  clearly  the  meaning  of  this  results 
suppose  i/,aBi*-f  2  J?  +  S,  and  putting  0,  1,  2,  3,  &c.  suc- 
cessively for  X,  we  form  the  series  t/y,  u^,  &c.  Siibtracting 
then  each  from  that  which  follows  it,  we  obtain  the.  series 
of  values  awo>  ^''i>  8cc.  and  from  this  in  lile  manner,  the' 
series  ^u/f^,   A^Wj,  &c.  is  derived,  as  follows 

Wo = 3,  «i  =  6,  Uo  =  15,  7/3  =  36,  //4  =  7o,  &c. 

A«/o=S,  A«i  =  95  AWo  =  ei,  AM,=  o9,  &c. 

A\,  =  6,  AV/i=lC,    S'u.=z\S,  &c. 

^^Uo=^0,    A^//jL=;6^    &C. 

where  wc  see  that  the  terms  of  the  series  composing  tb  ^ 
third  order  of  differences  are  all  equal  to  each  other'^ 
and  to  1  . 2 .  3,  the  degree  of  the  proposed  function  havin 
3  for  its  exponent. 

345.  If  in  the  equation  A'//^=i  aw^  +  1—  A«,  (342),  wc 
substitute  for  A//,  and  Ai/^  _|. ,,  their  values,  w^  4. 1  -  i/„  and 
Ujf^n  —  Ujt^iy  we  find 

A^//,=//^  +  2  -2  w,  +  1  +  w,. 


DIfFSftENCES  AND   SERIES.  471 

If  ia  ^  equation  w^  substitute  A  ly^  for  x,  we  get 

A*l^,=  A«^^«-^2  Aii,  +  i+ All,, 

and  writing  for  . 

A«,^5/  Aj/,^j,  A«,,  theirvalues,  «,  +  3— /i,  +  2,  &c. 

'  '' 

we  obtain  ^     . 

A  Uttle  attention  tpjthe  steps  of  the  above  process  will  oon» 
Tince  us,  .that  the  manner  in  which  the}  coefficients  in  this 
expressions  for  these  successive  diffeitoces  are  produced 
fiom.es|ch  other,  is  precisely  the  same  as  in  the  operation 
of  raising  the  binomial  i/  —  I  to  its  successive  powers  by 
multiplicatioq,  and  that  we  ought  therefore  to  have  . . 

• 

which  enables  us  to  express  th^  /ith  difference  of  any  func- 
ticm  in  terms  of  its  successive  vajja^s.  Conversely, .  if  we 
woi|ild  express,  any  term  in  the  progression  of  these  .values 
in  terms  of  iht  function,  and  its  successive.differenceSj^  we 
have  .  ;. 

In  this  equation  for  x  write  x+.  1,  and  we  get 

whence,  by  substituting  for  u^^i  its  value,  i/^+  A«;,  and 
for  A«/,+  u  its  equal  Aiijr+ A^//,  obtained  from  this,  we 
find 

again,  writing  jr  +  1  for  x,  and  proceeding  as  before 
i/,  +  3=tt,  +  3  A«,  +  3  aX+ A'^'x, 

and  we  conclude  by  the  analogy  which  subsists  between  the 
production  of  the  constant  coefficients  in  these  expressions, 
and  in  those  of  (1  +  A)*,  (I  +  A)',  &c.  when  developed  by 


r 


47%  DIFFERE?(CES    AND    SERIES. 

actual  DultiplicstdOnj  in  poweri  of  the  sjaAo\  A*  Out  1 
geaeral 


346.  Ai  the  above  demonstration  of  these  two  theo- 
rems, founded  on  something  like  an  inductive  piocess,  imj 
not  appear  satisfactory,  we  shall  now  present  the  reader 
vith  one  which  has  the  advantage  of  setting  in  the  clearest 
light  the  analogy  above-nnenlioned.  It  will  also  afibrd  u!  an 
opportunity  of  introducing  to  the  notice  of  the  English  sto- 
dent,  the  principles  of  the  "  Calculus  of  GenemEing  Func- 
tion s." 

^,  Suppose  0  (t)  to  be  a  function  of  t,  susceptible  of  dere- 

Tlopement,  as  follows : 

in  «4uch  it  is  evident,  that  u,  may  represent  any  functtoo 
of  X  whatever,  by  considering  this  equation  as  the  defimtm 
of  ^  (/).  The  developement  of  <p  {t)  therefore  must  pro- 
duce, OT generate,  the  coefficients  ...  «,„  ...  u,,  anneied  to 
their  proper  powers  of  t,  which  may  be  looked  upon  as  i 
mere  instrument  for  the  purpose  of  keeping  them  distinct 
from  each  other,  and  presenting  them  to  the  eye  in  their 
^^  order.  This  function  is  therefore  called  the  generaung 
^B  function  of  u,.  For  instance,  —  log  ( I  —  /)  is  the  generat- 
ing function  of  -  ,  and —of  x,  for  the  dovelopemcnU 

of  these  functions  are  respectively 


1  .t  +  2  .r  +  ...x.r  +  &c. 
If  we  multiply  both  sides  of  the  equation  (n)  by  /,  W 


I  Rtof 
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ihe  coefficient  of  /*  being  Mj_  „  it  appears  that  the 
iting  function  of  u,_,  is  f  .^(f),  and  in  like  manner 
of  u,_B  uf.p(l).    Again 

»Iiidi  shews  that  -  .  ^  (/)  is   the  generating  function  of 

<^.f  t,and  in  the  same  manner  wc  find  ^-V.^  (/)  for 
thatof  »,  +  ,. 

Hence  it  follows,  that  the  generating  function  of  A«„ 
Wof «,+,  —  «,  will  be  (-  — 1  >-^{/)  for  this  function, 

kdng  developed,  will  produce  the  difference  of  two  series, 
■whose  general  terms  are  respectively  «,+ ,  .  f,  and  u^. 
To  find  then  the  generating  function  of  Aw,  we  have  only 

ttmultiply  that  of  «,  by 1.     Now  A«,  itself  may  be 

considered  as  a  new  function  of  x,  whose  generating  func- 
tion is  (-  -  1  )  .  ^  (/)t  and  therefore  that  of  its  difierence, 
otof  AVi  will  be 

(^  -  ■)'■  *  («. 

and  in  like  manner,  that  of  A'w^  will  be 


4 


C-)"*«-i(',)"'"'('>*^^'(D""'-'«-'«- 

Now  it  is  evident  that  the  sum  of  the  generating  functions 
of  any  number  of  functions,  suchasu,  ^„  u,  +  n  —  u  !cc. 
(pi  any  others)  connected  by  any  constant  coeScienu>  is 


• 


I 
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the  same  witli  the  generating  functions  of  their  sum,  when 
affected  respectively  with  the  same  coefficients.     But  we 

have  seen  that  (•■)■  *  (')  is  the  generating  function  of 

«.  +  «   (~)        •*   (')  °^  «»  +  ■  — 1>  ''^^   s"  O"'  '  "^ 

above  expression  ia  therefore  the  generadng  function  of 

».  +  .-?.,  +  .-,+ &c. 

as  well  as  of  A'ttrt  whence  it  follows  that 

A"«,  =  ".  +  --  -«,  +  ,_i  +  &C. 

for  the  generating  functions  of  both  being  the  sane,  lb< 
coefficients  of  ('  in  their  developements  must  be  identic)il« 
however  these  dev  elope  men  ta  may  have  been  performed. 
3*7.  The  generating  function  of  o,  +  i,  bmflg 
(ly.^C),   or    jl  +  (1  -  l)J".^  (0.    if  «  d«- 

velope     \l  +( l)[   inpowersof  ( ])il*ill 

take  the  fbnn 

*«  +  f  (v-  0  •<■<'>+ ^ri^'  (i- 1)'.»«)+»<- 

wMch  is  also  the  generating  function  of 

«,  +  ^  A  «,  +  —^g—  a'«,  +  *c.(     (546) 

and  hence  it  appears  that  this  latter  expression  is  equal  to 
«.  +  ,. 

348.  It  will  easily  be  seen  that  the  extent  of  this 
method  is  not  confined  to  the  cases  here  presented.  It 
would  surpass  the  limits  of  an  Elementary  Essay  like  the 
present  to  enter  much  farther  into  the  subject.  Our  in- 
tention has  been  rather  to  excite  the  curiosity  of  the 
telligent  reader  respecting  one  of  the  most  refined  iav 
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dons  of  analTtical  genius,  than  to  satisfy  it  by  3  detail  suited 
to  its  importance.  We  can  only  accompany  him  one  step 
farther,  after  wHch  wc  must  refer  him  to  the  "  Thnrit 
Aruilytique  its  Probabilites  "  of  Laplace,  a  work  indispensably 
necessary  to  all  w!io  would  thoroughly  understand  the 
nature  of  dilFcrences  and  series,  or  farm  an  elegant  taste  in 
analytical  composition  *. 

Instead  of  considering  the  function  «,  + ,  -  u,,  we  might, 
with  greater  generality  have  supposed  A  u,  to  represent 
any  other  combination  of  the  successive  valueg  w,,  u,  +  ,, 
u,^.«,  &c.,  of  the  first  degree.  For  example,  if  we  had 
origioally  defined  A  u,  to  mean  au,  +  3  u,  ^. ,  +eu,  ^  ^  wher* 
9,  h,  e,  are  any  constant  coefficients ;  we  should  have 

RA'a,  =  fl  A  a,  +  *  Ak,  +  ,  +  c  Ak.  +  j 
ti'u.  =  a  AV+  i  A'm,  +  ,  +  c  A*«,^.s, 
;      Slc.  =  See. 
be  expression  for  A"!/,  in  terms  of  k,,  u,^i^  8cc.  may 
be  obtained  as  follows : 

The  generating  function  of  A  u,  is  evidently  in  this 
case(34«), 

nd  if  we  regard  this  as  the  generating  function  of  a  new 
function    a  u,  that  of  A  a  a,  or  a*«,  will  be  found  by 

I     multiplying  it  again   by  the  factor  (a+~   +  —  )  whicli 
I    produces 


•  The  reader  is  referred  also  i«  ihe  Mrciinitfue  Ctleate,  linn, 
IV.  to  the  Journal  de  I'Ecole  Polytet-hniqae,  No.  li.  Also  to  the 
Memairei  de  I' Acad,  det  Sciences,  1779.  In  our  own  language 
w«  are  not  aware  that  any  mention  of  the  subject  irto  be  found, 
if  we  except  a  paper  by  the  Author  «f  this  Essay,  in  ihe  Trans> 
actiooi  of  the  Royal  Society,  1615,  where  the  Etigtiik  readn 
will  find  some  further  developemeat  of  it. 


k. 


n 
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(f  +  J  +  0-*  (*>. 

and,  in  like  manner  the  generating  function  A"  m«  will  be 

If  die  factor  Tn  +  —  +  X\  be  dereloped  in  powwn 
of  t,  by  the  usual  methods,  it  will  produce  an  expretnon 

^+^;  (7)  +  A-  (7)'+      ^..  (7)" 

where  ji^  Ai^ ...  A^^  are  certain  known  functions  of  ^^f 
a,  b,  Cj  and  we.therefore  hare 

for  the  generating  function  of  A^c/xs  whence  we  see  tfaatr 

and  the  same  reasoning  may  be  applied  when 

A  1/,  =  a«^  +  3 //,  +  !  + if/,^M* 

849.      Instead    of    developing     (^  +  —  +    t) 

powers  of  -  ,  we  might  have  chosen  any  other  functi 

of  /,  or  any  other  method  of  developement.    Suppose 
instance  we  had  taken  2  = 1- 1  for  the  function  of  /  a< 

cording  to  whose  powers  we  would  have  the  developem* 
performed.    This  gives—  =  2;  —  1,  and, 


b 


/a  +  1  +  ^y=|(fl-*  +  r)+(*-2f)z+r2*| 

whose  developement  we  may  represent  by 

J, +  5,z+ 3t»X^. 


n 
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Now*  when  ve  affix  ^  ((}  to  this,  we  must  consider  fint 
tfaatz.^COor  (—   +  Ij.ip(t)  U   the  generating  fune« 

tion  of  Ur  +  i  -{■  u,t  as  we  have  used  ^  u.  to  denots 
'0tr.  4*  ^■'*+i  +  f /  +  •>  it  will  be  necessary  to  denot« 
v,+  i  +  u,  by  some  other  symbol,  and  as  it  is  indifferent 
what  we  employ,  we  will  suppose 

-,  +  ,+«,=  v», 
V  W.4-1  +  V  «.  =  v*««  &«• 
thus  we  have  z  .^it)  for  the  generating  function  of  v  k^ 
z'  .  ^  (/)  for  that  of  v^  u„  &c.  (S48),  whence  it  ia  easy  10 
conclude  that 

A'o,  =  jB„.Mj  +  ff,  V  "•  +  Bj  V'u, +...Bg,  ^"Wrt 
and  in  like  maoner  an  indefinite  number  of  expressions  for 
lUb/i  same  function  may  obtained,  differing  in  form  accord- 
ing to  tbe  different  manner  of  developing  foH 1"— j)    ■ 

The  reason  of  the  analogy  observed  in  (345)  between 
the  process  of  substitution  and  the  elevation  of  a  binomial 
to  its  powers  is  now  sufficiently  evident,  and  we  will  ihcr^ 
fore  dwell  upon  ihe  subject  no  longer. 

350.  Returning  to  our  original  definition  of  A  u„  in 
the  equation 

''■"'  =  "■+•-""■+—+   1 

if  we  assign  particular  values  to  u,  we  shall  obtain  vcrf 
readily  the  eKpressions  for  the  "th  dillerences  of  the  func* 
lions  so  given.  Let  us  take  for  instance  u,  =  2~,  and  we 
get 

•A" .  *-  =  (J + «r  -  ^  (*  +  »  -  •)" + &c  • 
The  full  point  after  the  A  in  A".«",  serves  to  diitin- 
gotih  A't*")  from  (  •.■;i)*' wiih  which  it  mi^ittbe  confounded, 

and 


I 


[' 
M7e  liave  already  seen  tfaat  when   «  =  m ,  thi«  becomn 
1.2.  3...ffi,  i;344),  hence  we  hare 


478  DIFFERENCES  AND   SERIES. 


{,t  +  xT~-^{n  +  T  -  0"  +  &c.=  1.2..^ 
whatever  be  the  ralue  of  j;  or  8ii[^osiiig  h+x  =*  t 

"(«  - 
1  . 

If  we  suppose  j;  =  0,  and  denote  by  A"  .o"  the  particular 
value  which  A'  .  j"  has  in  that  case,  we  6nd 

when  fi  is  greater  than  m  this  expression  is  therefore  con- 
atantlj  equal  to  zero,  and  when  n  =:  n,  we  s^e  that 


I 
I 


These  are  the  singular  results  we  alluded  Co  in  our  inve»- 
tigalion  of  the  successive  diflvrcnccs  of  any  rational  integral 
function,  (S44):  the  numbers  comprehended  under  the 
form  A'o"  possesB  a  vast  variety  of  very  curious  proper- 
ties, and  are  intimately  connected  with  many  of  the  molt 
interesting  enquiries  in  the  pure  mathematics', 

551.    The  remarkable   form  of  the  e>pTeEsiona    for 
A'lij  and  v.  4..  deduced  in  (S45)  afibrds  us  an  opportunity 

and  which,  as  in  the  DifTereniial  Calcubs,  is  occawonally  (bol 
inelegantly]  written  thus  A'j",  without  the  point.  Hin* 
A",ir,=  A-C»i"0- 

*  Thereaderwhoiacuriausupon  this  f object,  will  find  nneh  • 
ialisfaction  in  the  peni«ai  ot  a  paper  by  Or.  Brinkley.  in  the 
PhiL  Trans,  180T,  where  iliey  are  employed  with  great  effect 
In  a  paper  also,  by  ihe  Author  of  this  Essay,  in  Phil.  Traiu. 
ISiO,  i.  a  great  number  of  their  properties  (some  of  tlicm  of  ■ 
very  singular  nature),  U  demonstrated. 
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to  derelope  the  principles  of  a  raechod  of  notation  which 
seema  to  unite  in  the  most  perfect  manner  the  pTopenies 
of  conciseness,  simplicity  and  elegance,  and  appears 
pecuUarly  well  adapted  to  open  new  and  enlarged  views 
of  the  extent  and  meaning  of  analytical  operations. 

H  tbe  expression  (1  +  Af,  regarded  as  a  function  of  a. 
certain  symbol  A,  be  developed  in  powers  of  At  it  will 
produce  the  series 


1+      A   +  . 

1 


!  A'  +  8tc. 


It  is  of  no  consequence  to  our  present  purpose  in  what  light 
we  regard  that  symbol  A,  whether  as  a  quantity,  or  merely 
as  an  instrument  by  means  of  which,  and  by  a  process 
purely  mechanical,  we  are  enabled  to  produce  the  numerical 
.  coefficients'of  the  series  affected  with  their  proper  powers 
of  the  same  A.  In  this  point  of  view,  the  expression 
(I  +  Ay  must  be  considered  as  having  no  other  meaning 
Aan  as  an  abbreviated  expression  for  its  developement,  and 
vhen  prefixed  to  the  function  «,,  each  term  of  this  de- 
velopement is  understood  to  be  applied,  separately,  to  the 
tame  function,  so  that  the  following  expressions 


I 


(1  +  A)"«, 

5l  +  ?A+-^^Ilrl>   A'  +  &C. 
I         I  1.2 


ybe  indiscriminately  used  for  one  another,  the  two  for- 
mer being  regarded  as  having  no  meaning,  but  as  abbrevi- 
ations of  the  latter.  In  general,  if  y ( Al  be  a  function  of 
A  derelopable  in  a  series  of  powers  of  A,  such  as 

^.A-  +  B.ifl  +  E«;. 

then  the  expression  f{A)u,  is  used  as  an  abbreviation  of 

^.  A'u.  +  if.  A^«,  +  &c. 


I 
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and  the  same  notation  is  applicable  to  other  characteristic 
letters,  such  as  d,  /,  «,  fee. 

It  follows  from  this,  that  the  successive  performance  oE" 
two  or  more  series  of  operations,  represented  by/{A)^. 
f  (A),  Si.c.  upon  the  same  function  u„  is  equivalent  to  th^ 
performance  of  that  series  of  operations  which  is  repie-^ 
sented  by  iheir  product.  Suppose,  for  instance,  y(i)^= 
1  +  ^,  andy  (il)=  A  -  A*  i  then 

/(A)«,=«,+  itt. 

and/(A)- j/(A)i;,|=iJ«,+ Aw,{-ii«*+'=^''4 

=  iu,  +  A*H,  -  A'u,  -  i*»„ 
which  is  also  the  expanded  expression  for 
{/(-i)x/(A)}«/,. 
The  reason  of  this  is  evident,  since  /(A)  X  f  C&)^= 
(A-A')  (l  +  ii)  =  A  (l  +  iil-A'd  +  i),  to  which,  ^ 
^e  afEx  u„  the  same  terms  are  produced  in  the  sam  — ^^ 
order,  and  the  same  holds  good  in  general.  This  observa^^*i 
tion  is  the  ground-work  of  the  whole  system,  and  shoulv  ■* 
be  carefully  attended  to  by  the  reader. 

352.     We  have  then 

".  +  -  =  (l  +  A)V„ 
and  it  will  not  be  amiss  to  shew  how  the  other  equation,  ex 
pressing  the  value  of  A"«,  in  termsof  (/,,«,  +  ,,  Bic.may' 
deduced  from  this.     For  this  purpose  we  have  only  to  con^ 
sider,  that  A"  and  1(1  +  A)  -  1 1"  are  identically  the  same  "* 
and  the  latter  of  these  is  also  identical  with 


(1  +  A)"- 


-&c. 


{I+A)"-^(l  +  A)— »  + 

so  that  ihis  expression,  if  developtd  in  powtri  cf  &  ig  t 
men  meehanical  proecss,  would  produce  simply  A'.  Affix* 
ing  now  the  function  u,,  it  appears  that 
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AX  =  Cl  +  A)"«,-  "(I  +  A^-V  +  Scc. 

but  (1  +  A)'«,  has  no  other  meaning  than  the  series 

«,+  -  A«,  +  &c. 

Of  ■,  ^  .,  and  so  on  for  the  rest ;  rontequently 

A"  «,  =  «,  +  ,-*«,  +— 1  +  &C. 

353.  Ttus  process  depends  on  the  principle,  that  it  is 
the  same  thing  whether  we  affix  the  u,  to  the  sum  of  any 
number  of  functions  of  A,  or  take  the  sum  of  the  resulta 
produced  by  affixing  it  to  each  separate  function,  which  is 
obviously  the  case.     For  instance,  suppose 

f{A)  =  a+bA  +  c  A*  +  8tcJ 
then  we  shall  have  { /(A)  + ^(A)  ]u.= 

=  (A+a)uMB+i)  .  A«.  +  &C. 
which  is  the  sum  of  the  two  series 

i^(A)«,=-*w,+-BA»',+  &c. 
/(A)  «,=««,+*  A«.  +  &.c. 

354.  "We  proceed  to  the  investigation  of  other  rela- 
tions. We  have  seen  that  the  difference  of  the  product 
w, .  V,  of  two  functions  u.  and  a,,,  is  represented  by 

A  .  B,f,c=w,Av^+v,^u,+ Af/,A«,.  (a) 

In  order  to  find  the  expression  for  the  nth  difference 
of  the  same  product,  we  may  proceed  as  follows : 

A*  .  u.v.=  £i  (w, At),)  +  A  r-u,AwJ  +  A(A",Av,), 
each  term  of  which  being  expanded  by  the  help  of  the 
equatios  (a),  as  follows, 


^ 
^ 
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we  find 

A^  M,v,  =  «,iV+v,A°tt,+  2  Aw,AI*,+  i'v,AV+ 
2  Av,AX+S  Aw,A't>rt 

and  so  on;  but  the  procew  soon  becomes  troublesome  from 
the  vast  multitude  of  terms,  the  lav  of  whose  coefficients 
is  not  immediately  visible-  The  system  of  notation  above 
explained,  ly  stparating  titt  siftnboli  of  aptralion  from  those  cf 
guantitj/,  will  here  afford  us  a  remarkable  assistance. 

We  first  observe,  that  if  we  suppose  an  accent  applied 
to  the  letter  -^  to  indicate  that  it  is  to  be  referrtid  solely 
to  Vj,  while  the  unaccented  A  refers  tow.  only,  we  shall 
then  have 

the  accent  over  the  i  being  understood  to  make  no  altera- 
tion whatever  in  the  nature  of  the  operation  denoted  by  that 
letter ;  but  simply  to  indicate,  that  in  the  developemcnt  of 
the  ultimate  result,  the  powers  of  tlie  accented  A  are  lo 
be  placed  immediaiely  before  the  v^,  and  those  of  the  tin* 
accented  before  u^-     Thus  we  have 

A(H,*,)=K,if,  +  v,Att,+  A«,Aw,  =  (A  +  a'+AA'>,1',. 
Now  the  difference  of  this  is  equal  to  the  sum  of  ibou- 
of  its  separate  terms,  that  is 

A»(w^vJ  =  (a  +  a'4-4A')v*  A"*      ' 
+  (A  +  A'+AA')h,A'W, 
+  (A-(-a'-(-A  A')  AK,A«,. 

But  according  to  the  system  of  notation  we  have  adoptcdi 
if  any  combination,  such  as  a"  A'"  be  prefixed  to 
A'tf,  A'v.,  ibwill  produce  A^+'w,  A°  +  *f,,  wliich  is  also 
represented  by  A"+'  a'''  +  'b,w,.  The  above  espres^ 
therefore  becomes 
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+  {  A  + A'-l- A  A")  A  A'u.Wj, 
in  wliicti  tlte  tymboU  of  operation  may  now,  without  con- 
fuflion,  be  separated  from  those  of  quandtyi  when  we  iind 

A».((,ij,  =  (A  +  A'  +  A  A')C'i  +  'i'+'i^'>«.Wrt 

that  is, 

(A  +  a'+AAV«,v,; 
for  the  same  combinations  of  A  and  A' must  result  front 
this,  as  from  the  other.  Just  in  the  nme  way  we  may  shew 
from  this,  that 

A ' .  a,v,  ^(  A  +  A '+  A  A  ')*H,t-„ 
and  so  on.    Now  A-f- A'A  A'=:(l+A)  (]  +  A')-l,  and 
tliasfore 

A-.o.*/,=  |(l+AXl  +  A')-lJX«^ 
This  result  might  also  have  been  deduced  from  what  we 
provM  in  (351),  for  since  the  performance  of  any  num- 
bfrr  of  succeBsiTc  operations  is  denoted  by  prefiiing  the 
product  of  ihc  functions  representing  them  separately,  if 
these  operations  be  all  the  same,  and  n  times  repeated,  the 
nth  power  of  the  function  representing  them  mast  be  pre- 
fixed. 

955.  What  WB  have  demonstrated  in  the  case  of  two 
functions  u,  and  v,,  holds  good,  muinlis  mutandis,  for  any 
number  u,i  «'„  te",,  &c.  If  we  suppose  A  to  refer  to  u,, 
a'  to  w'rt  a"  to  u'\,  and  so  on,  we  shall  have 

A'.(»,.w',.«",.&.C.)=JCl  +  A)0  +  A'}.&c.-l|"«,''',-«", 
where,  in  the  developement  of  the  second  member,  etch 
term,  such  as  a"'a'''  a"'.-  being  applied  immediately  be- 
fore ft,  u't «,"...  is  supposed  to  have  no  other  meaning  than 

A%,X  A''«',X  A'k",  K  &C. 
the  accfnti  ever  the  letters    A  being  used  onlif  as  a  temporary 


w 


n 
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contrlvanee,  U  keep  their  potuers  distinel,  and  at  tJu  sanu  t'mi 
to  point  out  their  application  to  the  proper  function! ,  and  in  w 
^tiy  altering  the  meaning  of  the  charaeteriititt  themselves. 

The  difference  of  the  proposed  function  or  A.(«^',i/'„..) 
being«^  4  ,  u',  + ,  u",  +  j .  8ic.  -  u^u,  u". .  &c.,  if  for  m,  +  „  4c., 
we  substitute  their  values  tf,+  Aa.=(l  +  &)u„  i/,+  Lti,- 
(1  +  A')u'„Scc. 
we  get 
A  .(«,«', .  &c.)  =  (l  +  A)  «,x(l  +  A')u',xSic.-u^',.ll.c. 
=  J(l  +  A)(l  +  A-Xl  +  A")  .  &c.-  1  j«iyy,.4fc 
from  which  it  nay  be  shewn,  just  as  in  the  case  of  twa 
functions  (354)  that 

A'.C«,«V,.&c.)  = 

Ja  +  a)  (1  +  A'){1  +  a").&C.- I  JV*^,!*",.  &C. 

the  complete  developement  of  which  is  easily  obtained  bf 

the  theorem  for  raising  a  multinomial  to  the  nth  pover, 

the  expression  n  ithin  the  brackets  being  equal  to 

A  + A'+&c.A  A'+&c.  + +  A  A'A''.  &C. 

containing  all  the  possible  combinations  of  d)  A',  jie>  If 
enes,  twos,  threes,  &c. 

356.  The  same  differences  may  be  expressed  in  an- 
other and  much  more  simple  form,  by  uniting  several  of 
their  terms  together  by  means  of  the  successive  valuwrf 
one  of  the  functions.  For  if  we  set  out  from  the  equatJo^ 
(343), 

j^.{u,u'.)  =  u.Au'.  +  i/,  +  ,Ah„ 
wc  find 

A-  ■  (", «',)  =  Zi .  («,  A  «',)  +  A .(«',  +  ,  i  u.) 
but  the  foregoing  equation  gives  by  making  the  proff 
substitutions 

A.(.u'.  +  i  Ah,)  =  Ak,.  A  a',+  1  +  «',  +  ,.  A'Brf 
and  if  these  values  be  substituted  in  the  expression  fst 
i^"* .  (m,  u'r)  it  becomes 


^ 
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i'.  (w,  if',)=u.  A'  w',  +  2  A  ",.  A«'.  +  1  +  A*  I 
and,  in  like  manner  it  may  be  shewn  that 


'.  +  -A«..A- 


-  A-w^A"" 
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,,+&c. 


H,A' 

The  separation  of  symbols  of  cperation  from  those  of 
quantity  afTords  a  very  elegant  demonstration  of  dus 
theorem,  for  if  we  throw  the  expression 

J(l  +  A)(l  +  A')^    l}"tt,«'« 
into  the  form 

{A'+ A(l  +  A')\'u,u', 
and  then  develope  it  by  the  binomial  theorem,  we  6nd 
A-.  («,!/,)  = 


{^'"  +  -> 


->Ci+i')+^,- 


1.2 


.'a'a"'-\i  +  a')'+&c.C, 


Now,  any  term  of  this,  such  as 

A- A'-— (1  +  a'Tu.u', 
resolves  itself  into 

A"  u.  X    A"-""  «*,  +  „, 
since,  as  we  have  seen  (353), 

(I  +  A'r«',  =  </,  +  « 
.  ud  thus  the  expression  for  A'  .(u,m',)  becomes  at  length 

•  ■    1  . 


m»1ntelli 


tt,  A'tt,  + 


telligent  reader  will  perceive,  without  difficulty, ) 
'  exact  parallel  which  subsists  between  these  processes  and:! 
those  of  the  Calculus  of  Generating  Functions. 

357-  It  is  easy  in  all  cases  to  find  the  successive  dif- 
ferences  of  any  assigned  function  of  x,  but  the  enquiry 
taken  in  a  general  point  of  view,  without  reference  to  the 
'  nature  of  that  function,  assumes  a  much  more 


I 
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mterescing  form,  when  it  is  proposed  lo  delennine   a* 
in  terms  of  u,  and  its  differential  coefficients.    To  thij 
end,  we  have,  by  Taylor's  Theorem,  (21) 


w 


...  —  +  See. 

;1  \    dz       l.S      rfr*        1.2.5     rf** 

^tf  we   wparate  the  symbols  of  -opferation  from  those  of 

quantity,  we  get        *   - 


I 


the  d  and  its  powers  being  immediately  referred  to  tfce 
function  u,  and  afl'ectiiig  that  alone.  Now,  the  seiies 
within  the  brackets  has  for  its  abbreviated  expression^ 

^.f«^  ■«*■,: 
and  therefore  -  - 


...=(,--0".- 


Lagrange  first  remarked  tliat  not  only  this,  but  tlie  mote 
general  equation 

k  oniverExlly  trae ;  and  in  iact  if  we  call  to  tnind  ^Pi^t  1 
has  already  been  said  at  the  latter  end  of  (351)  and  (354)  . 
respecting  the  sjTnbol  A ,  and  reflect  that  the  whole  is  , 
equally  applicable  to  the  symbol  d,  it  will  scarcely  appear  to  | 
require  further  demonstration.  For,  the  operation  denoted  ' 
by  A  being  equivalent  to  the  series  of  operations  denoted 

hj  ^'  —  1  and  the  repetition  of  this  latter  scries  of  ope-  J 
taliotis  fl  times  being  equivalent  to  one  series  of  opentions  i' 

having  V  -  1  /  for  its  expression,  it  is  evident  that  i 
the  operation  denoted  by  ^i'  is  equivalent  to  that  denoted   I 
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s>"  -  1/  >  and  therefore    A«ii,=\f/'  -  l/,tf,if 

as  the  discovery  of  this  theorem  and  its  consequences 
f  formed  in  some  respects  ah  epoch  in  mathematical 
ature^^  and  as  it  seems  in  general  to  be  regarded  as  in« 
iing.ii  Cieirtiia  degree,  of  obscority,  we  shall  prOce^  to  a 
e  particular  demonstratbn,  t>f  it»    Taking  iiaa  ibd 

ition 

...  *  ' 

separating' the  symbols  of  operation  from  those  of 
itity,;Wfg^  ,,     ,. 


•  M«-    • 


his  equation  if  we  write  successively  n  —  l,  H^2^  tec. 


U-l)i  ^       (»-«- 


»,wefindtf,4.,_i=f        ^«^*>  «'«  +  my— 2=5^       "i^„  &c. 

KT  we  hare  shewn  (345),  that 

'    n  •       '' 

A*i/,  =3  Uj,  +  n  -  r  «x  +  »~i  +  &c. 

writing  for  2/,  +  »,  f/« + »^  it  &c.  their  values,  we  get 

again  separating  the  symbotjs  of  operation  from  those  of 
ntity, 

^'—1)  when  developed  in  powers  of -J*    oiust 
ressarily  produce  the  same  series  as  ^  ^'— je      '•+8u:. 
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would  produce,  and  is  therefoie  an  abbreviated  expresiion 
for  the  same  combination  of  operations 

-■"■  =  ('--■)""••• 

359.    Supposing/( &)to  represent  any  functioa  of  A 
developable  in  powers  of  i,  as 

we  harig^ 

/(i)«,  tt  oM,  +  4  A  «, +  &C. 

=  ««.  +  *.(/■-  l)«,  +  f(«^' -!)*«.+ Etc. 

«r,  sepanUng  the  symbols   of  operation  horn  those  of 
<{uuitity 

for  it  is  evident  that  y/^^^—  1)    when    developed   must 

produce  the  same  series  of  powers  of  (^  t- )  which  would 
result  from  the  developenaent  of  ^e  expression 

which  IS  all  that  is  intended  by  the  expression  in  tjuestton. 


*  This  demonstratiuD  is  in  substance  the  ssine  with  ihat  given 
by  Dr.  Brinkley  in  the  paper  above  refttrred  to,  Phil.  Trant. 
1807.  i,  and  is  the  most  elegant  of  any  (among  the  great  variety 
nJiich  have  appeared  of  this  important  theorem)  which  hire 
come  Ut  our  knowledge. 
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US  theorem  is  due  to  Arbogast,  who  first  devised  the 
method  of  separating  the  symbols  of  operation  from  those 
of  quantity  in  researches  of  this  kind. 

S€0.    If  we  suppose  th^  form  of  the  function  f  to  be 
such  that/(  A)  =  (1  +  '^)%  we  have 

and  consequently, 

(1  + A)"i/^  =  e"''  »,  =s  u^^ny  as  before. 
Agun,  iSf(A)  =  {log.  (1  +  A)}»,  we  have 

{log.(l+A)}-«,=^, 

an  equation  which  expresses  the  value  of  any  differential 
coefficient  of  u,  in  terms  of  the  function  itself  and  its  suc- 
cessive differences.     If,  for  instance,  /f=l,  we  have 

S6l.    The  developement  of  the  equation 

is  very  easily  obtained.  It  will  consist  of  a  series  of  terms 
of  the  form 


du.        .     d'u. 


that  is,    J„u,  +  Ji.^  +  A-~+  &-C- 


and  A^  is  evidently  the  coefficient  of  t"  in  the  develope- 
ment of  (/-  1)".    Now  to  obtain  this,  we  have, 

(/-  ly  =  e^  -  " .  ^-i'+li^!!^^--)'  -  8cc. 

1  1.2 

99 
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but  the  coefficient  of  t"  in  the  devclopements  of  e    , 
&c.  are  respectively 

I  .2  ...  w        I  .2  ...  m   ' 
and  tlierefore  we  find,  for  the  coefEcient  required. 


A„=  - 


A'  o' 
'  1.2... 


.i.S  ...m 
-  .  fS50). 


Now  30  long  as  m  is  less  than  n,  this  vantslies,  2S  we  hare 
already  seen,  and  since  when  n  =  m,  A'o'sl ,  £  „.  a,  die 
series  for  A'Uj  becomes 


"rfj:-  1.2.,.(n+l)   ■    </z'  +  » 

A'0-  +  » 


..(fl  +  'J)      <^a*  + 


+  &c. 


-J 


On  the  direct  Method  of  Differences,  when  applied 
to  Functions  of  two  or  more  Variables,. 


36s.  If  X  and  tf  be  any  two  variables  which  ii 
and  decrease  by  units,  and  if  Uj,^  represent  any  function 
whatever  of  them,  the  successive  substitution  of  ...0,  1, 
2, ...  &c.  for  each  of  them,  niU  produce  a  system  <tf  pro- 
gressions. 


.  "o.*,—  «o.. 


*  See  Dr.  Briiikley's  papcTj  above  referred  to. 


&c.  &c.  &c.  &c. 
in  each  of  which,  taken  horizontal!  y,  the  general  term  is  a 
function  of  one  variable,  y,  alone,  the  value  of  x  remain- 
ing unaltered  throughout  the  whole  progression ;  and  if 
taken  veriicaily,  of  j-  alone,  1/  being  in  that  case  constant. 
Supposing  then  x  the  only  variable,  we  have 

which  maybe  termed  the  partial  difference  of  the  proposed 
function,  relative  to  the  variation  of  r  ;  and  in  like  manner, 
if  by  accentuating  the  characteristic  A ,  we  denote  its  refer- 
ence to  the  variation  of  y,  we  shall  have,  for  the  partial 
difference  relative  to  ^, 

^'",,,  =  "-.,  +  .-"....■ 
But  if  both  X  and  y  vary  at  once,  we  shall  have  for  the  totol 
^ertnct  of  u, , ,  (which  may  be  denoted  •  by  A  «..  ^) 


363.  It  is  sufficiently  evident,  that  if  we  consider  only 
the  partial  differences  of  u,^ ^  the  same  relations  between 
these  and  their  primitive  function,  and  its  successive  values 
will  hold,  as  in  the  case  of  one  variable,  from  which  the 
present  only  differs  in  appearance. 

96*.  If  we  consider  only  the  total  differences,  since  x 
mAif  are  supposed  to  vary  tegethei',  and  ty  ihe  same  steps,  we 
in  fact  establish  a  relation  between  them,  viz.  ^=,v  + const. 
So  that  w,_,  may  in  fact  be  regarded  as  a  function  of  one 
of  them  alone,  and  of  course  the  relations  betweert  the 


•  See  the    Thenrie    Anah/ti<iUe   dts    Prabahi/ilf),  page  70, 
nlicre  ihis  notaiiun  is  sanciioncd  ljy  the  aiillioriiy  of  Laplace. 


J 
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function  and  its  total  ditTerencea  must  be  the  tame  al 
those  above  demonstrated.     For  esample^ 

A'",.  ,=",+.,  ,+  .-  ^.  «.  +  ,_,., +  ,_,  +  &c. 

»-  ..(ii-l) 


,  +  ae. 


.''.v. 


k- 


Again,  sincej  =  a-  +  C,  wehave-J-  =:I,   and  8iiiC|,a 

dx  ...  I  jw.rtg^ 

general 

^s  case  we  bave 

Jt-du      =  ^"•■'    +  '^"•■^ 
dx       '■*  dx  dy  ' 

m^ch  we  may  abbreviate  into 

dx       ''         Kdx       dtj/    ''* 
cotMcquently  the  equation  of  (558.) 

when  applied  to  this  case,  will  give 

+^  -  AV 


A'l 


...  =  (' 


utd.the  same  nuy  be  exteflded'to  any  numbflr  of  vaiiiUei. 
Ne  caofusion  cap  ari«e  horn,  tlie  intennlxtun  of  thfl  powm 
of  d,yrhkh  refer  to  the  variatbn  of  x,  with  ^wsc  wUdf 
r»fer  to  that  of  y,  unce  their  application  is  pointed  ont  l^ 
the  dcaominatoFs  they  carry  with  them,  and  by  the  Dota- 
tion of  the  Differential  Calculus,  any  term  suclk  as 


(£)'■  (4")'"'" 
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meaning  nothing  more  than  -^ J^ . 

S65.  The  developement  of  this  result  is  worth  examin- 
mg.    The  coefficient  of  -; ^  is  that  of  t'.t'^  m  the 

developement  of  (/*  +  "— 1)*.  It  is  evident,  that  if  this 
function  be  developed  in  powers  of  t-k-fi  the  above  com- 
bination can  only  result  from  the  term  multiplied  by 
(#  +  0'"*'' }  and  therefore  since  the  coefficient  of  this  term 
is  by  (S6l)  equal  to     ' 

1.2.S  ...(/?+7)' 
and  the  coefficient  of  t^.t'^,  in  the  developement  of 

(/>  +  g)(j^H"y-^)''*(g  +  ^)    _     I.e.  3  ...  (jy-t-y) 

1.2.../7  1  .2  .../7X1 .2  ...f  * 

the  whole. coefficient  oit^t'^  required  will  be  the  product 
of  these,  or 


-  > 


1  .  ^  .../?xi.a  ...^ 

and  a  similar  result  will  be  obtained  for  any  number  of 
variables.* 

d66.  There  remains  only  to  be  considered  the  class 
of  relations  which  involve  at  once  the  proposed  function, 
its  total,  and  partial  difFerences.  These,  however,  are  too 
complex,  and  present  too  little  in  the  way  of  interest  to 
detain  tis.     It  is  sufficient  to  observe,  that  the  total  dif- 


*  Seethe  paper  referred  to,  page  478.  (Note),  in  Phil,  Trans. 
1816,  i.  **  On  the  Developement  of  Exponential  Functions," 
where  this  theorem  is  deduced  from  one  of  much  greater  gene- 
rality. 


f  (xpnmtble  by  X 


.+  1-="^* 


2  A  »,  ,-  f  A  • 


,-'^J*iF^^.-^^ 


■■  A**,***^. 


wUA  (as  it  nO  bmafur  appGK>  m  j 


tmdK  Kfcie-ttial  CalraliM. 


a 


Or  /Ac  /jn:<rM  Method  of  Fwiie  Viffe 

36T.  Tbe  Diicct  ftletbod  of  Diaerecces,  of  «Uc&  W 
hare  pre&«ited  a  brief  cntHoe  id  the  fcregcing  p^C***  ^'^ 
nsts  in  detemuoicg  ibe  dinei-eccM  of  giren  fsncbaM,  ^ 
inresngatiag^  the  general  rclat:oci>  Thicb  eakt  becvcO 
•ducix  cliffetecces  (of  anjr  orders^,  ar<J  the  foc<tiona  6o« 
vLicfa  tber  are  derrred.  The  ioTene  inetlicd  oi  oovne 
has  for  in  cbject  the  detervUEatloo  of  tb«  piiisimv  fnc- 
tjon.  by  nHaiu  of  x-signed  rebticns  between  it  Mid  its  &• 
feiecces  ;  a  macfa  more  di£cuh  cask,  and  in  viucb  it  is  to 


^5 
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be  lamented^  that  small  progress  has  hitherto  been  made. 
These  two  branches  of  the  Calculus  of  Finite  Differences 
have  precisely  the  same  relation  to  each  other  that  the  two 
great  divisions  of  the  Differential  Calculus  have,  and  it  virill 
appear  hereafter,  that  the  latter  Calculus  is  in  fact  easily 
deducible  from  the  former. 

•  In  order  to  investigate  the  nature  of  a  function  between 
which  and  its  differences  and  the  independent  variable 
given  relations  shall  subsist,  the  simplest  mode  of  proceed- 
ing seems  to  be,  to  consider,  1st,  The  case  where  the  dif* 
ference  is  given  immediately  in  functions  of  the  indepen- 
dent variable,    or  to  determine  u,  from    the    equation 

2d.  When  any  equation,  between  u,  the  independent 
variable  x,  and  the  differences  Au,^  A^t/,,  &c.  is  given^ 

such  as  ossF^Xy  «„  Ai/^  aX*&c.^ 

which  equation,  without  losing  any  of  its  generality,  may 
be  also  thrown  into  the  form 

by  means  of  the  expressions  A  »^=«,4.i  —  «,>  &c.  Such 
an  equation  is  called  an  equation  of  differences,  and  its 
order  is  denoted  by  the  highest  exponent  of  A,  or  the  inter- 
val (if)  between  the  most  distant  of  the  successive  values 
of  »,,  it  contains.  3d.  When  the  equation  expressing  the 
relation  in  question  involves,  at  the  same  tmie,  the  dif- 
ferential coefEcients  of  u,^  and  its  differences,  or  successive 
values,  or  those  of  the  differential  coefficients,  as 

o=-FJx,  «,,  Au^y^c.   —i.,  &c.   A---.',    &c.i 
<  ax  ax  ' 

Such  equations  are  called  equations  of  mixed  differences. 
Very  little  is  known  of  their  nature,  and  we  shall  accord- 
ingly consider  only  the  simplest  forms  of  them. 
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On  the  Determ'mat'ion  of  a  Function,  whose  Dif- 
ference if  explicitly  given  in  Terms  of  Ike 
Indqmident  Fai'iable. 

368.  Since  Au,  is  as  well  the  difference  of  w,  +  C,  it 
of  «,,  if  in  reasccnding  from  the  given  difference  Am,  Io  the 
primitive  function  «,,  we  would  give  the  result  all  the  gene- 
rality it  is  susceptible  of,  it  will  be  necessary  to  add  an 
arbitrary  constant;  for  since  the  proposed  difference  will 
equally  result  from  «,+  C,  whatever  value  we  assign  to  C, 
provided  it  remain  unchanged,  while  j  varies  from  x  lo 
x+  1,  there  is  nothing  in  the  nature  of  tlie  present  enquiry 
to  render  any  one  of  such  values  preferable  to  any  other. 
The  reader  will  observe  then  that  we  are  at  liberty  to  assign 
any  value  whatever  Co  C,  should  it  even  be  a  function  of  j, 
provided  it  remain  unchanged,  while  a  changes  toj  +  1. 
This  is  all  that  can  be  understood  by  a  constant  in  ihe 
Calculus  of  Finite  Differences.  Suppose  C,  to  denote  such 
a  function  of*,  that  C',=  C',+  i,  or  A  C,  =  Oi  and  we  slull 
have 

aC".  +  Q=Ah„ 

as  if  C,  were  absolutely  independent  of  j.  This  condition 
is  satislied  by  supposing  C,  to  represent  any  function  of 
cos  2-s  X,  for  since  cos  3  w  (j-  + 1 )  =  cos  (2  •  +  2  «  jJ  = 
cos  2  II  X,  any  function  of  this  quantity  will  possess  the 
properly  in  question.  \^  e  sh.iH  perceive  the  force  of  thii 
observation  hereafter*,  at   present  we  will  proceed  to  the 

•  So  long  as  we  confine  our  apeculaliuns  lo  cases  whete  ' 
has  none  but  integer  values  (as  fof  ixaniple  in  the  nimmation 
of  series)  since  cos  lit x=  0,  every  fuuction  of  this  qUMliiy 
must  he  regarded  as  absolutely  invariable,  and  the  arbttrwy 
constant  is  then  of  the  same  nature  as  in  the  Diflerentitl  Cll- 
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LjW" 


subject  of  this  section ;    and  first,   it  will  be  necessary  to 
explain  the  notation  used  in  the  inverse  method. 

The  characteristic  Z  is  used  to  express  the  operation  by 
which  we  reascend  from  the  difference  Am,  to  the  primi- 
tive function  (or  Integra/)  u,  +  const,  so  that 

EA«,=K,  +  const, 

in  the  same  way,  and  for  the  same  reason  that 

/rfv,=  «,  +  congt. 

laving  given  then  any  function  f{i)  to  find  the  func- 
tion of  which  it  is  the  difference,  is  the  same  thing  with 
enquiring  the  value  of  the  expression  l/(.r).  We  shall 
proceed  to  consider  the  particular  forms  affix),  in  which 
this  enquiry  has  been  attended  with  success ;  and  first,  it 
is  evident  that  the  integral  of  the  sum  of  any  number  of 
functions 

I  J  /(j-)  +  ^U)+&c.j 
is  equal  to  the  sum  of  their  separate  integrals 

E/(x)  +  S*(r)+&c. 
for,  if  we  take  the  difference  of  this  expression,  we  pro- 
duce 

/(J) +^  (3)+ Sec. 

'  In  the  same  manner  it  appears,  that!  fl./(r)=:flX^(T), 
0  being  any  constant  quantity,  so  that  a  constant  factor 
may  be  brought  out  from  under  the  integral  sign. 

369.  The  first  form  oi  fix),  which  is  directly  iutegra- 
ble,  is  when/(r)!=  any  rational  integral  function  of  jr., 
We  have  already  seen,  that  the  diDerence  of  any  rational 
function  whatever,  such  as 

is  itself  a  rational  integral  function 
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^j— +iJV—«+  ...«', 

where  A  = 

:    -A 

■  B'."';;''^4.";'B 

C=^ 

-IU»-2]   ji   (m-l)(»i-2)p|  « 

^=,rf+s+c+ jr 

This  expression  vl'-t"  — ^  +&c.  on  account  of  the  inde- 
terminate values  ai  Ay  B,  C,  —  K,  and  the  exponent  oii 
may  be  made  to  coincide  with  anjr  proposed  rational  inte- 
gral function,  as 

/(r)=fl^"  +  Jj--'+f  J— »+  ...  ft, 
by  making  m-  l=n,  or  m  =  w+  1, 


1.4  ,1  ' 

whence  the  values  of  A,  B,  &c.  are  obtained  as  follows : 

A^t 
m 

m—l       2 


12 


&c. 


liie  last  term  L  remuns  indetenninate.  It  u  in  fact 
the  arbitrary  constant  which  mast  be  added  to  complete 
the  integral. 

We  will  take  a  particular  example.  Suppose  the  Talae 
of  £  (a*  +  1 )  were  required :  we  hare  ' 
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^3Aj*+(SJ  +  2B)x+{B+C), 
will  cmndde  with  x'  + 1,  if  we  put 

Silsl,    34+2  5=0,    B+C=lt 
whence  ^=1,    jB= -§,    C=4,  and  therefore 

I 

o  2  2 

The  reader  may  exercise  himself  on  the  following 

8         2  6^ 

4  a  ♦  ^ 

«:-  Z«»=f?   _  f!  +    ^  _£    +C 

5  2  ^     S         30 

» 

6  2  12        12  ^ 

»+  1        "5        2     l.«  S   1,2.8  .4.5 

.     1       njn-^l)  ..,(»•- 4)  ^„_5 

5  '         1.2. .....7 

""  10    *         1.2 9 

5  »(ll-l)    .ee(»-8)  a 

6  *        1.2 11 

691    n{n-l)  .»»(»~10)    .„»  ' 

^210*        1.2 13 
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110 
+  &c.  +  consi 
which  may  be  derived  by  suhstttulmg  I  for  a,  0  for  h,  e.  Sec. 
and  1,  2,  3,...  n,  successively,  for  n,  in  the  general  for- 
mula above  given.  The  student  however  who  reads  for 
improvement  will  rarely  proceed  in  this  manner,  as  nolhiog 
tends  more  strongly  to  impress  the  principles  of  an  analy- 
tical process  upon  the  mind,  than  following  them  closely 
and  repeatedly  through  the  details  of  particular  eKatnples. 
Graphical  accuracy  can  be  attained  by  no  other  meihodj 
the  memory  is  at  the  same  time  Stored  with  useful  results, 
and  which  is  by  far  the  most  important  object,  the  mind  it 
accustomed  to  dwell  habitually  upon  the  general  principle, 
and  to  carry  on  a  reasoning  process,  while  the  mere  alge- 
braic operations  are  performed  in  a  manner  almost  mecha- 
nical. 

"With  respect  to  the  coefficients  expressed  in  number* 
is  this  last  formula,  they  merit  a  nearer  attention,  on  ac« 
count  of  their  perpetual  occurrence  in  the  theory  of  series  \ 
we  shall  take  occasion  hereafter  to  dcvelope  more  particu- 
larly their  nature  and  their  law. 

370,  The  method  delivered  above,  although  generallf 
applicable,  is  in  certain  cases  superseded  in  facility  and 
shortness,  by  the  following.  We  have  seen  (343),  thiC 
wlien  u,  13  of  the  form  a  +  i  x,  the  difference  of  the  fond- 
tion 
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is  itself  a  function  of  the  same  form,  having  one  factor  less, 
and  expressed  by 

(«+!)«. «,  +  ,...«,  +  ,. 

Taking  therefore   the  integrals  of  both,  and  writing 
X—  1   for  X,  we  find 


("+!)* 


■  +  const. 


Now  y,  ...  «,^,_,  is  the  product  of  n  tenns  of  an 
arithmetical  progression 

(a+if)  (»  +  *  .F+T)...  (a  +  i.  x  +  n-  I), 

which,  when  developed  in  powers  of  .r  is  a  rational  inte- 
gral function  of  the  «th  degree,  and  to  integrate  it  we 
have  only  to  multiply  it  hj  tin  term  of  tfu  progression  i 
Jialely  preceding,  or,  to  annex  one  more  Jattor  at  the  beginning, 
and  to  divide  the  result  bif  the  commin  difference,  and  by  the 
number  ^/actors  so  increased.     For  instance, 

S(l+l)(2+a)(3+.i)=  -i 7  +  COO"- 


<^»)a-l)a-)= 


32 


A  little  practice  renders  it  cjcttemely  easy  to  resolve  any 
proposed  rational  iiitogral  function  into  one  or  more^K^ 
Iwials  of  this  form.  An  example  or  two  will  explain  the 
method. 

i»=x'(x  +  I)-;c'={r~])T(x  +  l)+T(j  +  I)-r' 
=  (*-l)a(«f+l)+j:. 
whence  .  r'=  (jj^gHf-j)  ^^-^ 'j  ^  "±^21  +  C. 
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Again,  j*-3  i:'«:x' {*+!)-«* -S  «' 

=j(t- 1)  T  (r+lj+jr^J+l)-!*- 3i* 

=  {(x-l)jrCx+l)U+2)-2(j:-l)j;C,T+I)) 

=  (*^]).rCj+l)(r+2)-S(T-l)*ij+l)- 

which  is  easily  integrated.  The  principal  thing  to  be  at- 
tended to  in  these  resolutions  is,  to  keep  the  nomericil 
coefiicierts  as  low  as  possible  by  a  proper  disposition  of 
the  preceding  and  succeeding  factors. 

In  general,  any  quantity  of  the  forma  z'+>l"~*+!ic. 
may  be  resolved  into  factorials  by  the  method  of  indetenni- 
nate  coefficients ;  thus,  if  a  j*+Aj+i7  be  assumed  equal U 

the  comparison  of  terms  nill  give 

If  one  or  more  factors  be  deficient  in  a  factorial  of  thi< 
kind,  it  may  be  supplied  as  in  the  following  examples : 
(«+l)U+2)(T+4)  (j-+5)=Cjr+3-2)(z+e)0r+4)  ix+5) 

=(x+2)(2+3)U+4)(x+5)-2.(i+2)Ci+4)Cl+S). 
Again, 

(x+i)  (i+i)  (,r+5)  =  (T+S)  (X+i)  (jr+S)-Cr+*)  {X+S), 
SO  that  the  proposed  function  becomes 
<*+«) ...  {1+5)-  2 .  (1+3)  ...  (x+5)  +  2  .  (.X+*)  (x+S). , 
Again, 

(2 r+3) (2  J+7)  =  (a x+5)  (2 x+7)- S .  (2i+7). 
A  variety  of  trifling  artifices  of  this  Vind  will  suggest  them- 
*       selves  to  the  intelligent  reader,   uhich  will  tend  at  least    tO 
abridge  his  labour,  if  they  do  not  much  increase  his  know> 
"         ledge. 


¥ 
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371-  The  next  iorTno!/(x)  to  be  examined  is  that 
of  a  rational  fraction  ;  but  few  cases  present  themselves 
here  in  which  the  integration  can  be  accomplished.  They 
are  comprehended  with  exceptions  of  no  moment,  in  the 
expression 

1 


.,  wliere  K,=(H-i  J-, 

and  some  others  reducible  to  this  form ;  for  if  we  take  tho 
difference  of 

; — — +  const. 

we  shall  find  for  our  result  the  function  proposed,  of  which 
this  is  consequently  the  integral  :  hence,  to  find  the  inte- 
gral of  a  fraction,  whose  denominator  is  the  product  of  n 
terms  in  arithmetical  progression,  ihe  last  term  must  it 
rffaced,  and  the  result  divided  iy  the  number  of  terms  re- 
maining, and  bi/  their  common  difference,  and  affected  vjith  a 
negative  itgn,  is  the  integral,  a  constant  being  added.     Thus 

■ =  con...-  1  .         ' 

Jr(Jr+U('+5)  2      .1(^  +  1) 


1 

1 


S72.  Should  any  of  the  factors  in  the  denominator 
be  deficient,  they  may  be  supplied  by  multiplying  both 
numerator  and  denominator  by  ihem,  and  reducing  the  nu- 
merator of  the  resulting  fraction  to  the  sums  or  differences 
of  factorials  consisting  of  the  first,  or  last  terms  only,  of 
the  denominator,  and  by  Uiis  means  resolving  the  fraction 
into  several  whose  denominators  shall  be  complete  factorials 
of  the  kind  above  treated.  An  example  will  render  this 
clearer.     Suppose  the  fraction  to  be 

,   where  u,  ^  a  +  bx 
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by  muIdplTUig  and  dividing  by  u^  +  s  =  (o  +  2*)  +  ij  it 
becomes 


I 


the  numerator  of  which  is  equal  to  ij  +  6T  +  2i  =  u,+2i, 
or  else  to  «,  +  j-i:  thus  the  fraction  is  resolved  ioto  two, 
in  either  of  the  two  following  ways 

I  ,  23 


each  of  which  is  integrable  by  the  preceding  No. 
In  like  maimer, 

1  _  1  +  3 


U  +   lj(.Jr  +  3)tx  +  4)       {X  +  l)...l,x  +  A) 


{£  +  2)...U  +  4)        (.X  +  !)...(T  +  4> 

{X-  l)(r+  I)°^(a--  l)j;(i+  l)~  x(r+  l)  (i  + IJ  jr.(«+l)' 
In  general,  {u,  being  still  of  the  fonn  a  +  tx)  if  the  pro- 
posed fraction  be 

^j-  +  .Bx— ■  + a: 

"'■"'  +  > "'  +  -  +  1 

where  the  degree  of  the  numerator  is  at  least  higher  by 
two  units  than  that  of  the  denominator ;  assume 

Ai^  +  JJ*"-'  + K  = 

=  a  +  tu,  +  cu,  .u,  +  t +......  Jiu,...u,^^_„ 

asd»  developing  this  last  in  powers  of  x,  the  comparison  of 
terms  will  give  n+  I  equations  for  determining  a,  h,  c,—^ 
and  the  fraction  resolves  itself  into  the  foUowing,  each  of 
Vhich  is  integnble. 
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Thus,  for  example^  if  we  propose  to  integrate 

(Sx  4-  l)(3x  +4) 
x(x+l)(a?.+  2)(x  +  3) 

Ve  assume 

(3x+l)(Sx  +  4)  =:tf  +  Aj:  +  rx(x  +  l) 

or,       4  +  l5x  +  9J^*==a+{b+c)x  +  cx'^ 

whence^ 

ii  =  4,  r  =  9f    ft  =  15  -  9  =  6,    so  that 
(Sx  +  lX(3x  +  4)  _       4        ^  6  ^  9 


jr(x+l)(*+2)(r+3)    a:...(x+3)    (x+l)...(r+3)    (*+2)  (asf-S) 
and  the  integral  required  is 

Q 4 3 9 

3x(a:+l)(j:+2)       (jr+l)tx+2)       x+2\ 

373.     The  next  form  of  /(or)  which  comes  to  be  ex- 
amined is  (/)  =s  a'l  now  we  have  seen  that 

A  a*  =  (fl  —  1) .  ^,  whence  Z  a*  = +  const. 

a  —  I 

To  this  we  may  add  the  functions  sin.  xd  and  cos.  xd,  which 
•    are  combinations  dependent  on  this  form ;  for  since  (164) 

— ■=H('"'""'/+('""^)'} 

.in...  =  ^-^  {(/--)•_(.-•«'-)•}. 

If  we  integrate  these  by  the  above  formula^  and  reduce  the 
results  as  much  as  possible  by  the  help  of  the  equations 

COS.  (x-  1) ^-  cos. xB  =z9, sin.  ^^  )  •  sin.  (-— ^  0j 

1  -  j:os.  0  =  2.  ^sin.  -^  , 

3s 
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sin.  rfi-«n.(r-l)fl=2.8m.  (— Vcos.  (^Szlt\ 
we  sh.ill  obtain 

t  COS.  {xff)=  — 7T\'  "^  '^°"9'v  ■ 

CO,.    (-^«) 
I  Sin.  (j'fl)  = — — ^ h  const. 

,   S(,  «od  in  the  same  manner  may  the  integtals  of  the  runcuons 
,"■     '  ^  (sin.  ,rff)"  .  (cos.  j  ^j",     o"  .  sin.  .r  S,     a' .  cos,  x  (',  &e, 

.1  be  obtuned. 

.1  374.    We  hxn  sees  (S13),  tb^t 

and  if  we  suppose   u,  :=pa'  +  tjy  we  shall  find^  hf  writing 
r  —  1  for  .r, 

i'i^(pa'  +  q)(pa-  +  '+q).:.(pa--*-'—^+q)  = 

■     >.(«"+-!..^  1)     , 
■    and  in  lilfe  mznner  -we  obbut^  i  -"'  ■    _ 

-   -         (jlM'  +  q) t^a'+"^'+j)  r 

•  1  I         . 


375.     Since,  i  (ti^ .  *,)  tk.  a,  £i  w,  +  ir,  .j. ;  A  at,  ,, 
if  ve  integrUt  botb  8)de8,,we'find 

£  Uj  A  V,  tt  H,  t>,  —  z  V,  4. 1 A  », 
a  fonnttlaanalogoi^lQ./Jlrf*=^*-— ,/j-iy,  and  which 
enables  us  to  find  the  integrals  of  a  great  variety  of  ftmc- 
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doas.  -'-Supp^se^  for  instance,  that  tke  ^ncftiotfft  profK^ed 


where  «,  is  a  rational  integral  function  of  the  wth  degree, 
car  . 

we  have  theii^   a  v,.  =  y,  v^  =  —  ,  whence 

a  —  1 

a  —    1  n  -<-   1  ^ 

Imt  bj  writing  a  i^t  f^  ti^  we  find 

^  —  1  a  —  1 

and  80  on,  to 

which  last  integral,  since  A"  i/^  is  constant,  is  found  equal 
to 

/I*  A"  t/^  +  const. 


and  consequently, 

-  ^»,         ^  +  *  A«,    . 


+  const. 


S76.     In  general,  u,  and  v,  being  any  functions  of  x, 
we  have 

m 

X(«^.v,)  =  u,Y.v,  -  S(A  M,£  v^  +  i) 
es  &C. 

q:  I(A"  +  ^i/,L"  +  »«,  +  ^  +  j>  J         (if). 


V  > 
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■ay  be  any  integer  number  we  please  ;  and  S  t, 
ional   integral  function  of  the  «th  degree,  it 

r,;       .Et;,-  Au,Z'v,  +  ^+ ±  A'tf.s'  +  'w.^.r 

'-ader  may  take  as  examples  to  this  formula  the  fol- 


COS.  x0,   z  - 


(2*  +  ixar  +  3H2i-  +  5) 
Zxix  +  l).(sin.3  0)\ 

377.    To  derive  a  g^eral  formula  of  the  same  Itind    ' 
ibrE'(Wtj  V,),  l.*(u,.v,),  See,  we  have  only  to  consider  thai, 
by  writing  in  the  equation  (.a)  of  (376)  2  v.  for  v^  we  get 
liu.Zv,)  =  u.i*v,  -  Au^lV  +  i  ...  ±:  A'i/,E"  +  »v,4. 

Again,  in  the  same  equation  wi iting  Au,  for  u^  z*Vj^,fot 
m   v^  and  n  —  1  for  H)  we  find 
r.SCA«^L't/,+  ,>  =  AU.I'V,+  ,  -   ...  +   A"w;r'  +  »t',+,      I 

■  and  so  on,  till  we  come  to 

-z(A«  +  >ii,  !:"+•«,  +  . +  0. 
Now,  takbg  the  integral  of  (a),  we  find 

T  S»( A" +  '«,!■ +  '«,  +  ,  +  0 
in  which,  substituting  the  values  given  by  the  above  e<]iu- 
dona«  we  find  at  length 

:F(»+l)£(Zi"+'«^"  +  V  +  .  +  i)TS'(A"  +  '»^»-Hti,+,+^ 
If  we  again  integrate  this  equation,  and  for  each  tenn 
write  its  vslne  derived  in  the  same  maimer  fimn  die  cqoh' 
lion  («)  of  (376%  we  get 
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3=  0!±n^|±l)r(A-+t«,£«+»v,+.+,) 

and  so  on^  to 

(/,+  l)(«+g)...(/,+r-l)  ^.2,+. 

1.2...(r-l>  '  '  +  • 


•••    ••• 


1  •  * •  ^r—  1) 

378.  This  leads  us  to  consider,  more  extensively,  the 
general  relations  which  subsist  between  any  functions,  of 
whatever  form,  and  their  integrals  of  any  order.  Now, 
since  the  performance  of  the  operation  £  upon  any  series 

of  terms,  as 

-rf  A'"«/,  +  Ba»«,+  &c. 
reduces  it  to 

uf  A^-^w^+B  A*-iw,4-8u:. 

it  appears,  that  prefixing  x  to  (w^A"* +5a'*+8cc.)i^, 
has    the    same    effect    as     prefixing    A""^;    in    other 

words,  X  is  equivalent  to  A  ~~  ^  and  in  like  manner  since 
integrating  A'"^,  u  times  reduces  it  to  A*  —  *  u„ 
X*  must  be  equivalent  to    A— ».    The   same  reasoning 

is  applicable  to  the  symbols/*,  and  (^)~*»      When- 


eyer  therefere,  in  sepmttt^  wjiabok  "tf  opnMtei  fvon 
those  df  quantity^  «s  in  the  etftp9tiimPCL)m^'f^ 

terms  contisdnfaig  negatite  powers  of  A  or  ^  occwtj  diey 

-  ttie  understood  to  be  rephroedbj  the  con«8pon4iagpQRtii!^ 
powers  c^  £  and/.  Thus^  for  example,        « 

This  being  premised,  we  proceed  to  aheir  that  the  equa- 
tion ■         ; . 

/  "*        V    ' 

which  Mtas  shewn  in  (867)  to  hold  good  for  poritfreTalnes 
of  My  is  also  true  for  negative,  the  negative  powers  of  A 
and  d  wluch  occur,  being  Understbod  as  abo^  explained, 
or,  that  .      . 

'  for,  since 
\   we  must  have 

S"  must  therefore  represent  such  an  operation,  or  series  of 
operations,  as  is  capable  of  exactly  counteracting  that  repre- 
sented by  \e  ^—  1 J  .  Now  it  is  evident,  that  \e^—\J 
does  in  fact  represent  such  a  series ;  for  since 

(f^^i)*x(^-"*-i)^*-=i; 

this  equation  must  also  hold  good  when  both  factors  are 
developed  in  powers  of  </,  and  consequently  the  develope- 
ment  trf  the  latter  must  be  such  as  exactly  to  destroy  all  the 
powers  of  d  in  that  of  the  former,  and  reduce  it  to  nnityji 
which  prefixed  to  v,,  gives  simply  u^.  If  then  £*  be  at  all 
.capable  of  representation  by  any  series  of  operations  de- 
noted by  d  and  its  positive  and  negative  powers,  that  Series 
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can  be  no  other  than  the  developement  ofye^'-^l)      .  Now 
it  is  easily  shewn^  that  //  //  capable  of  being  so  represented. 
Suppose  for  instance  nzzl,  and  since 

1    dx        1.2  djp» 
if  we  write  2M/,  for  w,,  we  get 

1     dx  t.2       «^X* 

which  equation  is  evidendy  capal^  of  being  iati^fied  hj 
such  an  expression  of  z  Uj,  as  the  following : 

dx 

provided  Ay  By  C,"  &c.   are  ^properly  assumed.     Again, 
since  we  have 

where  a,  i,  c,  &c,  ar^  the  coefEcients  of  the  developement 
of  (ed*  —  1 )  >  if  we  put  Iru^  for  f/„  we  get 

"which  In  like  manner  is  capable  of  being  satisfied  by 

and  so  on  in  general. 

If  the  reader  should  not  immediately  see  the  force  of 
the  above  reasoning,  we  would  recoinmend  him  to  actually 
perform  the  operation  of  determining  A,  B,  C,  8cc.  in  the 
expression 
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hj  substitution  in  the  equation 

u^^j-^   +  tec. 

wliich  he  will  see  is  precisely  the  same  as  in  the  determi- 
nation of  a  quantity  £  in  powers  of  another,  J,  from  the 
equation 

1=:-I+~X  +  8CC. 

1         1.2 
by  assuming  for  z  a  series  with  indeterminate  coefficients, 

and  substitution.  We  will  accompany  him  one  or  two 
steps  in  the  process 

1   ^  ax 

+  ^  (A^''  +  B.iic.\ 

whence 

and  the  substitution  of  z^Ad-^ +B  +  C d  +  Sac.  in  the 
above  equation  between  L  and  d  gives 


*  It  is  easily  proved,  that  if  ^u,+i?  .  ^  +  C .    ^  +  &c. 

ax  dx^ 

d  u  cP'  u 

=  fl  w,  -f  6  .  ~  +  c .  -r-J  +  &c.  whatever  be  the  form  of  the 
ax  ax 

function  «„  then  A=.a,  B=b,  C=c,  &c.  for  since  the  equation 
is  true  independent  of  any  particular  form  of  Ug,  \etu^z=ze^, 
and  dividing  both  sides  of  the  resulting  equation  by  c",  we  get 
A+B  z+C  2^+&c.  =  a+  b  z+c  z^+  &c.  which  being  true  in- 
dependent of  any  particular  value  of  z,  ^rhcs  A^a,  B=zb,  &c. 
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I 

1  =zi  {J  +  Bd  +  6ic.) 

X 

+  &C. 

wUch  plainly  leads  to  the  same  eqtiations*  Now  this  lat* 
ter  operation  is.  the  same  with  finding  £  from  the  equa* 
turn 

l=:S(^— l),orS=s-— 1-   , 

and  the  coefficients  4>  JB>.8cc.  are  therefore  those  of  the 
powers  of  d  in  the  developement  of  (^''—  1)— ^  The  like 
reasoning  will  apply  to  the  general  equation. ,  •' 

Lagrange's  theorem  is  therefore  proved  to  hold  good  for 
negative  as  well  as  positive  values  of  n.  When  /i  =  —  H 
we  have 

1 

e^'  -  1 

Let  (^'—  !)"•*  be  developed  in  powers  of  ir,'  and  a  series 
will  be  found  as  follows : 

2  2*1.2.3       6*1.2.3.4  5      6  '  I...7 

the  numerical  coefficients  being  the  same  as  in  the  expres- 
sion f or  £  .  X"  •  (369),  and  we  therefore  have 

/    'r  2        2    1.2.3.crx       6     1...5.£/a*^ 

a  formula  of  the  most  extensive  use  ( as  we  shall  hereafter 
Bee)  in  the  numerical  computation  of  certain  functions  of 
very  high  numbers. 


'^  X 
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On  the  Integration  of  Equations  of  Differences. 

379.  Having  discussed  the  case  when  the  difference 
ef  a  function  is  immecHaCely  given  in  terms  of  x,  wc  now 
proceed  to  consider  those  in  which  a  certain  relation  only 
between  x,  the  function  sought,  and  one  or  more  of  its 
differences,  or  successive  values  (3(J7)  is  given,  and  wbicfa, 
as  we  have  there  remarlted,  ma;  be  expressed  in  general  hf 
an  equation  of  the  form 

o=F{i,  u.,  H.+  ,,...«/,  +  ,n {a) 

n  being  the  order  of  the  equation. 

Snppoie  u,la  contain  besides  x  any  number  »  of  con- 
stants, a,  b,  c,  ...  k,  so  that 

»,  =*|-r,„,S,f,...j( 

shall  be  its  expression.     If  from  this  we  form  the  values  of 
ar..|. , ,  u,  ^  J  J . ..  Uj  ^ . ,  w-e  shall  produce  the  equations 

",  +  .  =  *  ir+t,',  »...•'! 


',  +  >=<■    1+2.' 


■■M 


..  +  .=*  J  a+», 


,*,...*! 


4 


ffew  as  these  equations  hold  good  simultaneously,  and 
iheir  number  13  n+1,  we  may  eliminate  from  them  the  n 
quantities  a,  b,  . .  .i,  ;ind  our  final  equation,  which  will  be 
of  the  form  (a),  will  be  totally  independent  of  them,  and 
this  without  assigning  to  them  any  particular  values  \vhat< 
ever.  As  far  then  as  this  equation  is  concerned,  these  va- 
lues are  perfectly  arbitrary,  and  consequently,  in  reascend- 
ing  from  it  to  the  expression  of  u,,  it  appears,  that  to  give, 
the  latter  all  its  generality,  or  to  obtain  the  complete  late- 


m 
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gnl,  IV  arbitrary  constants  must  be  introduced  aa  in  the 
theory  of  dilferential  equations. 

380.  In  this  latter  theory,  »he  particular  solutions  of  any 
proposed  equation  necessarily  contains  fewer  arbitrary  con- 
stants llian  the  complete  integral  (29-1).  This,  however,  as 
Charles  has  shewn,  is  not  the  case  with  equations  of  dtf> 
ferenccs,  solutions  of  which  may,  in  certain  cases,  be  de- 
rived (by  a  process  analogous  to  that  which  gives  the  parti- 
cular solutions  of  a  difTerentiiil  equation:  containing  as  many 
arbitrary  constanis  as  the  complete  integral  itself,  from 
which  they  were  deduced. 

This  will  appear,  for  the  first  order,  by  considering  that 
provided  the  equations 

hold  good  at  once,  the  elimination  of  a  will  produce  the 
same  equation, 

o=f  (J,  u,,  U,^t), 

whether  we  suppose  a  constant,  or  a  function  of  x  (as  a> ; 
now,  on  this  latter  supposition,  since  t/,  =  ^  (x,  a^,  and 
Aetefore  M,  +  ,=:i;>(ji(+l,  0^+,)  we  ought  to  have 
<p{i+l,  «,  +  ,)  =  ^t*+l,  oA  or 
<l,{x+l,a,+,)-,p{x+\,a.)  =  o.     '  tfl) 

This  equation  is  satisfied  by  the  supposition  that  (J,^,  =  (I„ 
or  ii,=can8t.  so  that  a,+  i  —  a,,  or  some  power  of  this,  will 
necessarily  be  one  factor  of  ^(a  +  l,  o, ^.,1  —  ip{x+\,a,);  ' 
but,  besides  this,  there  may  be  others  of  the  form 
y( JT,  4if,  D,^. ,)  which  do  not  vanish  by  the  supposition  of 
a,=const.  Now  any  one  of  thtse  factors  being  put  equal 
to  zero,  will  satisfy  the  equation  {a)  as  well  as  ji.  ^ ,  -  a,=o. 
Suppose  then 

f{x,a„  «,  +  l)  =  o. 
»aA  as  this  is  an  equation  of  differences  of  the  first  order 


L 


1 
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for  determining  a„  tlie  complete  expression  of  this  function 
mutt  contain  one  arbitrary  constant,  b  ;  so  that 

«<=»/'(  J",  *)  and  w,=0(  J,  ^(.J[,i)), 

which  is  essentially  different  from  the  former ^ ( J»  a)»ni 
contains  an  arbitrary  constant ;  and  the  same  may  be  said 
of  all  the  other  factors  into  which  the  equation  (a)  can  be 
resolved, 

Let  us  take,  for  instance,  the  e<]uation 

„,  =  »(■,,  +  , -»,)  +  (!-»,  +  ,+«,)•, 
one  complete  integral  of  which  (as  substitution  wHI  provfl 
i» 

w,=  3r(l-o)+a% 

a  being  an  arbitrary  constant.  Ifnowwc  suppose  a  (oraj 
a  function  of  x,  such  that 

(,v+l){l-a,)  +  fl/=(i+l)(I-rt,  +  i)+o»,  +  „ 
we  shall  Jind  by  reduction 

o=(«,  +  ,-fl,)(a,  +  ,+<,,-*-l), 
in  which  the  first  factor  lieing  made  equal  to  zero,  we  get 
£ia,=o,  OTa,-=coMt.  but,  if  We  suppose  the  other  to  •> 
nish,  we  Imve 

an  equation  which  is  satisfied  by  the  following: 

i  being  any  arbitrary  constant.  Let  this  be  substituted  for 
'  a  in  the  expression  above  given  for  »,,  and  it  becomes 

which  value,  upon  trial,  satisfies  the  proposed  equation,  and 
contains  an  arbitrary  cpnstant.  There  is  no  reason  there- 
fore ivhy  it  should  oot  be  regarded  as  another  coni[deteinK* 
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gral  of  the  proposed  equation  (although  the  analogy  between 
tlie  method  by  which  it  was  obtained,  and  that  by  which 
particular  solutions  are  found  in  the  Differential  Calculus 
may  perhaps  cause  some  to  prefer  the  latter  name),  espe- 
cially since  this  solution,  treated  in  the  same  manner,  by 
supposing  6  a  function  of  k,  britigi  us  back  again  to  the  origi' 
nal  expression  for  u„  from  tuhuh  we  ret  out.  Thus  there  is 
the  same  reason  for  considering  that  expression  in  the  light 
of  a  particular  solution,  as  the  other.  The  subject  is  an 
insercsting  one ;  but  we  cannot,  in  an  essay  hke  the  pre- 
sent, pursue  it  farther. 

381.     We  proceed  to  the  integration  of  equations  of 
differences;  and  first, 

ike  general  equation  of  the  first  order  and  degree,  is  com- 
pletely integrable,  A,  and  /f,  being  any  given  functions  of 
X,  by  supposing 

u.  =  v,.Jl^.A^  ...  ^,_,. 
^3  the  product  of  all  the  successive  values  of  a  function 
ji^y  beginning  with  some  fised  term,  as  ^i,  or  more  gene- 
rally, A„  («  being  independent  of  *)  occurs  very  often  in  the 
theory  of  equations  of  differences,  it  will  be  necessary  to  use 
a  particular  notation  to  designate  it,  and  for  this  purpose 
we  shall  employ  the  capital  P,  thus 

Ai.J^  ...  ^,_,  .A.T^Pji, 
Ji.  A. 4,_,=  P^._„&c. 

PA,  being  considered  as  a  function  of  x,  derived  accord- 
ing to  this  particular  law  from  A,,  and  having  PA  for  its 
characteristic.     If  A,  be  constant,  and  equal  to  Ji,  we  have 

rA,  =  A  .  A  .  A  ...  Cto  X  tcrms)  =  ^'. 

To  return  now  to  our  equation  of  differences :  the  supposi- 
tion 


^ 
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;  gives 

I  tut  A^  .  P.4,^x=.PA,,  by  the  definition  above  given,  ind 
dtus  it  becomes 

I  wbence 


and  we  have,  therefore, 

C  being  an  arbitrary  constant. 


^ 


Oeaeral  Theory  of  Eqttat'tom  of  the  jirst  Degree. 

SB2.  The  general  Theory  of  Equations  of  the  first 
Degree  and  any  order,  bears  a  striking  uialogy  to  that  of 
Differemial  £<]uations  of  tlie  same  description.     Suppose 

to  be  any  such  etjUitioQ.  We  shall  first  demonstrate, 
that  ill  integrutmi  is  reducible  io  ihal  <-J the  senit  equatifti,  de- 
prived ofiu  lost  term  IJ^,  in  such  a  manner,  that  if  V^  be  the 
complete  expression  for  u^  in  the  equation 

H,  +  ,-'^,«,  +  . _,+  ...  ±*A.u,=0,  ih) 

its  general  expression  in  ia)  may  be  obtained  by  adding  to 
V,  a  certain  funciion  of  .c,  which  can  alunys  be  determinedf 
provided  (b)  is  inccgrable  :  and,  secondly,  that  the  t^attoM 
{h)  so  dep-ived  ef  its  /tut  term  is  al-W(yi  inligrable,  prwubd  vm 


r 


DIFFFERENCES   AND    SERIES.  619 

etH  ly  mt^  mtani  titam  n  —  I  partioflar  hurrah,  arfttnetioiu 
tfx,  wlnth  setiiify  it,  esstntiallif  Afferent  front  taeh  othtr.  In 
demonstrating  these  proposi rl onit,  Mt  will  suppose  n^3  to 
avoid  the  great  complexiiy  of  the  expressions  which  an 
indeterminate  vnlue  of  n  woald  iiiduce  ;  but  every  step  of 
the  process  Is  e(]ually  applicable  to  any  value  of  «. 

Suppose  then  'ji„  'a,,  ■\,,  to  be  n  functions  of  r,  whose 
form  is  at  present  unknown,  tad  we  may  suppose  the  equa- 
tion 

to  have  arisen  from  the  elimination  of  two(«—l) functions, 
'm,  and  ^u,  between  three  equations, 

«^  + 1- '-.«-='<*. (1) 

'«,  +  ,-SV,='«. (2) 

^,  +  i-W=B, (3  =  «) 

e  substitute  in  re)  theralucsof  "^a,  and's^^.,,  de- 
duced from  (i),  >ve  find 

V=</,+, -('.,  +  ,+"-,) «,+  .+'-, '-rt 

snd  again  substituting  this  for  '»„  in  the  equation  (3),  and 
for  V,  + 1,  its  value  obtained  by  writing  J  +  I  for  i,  it  be- 
comes w,+,-  j'-,4.e  +  '-,+  ,  +  '*,f  «^  +  s 

-»»,.'«,.'-,.«.  =  B., 
■which  is  of  the  same  form  with   fa),   and  will  coincide 
with  it  altogether,  if  '«„  '«„  *»,  are  determined  j  bo  that 

»^,='»,+ , .  •«.+, +^.,+ , .  V+ '-, .  '^ 

Now,  first,  as  these  equations  do  not  contain  B„  tha 
d«CetTnination  of  'a,,  Sic.  from  them,  is  the  same  whatever 
be  the  form  of  B„  and  therefore  the  same  as  if  B,=o,  or 
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die  equatSon  (a)  were  deprived  of  ita  last  term;  but,  seeondlfy  I 
when*«„  Stc.  are  once  obtained,  the  equation  (a)  is  readily  ,[ 
integrated ;  for  we  have,  hy  integrating  the  equations  ( 1 J^  J 
(S),  (S),  by  the  last  No.  i 


j.=.P'« 


,   r    >a,=P'a 


^Ci ''^,  'Cteing  three  arbitrary  constants,  and  by  slibiti- 
tuting  first  for  '«,  its  value  given  in  the  second  of  these 
equations,  and  then  for  'u,  its  value  given  in  the  third,  we 
liad  a  result  of  the  following  form  ; 

».='[/, .  •Ci-'U..'C  +  'U,  .'C  +  Q,, 
where  (as  is  easily  seen,  by  executing  the  operations) 


■[7.  =  /"< 


the  full  point  after  the  £  extending  its  operation  over  aH 
which  follows  it.  The  whole  difficulty  of  determining  the 
complete  integral  of  (a)  is  therefore  reduced  to  the  disco- 
very of  these  functions,  'cc^  "«„  'a„  to  eJFect  which,  let  oi 
suppose  7J,=o,  which,  as  we  have  seen,  does  not  iofluenct 
their  values.     This  gives  Q,=o,  and 

which  is  the  complete  integral  of  {i),  and  when  the  valtKl 
of  't/,  flic,  are  the  same  as  before. 
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Appose  aov  that  the  equation  (b) 

0=H,  + ,  -  '-4, ,  H,  + 1  +' J, .  «,  + ,  ~-*'1.a, 

is  integraWe ;  then  the  functions  ^t/.,  '(7„  '(/,,  which  mul- 
tiply the  three  arbitrary  constants  in  its  integral,  are  known; 
and  from  these  '«,.  *«, ,  'a,,  are  at  once  determined  by  the 
equations  (r),  which  give 


I 


'V, 


•{1} 


and  a  similar  expression  may  be  obtained  for  **, ,  more  com- 
plicated, however,  for  which  reason  we  have  omitted  to  set 
it  down. 

Thus  'a„  *a,, '«,»  3re  obtained,  and  these  being  substi- 
tuted in  Q, ,  give  the  value  of  that  function,  in  terms  of  x, 
which  being  added  to  the  complete  integntl  of  (  ^ },  gives 
that  of  (a). 

But  if  by  any  means  we  can  find  n  —  I  of  the  functions 
*U,,  &c,  (that  is,  M-l  particular  integrals  of  {b),  as  is 
evident,  since  when  *C,  *C,  &c.  =  0,  and  'C  =1,  the  ge- 
neral integral  reduces  itself  to '[/,),  the  wth  may  be  derived 
from  them,  aiul  the  equation  {a),  in  consequence  integraiedj 
as  follows  :  having,  by  means  of  'U,  and  "17,  (^'~'  U,)t 
which  are  known,  determined  tke  values  of  V,  and  'a, ,  as 
above ;  we  may  employ  either  of  the  equations 

to  give  that  of  *ci,,  and  having  this,  it  is  only  requisite  to 
substitute  these  expressions  of  '«,,  ='<■,,  ^a„  in  the  last  of  the 
equations  {c),  and  in  (d),  to  get  the  values  of  ^li,  and  Q,, 
whidt  BubltitWtd  io  the  exprcssloa 

3  I- 


1FBI 


i 

; 
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>t7,  .ic+»[/.  .'c+'y.  .'c+e,, 

give  the  complete  integral  of  (a),  as  before. 

383.   Suppose  all  the  coefficients  of  the  proposed  eqoi- 
tion  constant,  and  £^  =  0,  or  let 

and  it  is  evident,  that  the  equations  (e)  will  be  satisfied  by 
supposing  '«, ,  ^a, ,  'a.  Constant^  which  gives 

hence  these  quantities  are  giren  at  once,  being  the  roott 
of  the  equation 

o= «*  —  *j4  K*  +  M  w — 'jif 
and  since  i"a,^,  in  this  case  ='■'"',  we  find  bjr     (c) 


^ 


'[/,=■.—,     •U,=   '        ,      'K  = 


^ 


but,  as  'C,  'd  ^Cy  are  arbitrary,  we  are  at  liberty  to  trritc 
iustead  of  them,  the  following  : 

and  we  have,  for  the  value  of  u^ , 

,/,  =  'C.V+'C.V  +  'C.  V, 
and  the  same  may  be  shewn  for  the  general  .equation  of  ttie 
«th  order,  with  constant  coefficients.     Thus,  if 
0  =  .  +  n  —  '-^  •».  +  »  —  !  ...   ±  "^  .w,, 
we  shall  have 

u,='C.  V  +  'C  .  V+  .  .  .-C.".', 
where  'a,  &c.  are  the  n  roots  of 

o  =H--'^,w'->+  ...  ±-A. 

384.     Should  this  equation  have  equal  rootSi  suppose 
'a^'a+i,  and  we  get 
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or,  writing  'C  for  ^C+*C,  and  *C  for  i!£,  (since  »C  and  'C 
are  arbitrary),  and  then  making  k  vanish, 

and  if  three  roots  are  equal,  we  shall,  in  like  manner,  find 

«/,«s=(iC+'Cx  +  «Cx*).V  +  8u:. 

jast  as  in  the  Oifierefitial  Calculus.  See  (281).  The  pro- 
per number  of  arbitrary  constants  is  thus  restored,  and  the 
expression  for  u,  so  found  is  of  course  the  complete  inte- 
gral. 

385.    The  above  equation,  as  well  as  the  more  gene- 
ral one 

may  also  be  integrated  by  assuming 
For  this,  by  substitution,  gives 

Suppose  now 

and  the  constant  part  disappears  of  itself.  The  remaining 
part  being  divided  by  a',  gives 

a»-i^.  •'•-1+  ...  ±  *J  =0, 

an  equation  of  the  nth  degree,  whose  roots  being  called  a, 
P,  ...  f*,  it  is  evident  that  each  of  the  expressions  a%  ^^ ... 
^y  satisfies  the  equation 

These  are,  in  consequence,  the  n  particular  integrals  of  th^t 
equation,  and  of  course 


r 
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U  its  complete  integral.    Consequently, 
B 


1 


'C.^'+....'C., 


'.rf  +  ....  ih'J 
!s  the  complete  integral  of  the  proposed  ecjuatJon  ;  for,  the 
quantity  to  be  added  to  'C ,  «'  +  .... "  C .  f"  being,  as  we 
have  shewn,  independent  of  the  aibitrary  constants,  must  be 
the  same  as  when  'C  =  1,*C  =:  *C=&c.=o,  and  there- 
fore the  same  as  we  hare  denoted  b^  K,  and  this  result  is 
easily  verified  by  actual  subs 


I 


The  equation  of  the  first  degree  and  second  order  is 
generally  integrable,  provided  we  admit  as  given  the 
evaluation  of  a  continued  fraction  nhosc  termi  follow  any 
given  law,  their  numberJi£ing  variable  *. 

386.  Of  equations  of  differences  beyond  the  first 
degree  very  little  is  knowD.  The  equation  with  conatant 
coefHcients 

o  =  K,  ^  ,  M,  —  a  w,  .j.  1  +  bu,  +  e 
is  integrable,  by  supposing 

'.,  =  'itl  +  K. 

which  being  substituted,   and  the  result  multiplied  by  Wy, 
gives 

o  =  v.  +  .  +  (K  +  i)v,+  ,  +  iK'  -  Ka  +  K6  +  c',v, 

and  if  we  take  K  ~  a  =:  o,  or  JT  c  a,  we  get 


*  The  English  reader  may  consult  a  paper  "on  Equatioirf 
of  Finite  DiU'ereocea"  by  ihe  Author  of  this  Appendix,  pntN 
liehedin  the  Memoirs  of  tbe  Analytical  Society  for  IB  13,  whet* 
the  theory  uf  this  case,  founded  on  a  proceis  delivered  by 
Laplace  in  the  Mecanique  Celeste,  is  detailed  at  tengih. 
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an  equation  integfable  by  (S85).  Let  ^ .  *'  +  ^ .  )9*  be  Its 
complete  integral,  jt  and  q  being  arbitrary  constants,  and 
we  have 


--■^(P 

-(;)' 


iS'  +  i 


or,  since  "  is  equivalent  only  to~on< 


arbitrary  constant  C, 


^^H     Or  Equations  of  mined  Differences. 

387.  Equations  of  mixed  differences.  In  which  the  suc- 
cessire  values  and  their  diffcrentul  coefficients  rise  no 
higher  than  the  first  degree,  and  ivhere  the  coefGcients  of 
the  several  terms  are  constant,  are  integrable  by  the  same 
artifice  as  we  employed  in  (385).  Their  general  form  is 
o  =  «,  +  J«,+  ,4-iJ«,  +  ,  +  &c. +i: 
«/JCb,4-Z)«,.  1  +  &C.I       <^)£«,+&c.? 

*-^ 77- '+-     d^        +^- 

To  takt,  bowever,  a  rimple  case,  luppoee 

o  =  «,+  ^«.  + ,  +  B  "^^  +  C  ^i^  +  K. 

The  substitution  of  v,-\-  H  for  m,  first  gives  a  result,  which 
by  supposing 

Jir+H(l  +  ^)=o,  orH-  --4-; 

teducefl  itself  to 


.,  +  ^v,  +  ,+£°_^+C 


■i-.t, 
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which  is  satisfied  by  supposing  v,  =  <^,  since  this  beiiij 
substituted  produces  (afier  dividing  the  whole  hy  i*^ 

IM  >t  0,  &e.  be  the  TalnM  of  i,  orllke  raottoif^equ^ 
thm,  afid  it  is  taiulj  Sew  Altw  teMstion 

•tti^M  At  conditioo^  lAaKe  tta^pem  dMt'  < 

4B6.    Owia  eqmaioiU,  V'^*^*^  ^  cedBdentt  ire 
~  vtrikltk,  lns7 1^  nduwd  tp  Ae  abamjEoni^lif  a  verf  wapte 


ou''  lilt  \'.'-At^y  i.i  t';r:)r^ii'f!-!,  :'.■  i:.Ti  i.-  ?[iMilcii[i3.    .T^'-" 

in  which  e  is  the  number  whose  logarithm  is  unity,  if  iot 
u,  we  put  2r,  .  v„  we  have 

Suppose  now  X,  determiaed  by  thedifiereatiale^atioD 

-     'x,-(l+a«0  ^'  =1,' 
or,  sepanting  Uie  variables, 

dX,  Jx 

2>1       l+o<-  ■ 
a  particular  integral  of  this  is 

X,  =  — i^, 

l+ae*' 
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iffaichj  substituted  in  the  transformed  equationi  gives 

.  ax         v^ 

which  is  of  the  form  above  considered,* 


On  the  Application  of  the  Caldulus  of  Differences 
to  the  Summation  of  Series. 

389.  If  the  sum  of  the  r  first  terms  of  any  progression^ 

^U     «i*      f^Sf  •••«*     - 

be  required^  two  cases  present  themselves,  one  where  the> 
general  term  is  explicitly  given  in  functions  of  the  index  x ; 
the  other  where  only  certain  relations  between  the  conse- 
cutive terms,  or  these  and  their  indices  are  expresised.  In 
the  first  case^  if  we  suppose 

we  have 

and  subtracting, 

whence  we  find 

S,=:'ZUj^i  + const. 

Now,  in  this,  making  xso,  we  find 

5o = o  =  s  «i  +  const. 

X  u^  denoting  the  value  which  the  function  S  i/«  4.  i  takes 
Mrhen  x=:o,  and  subtracting  this  from  the  former, 

5,=s«,  + 1-21/1. 

*  On  the  subject  of  equations  of  differences,  involving  more 
than  one  independent  variable^  the  reader  is  referred  to  a  pa* 
per  by  Laplace,  in  the  Mem.  dec.  Sarans  Etrangers,  177S. 


I 

I 
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If  the  sum  be  Kqutred  between  the  nth  and  xih  terois, 
we  havcj  in  like  manner, 

for  the  value  of  the  series 

".+  !+"-  +  «+  ".■ 

£e.  1.    In  the  authmetical  piogieasioa 

a,     a+i,     fl  +  2f,  ...«  +  (x-l)i, 

we  havcj/.^-jcsfl  +  ri,  uid'Su,^i=sxa+      ■  ~     i  +  C, 

whence  E  v,  =  o  +  C,  and  the  sum  of  the  j  first  terms  ii 
tbcrefore 


<,=^.+  - 


-JLi  b. 


Ex.  2.  The  sum  of  the  x  first  terms  of  any  progression 
of  figurative  numbers  being  required :  the  first  order  con- 
sists of  the  series  I  + 1  4- J  +  &c.  in  which  w,  =  1,  and 
z  u,^ ,  —  zui=x,  the  sum  of  its  x  first  tenns,  which,  by 
'  the  constructioa  of  these  niunben  is  th^  general  term,  or 
the  value  of  a,  in  the  second  order, 

■  !+«  +  »+  ...X. 
Consequently,  for  this  order,  Ui  +  i  =  x-¥\, 


which  is  consequentI|r  the  expression  for  u,  in  the  third 
ordeTj  apd  db6refore 

"'+' Hb — V 

which  gives  for  S,  in  the  third  order 
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and  80  on. 


Ex.  3.   The  series  proposed  being  the  geometrical  pro- 
gression /^ 

we  have  ** 

^M-hi^^^f    s«,4.,=:ii  . -^— ;+ C,  and  therefore 

the  sum  required.  '     J  ■ 

Ex.4.  Let5,t=:i»  +  2»  +  3*+  ...op*.     - 
Heref 

i  -    ■        w.  »  '  /  % 

=  X{i'(;r+l)(i  +  2)-jr(j+l)  +  x(x+l)  +  (x  +  l)| 

(*-l)x(x+2)(x+«)        x(x+l)'^ 
= ;j 27— +  ^' 

I  * 

•  -  • 

and  since  £  ^jseo  +  C,  the  sum  required^  or 

Thus  it  appears,  that 

ivhich  is  by  no  means  an  inelegant  property  of  this  series. 

Ex.  5. 

5;=l«-2«  +  S^-4'-..,  ±  A%  .i.. 

In  this  case,  ' 

2«x+i==^.C-i)'.(^+i)S 

and  we  must  use  the  formula 

a'  a'  +  ^  »•■      fl'-^^ 

a  —  I  (fl  —  I  )*  (a  —  1  )• 

3  X 


where  »,-(*+%    A«;=S  if+S,    A V5;S|,    «=  - 1. 
We  find  then,  ifter  all  ledncdons, 

and  therefore 

l.S       8.3,  «(H-1) 

We  have,         " 


XU,  +  iatt 


l     '■     •  ■  •■  -1 


anddierafore 


I  f 


I       • 


1     _   r 


,  ...  «^pl       ar+l 

Ex.  7.    Suppose  '    '  ** 

*-^  -Ti  +  rr*  +  o + '»«• 

Here 

*'"*■'       (jr+l)(x+3)        (x+l;(x+2)(x+S)  ' 

"^    1(x+1)MP+2)  '"  (x+l)(x+e)(x+S)J 

x+l        2(x+l)(x+2)' 
whence  we  obteui9  after  all  reductions} 

o  X  ( 3  x+5) 


4U+l)Xx+^) 
Ex.  8.     Let 

^'1.3.7^  S.7.I5   ^7.  IS.  31^ 
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to  s  temu,  and  we  have,  in  tliis  case, 

*"'**"  ^  (12 ''+»-l)(2"+*-l)(«'  +  »-'l) 


=  C- 


] 


a«i 


^y^=C-l, 


whoM^  Mbtncdni^ 

g^  1 1 

'     9        3  («'+»— IXi*-*'-!)  " 

Bt.  9.    IT 
Inthiscase^ 

^    (3f-fiy 

*'"*"'*'     (A»+2)(x+3)(ar+4)(x+6)* 
Now,  (x+l)*=(x+4)(x+6)-(8x+2S)j 
alao,  8  x+23  cs  8  (x+6)  -  25  j 

whence      («+ 1 )» = {x+4)  (x+6)  -  8  (x+6)+25, 
which,  substituted,  gives 

^"'"■•■''^^  (x+^){x+S)  "^  '^  (:r+2) (x+S)  (ar+4)  ''" 

+  25.Z ^  +  ^^     ■    , 

(x+2) Cx+6)' 

the  last  term  of  which  resolves  itself  into  two  integrable 
fractions,  by  substituting  (x+ti)  —  1  for  x+5,  in  the  nume- 
rator, and  we  get 

1(2         jr+2  i  2  \  j. 
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On  recurring  Series. 


^^^B  390.    The  general  tenn  of  a  series  may,  a«  we  hate 

^^^K     already  observed    (  389  >.   be  either  given  explicitly,  in 

^^^^       functions  of  the  index  ;  pr  it  may  be  determined  implicitly 

by  some  relations  capable  of  being  expressed  by  an  eqaa* 

tion,  in  the  same  way  as  the  nature  of  a  curve  is  definable, 

either  by  at  once  expressing  its  ordinate  in  functions  of  itt 

abscissa,  or  by  assigning  some  equation,  either  algebraic, 

1.  difFercntial,  or  other,  between  them.     We  propose,  in  thij 

^^^K        article,  to  consider  the  nature  of  series  in  which  an  equa- 

^^^1       tion  of  the  first  degree,   with  constant  coefficients,    holds 

^^^P      good  between  a  certain   definite  number  of  consecutive 

(  terms,  in  whatsoever  part  of  the.  series  they  may  be  taken, 

Such  series  are  called  recurring  jeries,    because  any  term, 

auch  as  «,  +  „ ,  being  equal  to  the  sum  of  a  certain  number 

(»)  of  those  immediately  preceding  itj  each  affected  (in  tbeit 

order)  with  a  constant  coeflicient;  if  we  wish  to  form  the 

I  successive  terms,  by  means  of  this  property,  we  are  obliged 
perpetually  to  recur  to  those  already  determined.  For 
example,  in  the  recurring  series 


2  +  3  + J  +  9+17  +  S3  +  &C. 
wehave5  =  3.3-2,2,    y=:3.3-2.3,    17=3. 9-2. i, 


^ 


&c.  and  in  general, 

The  general  equation  of  every  recurring  series  it 
0=1/,  +  ,+  a  «,  +  „_,+  i«,4.  —  i+  "•  *  «<..         (•) 
and  from  this,  having  given  the  n  first  terms,  2II  the  TcW 
may  be  produced  in  their  orderj  since,  if  x=l, 

«,+  ,=  -(fl«,+  J«,_,+  ...i«0. 
and  so  on,  for  all  the  succeeding  terms.    Those  pr^edlng 
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«!  ( if  tlie  series  be 
duced  from  n  terms 


I  {".+<■ 
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eJ  backward)  may  also  be  pro- 
^n,  since,  making  j:=o,  we  have 


It  is  evident,  tlien,  that  so  far  as  the  eijuation  (a)  is  con- 
cerned, these  terms  (or  any  other  set  of  «  consecutive  terms 
we  may  fii  upon)  may  be  regarded  as  perfectly  arbitrary 
2nd  independent.  The  complete  integral  of  (a)  will,  as  we 
have  seen,  involve  n  arbitrary  constants,  and  as  u.  is  re- 
stricted in  the  present  case,  to  denote  the  general  term  of 
the  particular  series  u,,  «.;,  &,c.  whose  first  n  terms  are 
given,  if  we  make  the  values  which  this  integral  takes,  when 
1,  2,...  n  are  put  for*,  coincide  with  these  assigned  values 
of  a,  .,.  B,,  lie  get  n  equations  for  determining  the  con- 
stants. To  exemplify  this  in  the  instance  above  given,  the 
equation  r/,  + 5-3  n,+ ,+2  «,  =  o,  corresponds  to  an  infi- 
nite variety  of  series  besides  2+3+5+&C.  for  if  we  make 

Mi=fl,  u._=by  we  get  «.,  =  3  b~1  a,  &c.  and  U(,=; — i —  » 

&c.    Now,  if  we  integrate  the  proposed  equation,  we  get 

the  roots  of  «'  —3  w-|-2=o,  being  I  and  2,  and  if  we  as- 


«,  =  C,+2C..=2 


K,=  l+2'-', 


for  the  general  term  of  the  particular  series  under  o 
deration,' 


*  To  pHrticularize  any  projiosed  rtcurring  scries,  it  is  suine- 
titnes  usual  lo  enpress  the  coefficients  which  coonecl  any  tertn 
with  ihf-  preceding  ones  under  the  name  "  ScjIl*  of  Relation. 
Thus  /+s  is  the  scale  of  relation  of  the  series  whose  equatisa 


4 


V 


I 

i 
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891-  To  investigate  the  general  term  of  a  recurring 
KtifiSi  we  have  therefore  only  to  tmegnte  the  eqiulion 
expressing  the  relation  between  its  successive  terms,*  and 
to  determine  the  arbitrary  conaCants  in  the  integraJ,  by 
making  the  expression  so  found,  coincide  successively  with 
a  sulficient  number  of  the  first,  or  any  other  terms  which 
fWay  happen  to  be  given  :  and  hence  a  remarkable  conse- 
quence follows,  that  (except  m  certain  particular  cases)  a 
tCcMTring  series  may  be  resolved  into  one  or  more  geometric 
progressions.  This  will  easily  appear,  }f  we  cobsider  that 
{a)  being  the  equation  of  the  series,  if  we  call  the  roots  of 

o  =  M"+o""-'+i«''-'+...* (*) 

»,  St  7, 1,  iU.  the  complete  Value  of  u,  will  be 

C.  .  -'+C,  .  ff+C,  .  y'  ...  +  C,  .  ^', 
Ci,  C„   ...  C.  bein^  M  arbitrary  constants.     Now»  C,*', 
Ci^',  &c.  are  the  general  terms  of  the  respective  geosieltie 
Series, 

C,«+C,  «"+etc.     Qfl+CS^  +  fcc. 

so  that  the  recurring  series  Hi+Ha+  &c.  is  made  up  of  the 
several  geometric  ones, 

+  c,  (i3+g'  +  ...  eo  +  Stc. 

The  only  exception  is  in  the  case  of  equal  roots,  when  tlie 
integral  of  the  equation  (o)  C3*jO),  changes  its  form.  Sup- 
pose two  roots  o,  B,  equal ;  then  the  part  of  the  Integnl 
.  depending  on  these  roots  changes  its  form,  and  becomei 

(C,+C;*)«', 

and  the  series  ^(1  .  a+2  .  «'+  ...  xt^')  enters  into  the 


•  For  bretiiy'ssake,  this  will  in  future  be  called  the  equt* 
tton  of  the  series,  as  Id  ihe  theory  of  curves  we  say  the  equation 
of  a  curve.         > 
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fidnposicion  of  the  recurring  series,  instead  of  ^c  series 
Cj  (S-f-S'+fcc.)  If  three  roots  a,  S,  y,  be  equaJ,  the  series 
Cj  (y+  y^-\-  !tc.)  must,  in  like  mj^nncr,  be  replaced,  either 

br 

orbj  C,(1.8.»  +  2.3  .••+&(:. 

TiK  consuau  C„  Ca,  &c-  are  eaaily  determined  by  dw 

^^VC,  •  +  C,  l! -)■  C,  7  +  «cc.  =  u,  ^ 
^K'c,.'+C.B-+C,,-+8iC,=  .J   .(rj   ■   -■ 

ir 

•r  In  the  case  of  equal  roots,  by  the  equations 

{Cx+C,.l)«+C,  y+  &c.  =  «,,&c. 

392.  The  sum  of  any  recurring  series  may  be  obtained 
either  by  summing  the  geometric  or  other  scries,  of  which 
it  is  composed,  or  by  the  following  process.  If  in  the 
equation  of  the  series  (a)  (390),  wc  put  h,  + ,  _ ,+  iiw^  +  «_  j 
forv,^.,  it  becomes 

0=A»,,+  ._,+  (l +<,)«,  +  ,_:  +  *«,  +  ,_,+ ...itf;. 

In  this  again,  writing  u.^^.,— t-f~  ^"i-t-*— s  ^^^  '^  ^1^3^ 
»,  +  ,_„  in  the  second  term,  we  get 

o=A«,  +  ._,+(I+u)Atf,  +  ._,+(l+fl+i)»,+  ._,+.,.iw. 

and  so  on,  to 

o=  A«,+  ._,+  Cl+a) A«,  +  , _,+  ...  (l-Hi+A  +  ...»4», 
+  (l+fl+...y+*J»'„    ' 

and  integrating,  we  find,  after  writing  i  +  1  for  *, 


I 


i+.+i.+  ...i 


i+C. 


w 


T^ 
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which  gives  for  the  sum  of  the  first  t  terms,  (or  Su^  4. ,  — SaJ 

_  («.->..-tf.)+(i+°M'^.  +  -^i-".-i)  +  8tc. 
l  +  a  +  i+...k 

393.  It  is  proper  to  remark,  that,  although  the  roots 
of  the  equation  «"+aw*~'+. ..i=o  be  not  obtainable  by  anj 
known  method,  stiil  both  the  general  term,  and  the  5um  of 
the  recurring  series  may  be  completely  exhibited  in  an  alge- 
braic formula,  free  from  radicals,  and  involving  only  r,  a, 
it  ...  ki  for  since  the  equations  (c)  (391^  for  determining' 
Ci»  C,,  8tc.  involve  these  quantities  so  combined  with 
a,B,  iStc.  that  if  in  any,  orallof  them,  two  of  the  latter  quan- 
tities (as  a  and  0)  be  transposed,  the  equations  remain  un- 
altered, provided  Cj  and  <.';  be  transposed  in  the  sanieway: 
if  therefore  C,  be  obtained  from  these  equations  in  func- 
tions of  o,  e,  7,  &c,  in  the  form 

it  will  follow,  that  we  shall  have 

C=/(|9.a.y,8tc.) 
C,=/Cy,fl,»,  &c.),  &c. 

Again,  since  the  Interchange  of  C^  for  C^,  and  S  for  1, 
makes  no  alteration  in  the  value  of  L\,  we  must  also  Iiave 

C,^/(a,,,l!,  &.C,) 
and  in  like  manner 

C,=/(.,fi,J,y,&c.) 
and  so  on,  which  can  only  take  place  on  the  supposi^on 
tliat/'(«,  g,  y,  &c.)  is  symmetrical  with  respect  to  all  the 
roots,  except  a.  Hence  it  is  evident,  that  C, .  •',  or 
«'  ._/"(*,  S,  1,  i,  ... )  must  involve  a  in  the  same  manner 
diat  Cj,  .  0*  or  3"  ./{0,  a,  y,  t,  ■■■ )  involves  |S,  and  80  on( 
and  therefore 

C, .  n'+  C,  .  &•+  iic.  or  u,, 
must  be  a  symmetrical  algebraic  function  of  the  root*  «, 


m 


J 
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0,  kc,  ahd  is  therefore  capable  of  expression,  in  finite  ra- 
tional functions  of  the  coefficients  ;•  whence  it  also  follows, 
that  5,  ( as  we  have  exhibited  its  value  in  the  last  article), 
is  likewise  capable  of  being  so  expressed.  The  resolution  of 
the  above  equation,  or  the  actual  determination  of  the 
several  geometric  series  of  which  a  recurring  series  is  com- 
posed, is  therefore  neither  necessary  for  its  summation  (in 
the  usual  sense  of  the  wordj,  nor  for  the  investigation  of  its 
general  term. 

In  the  case  of  equal  roots,  the  symmetry  above-men- 
tioned takes  place  only  among  the  unequal  roots,  and  the 
constants  connected  with  them.  The  foregoing  reasoning 
therefore  extends  only  to  these  roots  and  constants ;  but  as 
the  equal  roots  of  an  Equation  may  always  be  determined, 
anct  the  equation  depressed  to  one  which  shall  contain 
only  the  unequal  ones,  any  symmetrical  function  of  these 
latter  may  be  determined,  without  knowing  their  separate 
values.  Now,  suppose  a  and  S  the  two  equal  roots ;  then 
by  transposing  the  terms  afi'ected  with  «,  in  the  equations 
^^91),  we  get 
HL      Cir-f-C«  J+&C.  =  11,-  (C1-C3.I). 

and  so  on,  to  which  the  preceding  reasoning  applies  ( » 
being  considered  as  a  known  quantity),  and  by  which  it 
appears,  that 

(f, .  -'-I-C,  X  .  «-:)  +  C,  /  -H  C*  i'  -I-  &c.  =  «„ 
is  a  symmetrical  function  of  y,  3,  &c.  the  unequal  roots. 

394,  The  consideration  of  generating  functions  is  well 
adapted  to  exhibit  the  theory  of  recurring  series  in  a  clear 
light.  Let  us  suppose  ip.  ( Ij  to  be  the  generating  function 
of  »,,  so  that 


4 


4 


m 


539  DIFFERENCES    AND    SERIEa. 

?>.  (/)  =  «,  ^+W|if*+  ...  U,f. 
Then  will  the  generating  functioR  of 

«,  +  ,+««,+  ■_,+    ...ku,  .y 


w 


p.(/). 


,-^.+...M-oo- 


»-w=~. 


i+fl(  +  ...ii* 


NoWf  since  we  consider  only  positire  values  of  x  greater 
than  zero,  tliis  may  be  supposed  equal  to  any  function  of 
the  form 

l\A,  +  Bi'+...Ki'\ 

where  At  B,  ...  JC  are  arbitrary,  for  the  coefficients  of  ;" 
in  this  is  evidently  zero.     Consequently 


but  since  9.  ( r )  =  tf,  +  u,  ^*  -f  &c.  this  must  contain  onlf 
positive  powers  of  /  greater  than  zero,  and  therefore 
i  —  n=Q,  ori  =  n,  and 


M,  is  therefore  the  coefficient  of  /'  in  the  developement  of 
this  fraction.  Now  (lol),  this  may  always  be  resolved  into 
n  fractions, 


C,t  C,t  C^i 

a,  8,  •••  r*  being  the  n  unequal  roots  of  the  equation 
«"+««—'-).  ...k=o; 

and  each  of  these  fractions  being  developed  in  power*  of '■ 
we  find>  for  the  coefEcient  of  l\  or  the  value  of  it,, 


-'+  Cg .  er+ ...  C, . 


9  before. 
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395.     We  will  take  one  example  of  the  summation  of 
a  recurring  series.     Let  us  suppose 

the  equation  of  this  series  is 

Now,  the  roots  of  the  equation  m^— 5  fl«  +  6a*s:o, 
are  2  a  and  3  a  ;  whence 

«.  =  c, .  (2  .,}'+<:,.  (Soy } 

and  bjr  taking 

^Ci .  2  fl-f  Cg  .  3  a  =  a       1 
C,=  -l,  andCj=l,  whence  h,=C3'— 2')«'forthe 
general  term.     Again,  throwing  the  equation  of  the  series 
into  the  form 

Zi  w,  +  i+(l-5o)  A*,+  (l-5fl+6fl')«,=o, 
if  we  write  i+l  for  X,  and  integrate,  we  obtain 

•',+■+(1 -5  fl)  «,+ 1+ (1 -a  fl+6<i'')  l«.  +  ,=o; 
whence  it  is  easy  to  see,  that 

which,  by  reduction,  appears  to  be  precisely  what  would 
result  from  the  immeiliate  integrationof  (S'"*"'— S*"*"')^"*"'. 


On  the  Connexion  between  the  Differential  Cal- 
culus and  that  of  Differences. 

S9G.  The  Differentia!  Calculus,  and  that  of  Di0er- 
tnees,  although  forming  t\io  distinct  branches  of  analy- 
tical  investigation,  have  still  a  very  near  relation  to  each 
other ;  and  when  the  former  it  considered  in  the  light  m 
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which  Leibnitz  presenred  it,  or  as  depending  on  the  tbeoiy 
of  limits,  it  becomes  a  particular  case  of  the  latter.  This 
roust  have  been  already  noticed  by  the  attentive  reader  of 
the  former  part  of  this  work ;  and,  in  confirmation  of  it, 
we  ehall  now  deduce  Taylor's  theorem  from  the  equation 


,  =  «,+  ^A«,  +  - 


-» 


i*tf,+  8ic. 


To  this  end,  suppose  u,-=.fih  x)  =  u,  of,  writing  /  for 
hx,  u,  =/(t).  Also,  let  «,  +  ,=/(!  A  +  iiA)=/(/+i),  01 
■nli  =  i.  TTie  above  equation  may  then  be  written  H 
follows : 


/(f+t]=/(.ti  +  ~ 


Now,  the  successive  values  of y((),  or «,,   u,+ttiu. 
maybe  considered  as  fornning  a  series, 

fit),  fj+h),  /(l+2h),...f{l+t\ 
the  number  of  whose  terms  is  n+l ;  and  it  is  evident,  that 
by  increasing  this  number,  and  proportionably  diminishing 
A,  the  quantity  by  which  /  increases  at  every  step,  the  iniet- 
mediate  terms  will  approach  nearer  and  nearer  to  each 
Other  in  magnitude,  and  their  differences,  or  aJ'{I\ 
Af{t+A  1  &c.  will  continually  approach  to  zero  as  iheir 
limit ;  and  for  the  same  reason  the  differences  of  tliese,  or 
£i^f[t)t  8cc.  and  so  on,  will  likewise  approach  to  zero  al 

their  limit.     Hence,  if  we  consider  the  limits  onJy ^    , 

oj.6tt*Lz/^^  „iH  be  expressed  by  ^Z^,  (5;  and  in  like  J 
.^nner,  ^,  or  '  f  ^^^-  ^}  h„^  ' 
for  its  limit,  and  so  on.     Again,  the  factors  I ,1  —-, 
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Jtc.  have  unity  for  their  limit ;  so  that  the  limit  of  the 
above  equation  relative  to  the  increase  of  ri,  and  conse- 
quent diminution  of  A  or  ^  ,   is 


1        dt  1.2        ^j* 

Having  once  arrived  at  Taylor's  theorem,  the  analyti- 
cal theory  of  the  DifFereniial  Calculus  no  longer  presents 
any  difficulty,  and  accordingly  we  may  perceive  by  this 
process  in  what  manner  this  calculus  results  from  that  of 
differences. 

The  general  relations  above  investigated  between  func- 
tions and  their  differences,  when  we  take  the  limits,  will 
furnish,  as  is  evident,  analogous  equations  in  the  Differen- 
tial Calculus.  For  example,  if  we  set  out  from  the  equa* 
tion 

A"  («,.(/,.  &c.)  =  {  ()  + A)0  +  <i')  &c.- 1 }"«,(/, ... 
In  talcing  the  limits,  we  have  only  to  consider  «„  //„  &C. 
as  functions  of  A  jr  or  /,  x  being  supposed  to  vary  by  suc- 
cessive units,  and  to  be  increased  in  proportion  as  /(  dimi- 
olshes,  so  that  h  x  ot  t  shall  remain   finite.     Thus,  the 

limit  of —^T —will  be -,   ot  (if    for  «., 

A'  at' 

t/,t  &.C.  we  write  u,  u,  &.c.  and  regard  these  as  functions 

and  if  this  be  developed,  every  term  except 

will  have  the  sum  of  tlte  exponents  of  A,  A',  &c.  in  the 


k 
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numerator  higher  than  that  cf  h  in  the  denominator ;  atul 
consequently  approach  to  zero,   as  its  timit ;    also,    if  t/at 

£iincdon  be  developed,  any  term,  a8(^•J-^  .  ('t-)    ■   &c, 

»«■!«.  will  h.ve  '"•f,;^;/^"''*'-  for  Us  limil,   ad 

the  result  of  this  operation  wilf  therefore  coincide  with  the 
developement  of 

d?  * 

Thus  we  have  at  length 

d'(u  .  a  .  &c.)  =  (d  +  d' +  &€.)" 6 «'  &c. 
where,   in   the  developement  of  the  second  member,  the 
accents  affixed  to  the  d'%   point  out  their  application,  m 
already  explained  in  respect  to  the  symbol  a*  (35*). 
Let  us  again  consider  the  equation  of  1366), 

relative  to  two  variables.  If  we  here  make  jA=i,  jria/, 
and  suppose  «.,,=/(/,  /*)  we  shall  have  (considering  only 
the  limits) 

J  h  dt    J  ^-   ' 

*    Equulions  of  this  kind,   elegant  in  their  form,  and  ex< 
tremely  convenient  in  iheir  application,  arfe  well  adapted  to  let    ' 
the  advantage  of  Leibnitz's  notation  in  a  conspicuous  light.    It 
would  be  nest  to  impracticable,  without  circumlocution,  to  ei> 
press  this   result   in   the  fluxional  notation.     A  correspoadiaj  ■ 
remark  applies  to  the  eijualion  | 

A«(u,  «;...  &c.)=  {  Cl  +  AKl  +  A'J-&c.-l}1«,«',,&e.     \ 
to  the  expression  of  which  ihe  English  notation  of  iocremenlt, 
as  delivered  by  Emerson  and  others,  is  equally  inadequate,    ll 
is,  in  fact,  in  every  respect  the  most  inconvenient  and  obKure 
system  which  could  well  bare  been  proposed. 


J 


DIFFERENCES  AND   SERIES.  543 

Again,  the  limits  of      "''  '"*"',  and  of 1*'^*  ^'*  '*» 

of 

which,  when  k  and  k  are  diminished  ad  infinitumt  approach 

it^  and    ^f^*'''^        ^ 
dt  d  i  dt  ' 

33  their  limits,  which  are  also  the  respective  limits  of 

The  equation  therefore  becomes 

fit, '')   , 
dt       ^ 

er,  multiply tng  by  </ f,  and  writing  w  for/ (/,  r')>^ 

997.  If  we  regard  u,  as  a  function  of  a  +  *  J,  since 
£iffl-\^h  I)  =  b,  this  will  be  the  same  as  to  suppose  it  a 
function  of  another  variable  /,  whose  difference  is  b,  and 
wluch  is  itself  dependent  on  i,  by  the  equation  a  +  ij:  =  /. 
In  the  same  manner,  if  we  suppose  f{x)  —  t,  we  get 
ar=/(r  +  I)  -/(j);  eliminating  J- between  these,  an 
equation  will  result  between  I  and  £i  t,  and  «,  will  become 
a  function  of  a  variable  I,  between  which  and  its  diffi.Tence 
a  certain  relation  is  established.  It  is,  however,  In  all 
cases  unnecessary  to  introduce  this  consideration,  it  being 
far  simpler  to  regard  the  independent  variable,  as  having  its 
difference  essentially  unity,  and  Ln  the  light  we  have  consi- 
dered the  calculus  of  differences,  no  other  hypothesis  respect- 
ing its  value  can,  in  strictness,  be  adir.ltted.  Whenever, 
dierefore,  temporary  reasons  render  it  convenient  to  assign 
soy  other  value  to  it,  its  dependence  on  some  other  variable 
X,  vhose  difference  is  unity,  ought  never  to  be  left  out  of 
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Oh  the  Determination  o/"  Functions  from  given 
Conditions. 

398.  We  have  already  seen  (320),  that  the  arbitrary 
functions  which  enter  into  the  integrals  of  partial  ditFeren- 
tial  equations,  must  be  determined  so  as  to  satisfy  certain 
assigned  relations  between  the  functions,  and  the  rariablet 
they  involve,  and  two  simple  instances  of  this  determina- 
tion have  been  given.  We  propose  here  to  consider  the 
subject  in  a  rather  more  general  point  of  view,  and  explain 
the  treatment  of  cases  where  the  function  to  be  determined 
enters  under  various  forms,  and  in  different  combinationi. 
The  integration  of  equations  of  differences  is  only  a  parti- 
cular case  of  this  kind;  the  equation  «,  +  i-2  «„  « 
f  (r-J-D— 29  U)  =  o  denoting  only  that  such  a  funcdoa 
of  X  is  recjuired,  that  when  x  +  1  is  substituted  for  x,  the 
result  shai!  be  twice  the  original  function.  .  Suppose^  in- 
stead of  x+\  we  had  some  other  function  of  ,r,  asu-f-jr, 
and  OUT  equation  would  be 

p(a  +  *x)-2(>fj)  =  o, 
which  is  of  a  different  kind  from  any  we  have  treated.  The 
following  process  delivered  by  Laplace,  applies  to  every 
equation  of  the  form 

9  \.U)\-^A(.x).9{x)-^B{x)  =  o» 
when  a  W,  j4  {x\   B  (x)  denote  functions  of  x^  and  #(*) 
the  function  to  be  found.     Suppose  r  a  certain  function  m 
X,  and  V,  a  function  of  z,  of  a  cenain  form,  to  be  deter- 
mined, and  let  the  conditions  be 

or  that  when  x  is  changed  to  «  f.r),  i  shall  change  to  r-J-Ii 
which  if  z  were  an  integer,  would  come  to  the  same  as 
supposing  X  to  be  the  :th  term  of  a  series  of  functions 
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These  equations  give 

I  «,  +  !  =  «(«,)> 

which^  since  the  form  of  the  function  a  is  known,  is  an 
equation  of  differences  of  the  first  orders  the  independent 
TariaUe  being  z.  Let  this  be  integrated,  and  the  ff^rm  of 
the  function  u^  becomes  thereby  known.  Hence,  in  the 
equation  u^zz  j,  the  manner  in  which  z  enters  being  known, 
X  may  be  determined  in  functions  of  x.  Let  now  u,  be 
written  for  x  in  the  given  equation,  and  it  becomes  ( re-^ 
phicing  «  (x)  by  («,  +  o 

*    »(«.  +  i)  +  ^(«.).^(w.)+B(«,)=o.         (a) 

It  is  evident,  that  ^(fit+i)  !s  the  same  function  of  z+\, 
that  ^  (Mr)  is  of  z.  If  then  we  suppose  for  an  instant 
f(tf,)=v,,  wehave  9(«,^.i)=t;,  +  i,  and 

v,^i+A  (i/,)  .  !;,  +  -»(«,) =05 

and  since  A  (u,)  and  B  (»,)  are  known  functions  of  z,  this 
is  also  an  equation  of  differences  of  the  first  order  for  the 
determination  of  Vg.  Let  its  integral  be  found,  and  it  will 
be  of  the  form  ^ 

v,=iJ'(z,  C). 

Now,  if  from  the  equation  «,  =  x,  the  value  of  z  be. de- 
duced as  above,  arid  the  result  substituted  for  z  in  this 
integral,  the  second  member  will  become  a  known  func-' 
tion  of  X  ;  but  v.  =  (p  («,)  =  9  (*) ;  a^d  thus  at  length  the  • 
form  of  0  (x)  becomes  known. 

The  constant  C  introduced  by  the  integration  of  (a), 
may,  as  we  have  before  remarked,  be  an  arbitrary 
function  of  cosgxz,  or  =;^  (cos  2ir  «);  thus  our  equa- 
rion  for  v,  becomes 

9  (x)  =  v,=-F'  (z,  X  (cos  2  T  z  ), 

in  which,  if  the  value  of  z  in  terms  of  x  be  substituted, 

•       3  z 
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we  obtain,  by  assigning  the  form  of  the  function  x  in  any  "^T 
w"  "lease,  an  indefinite  variety  of  forms  of  the  function 
re        ed. 

f!  in  egral  of  the  equation  a,  + ,  =  a  («,)  also  involves 
f  constant,  which  may  in  like  manner  be  le- 

tm  arbitrary  function  of  cos  S  »  : ;  but  this  for 
art  leads  to  transcendental  equxtions  of  Tcry 
lexity. 
example.  let  us  take  the  above  equation, 


f(fl  +  ffX)—x      [:r)  =  o. 
King  here  a  +  6  r  =  u,  + , ,     r  =  u,,  we  get 


-f^='-       * 


«  being  an  arbitrary  constant. 

The  proposed  equation  now  becomes 

f(H,+  i)-ap{«,)=o,  ort»,+  ,-2w,  =  o, 
if  f  («,)  be  made  equal  to  v, :  consequently,  iategnting, 

x(cos2«z)  being  an  arbitrary  function  of  cmS  «f- 
in  this,  for  z  write  its  value,  deduced  from  the  eqtutioa 
it),  and  we  6nd  the  general  ezpres»on  for  f  (,x),  which,  in 
the  simpteit  case,  when  c=  1,  and  ;((co>  8k2)=1|  will 
appear  to  be 

♦  («)«  Jx^.^|i^*. 

S99*    The  same  artifice  applies  to  the  man  general 
equation 

o  =  i^|*,»{.(x)),»(e(x))j, 

which  it  must  be  remarlEed  is  reducible  to  the  moK  siippk 
font) 
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by  the  substitution  of  t  for  a  (z),  or  by  substituting  for  i 
the  inverse  Junction  of  *  (.1 ),  by  tthich  is  understood  that   ' 
function   which    written  instead  of  x  in  the  expression  of  \ 
«  {x)  produces  j,  aa  the  final  result,     Thus,   if  we  substi-  . 

tute    ~ — —  itisiead  of  *  in  the  expression  ■"  ■    -,   the  re- 

suit  is  *,  and  the  former  is  therefore  the  inverse  function 
of  the  latter.  In  like  manner  ^  and  iog  x  are  inverse  func- 
tions of  each  other,  since  log  (e')  =  x. 

The  artifice  so  ingeniously  employed  by  Laplace  in  the 
case  of  the  above  equation,  is  however  inapplicable,  when 
the  function  to  be  determined  enters  under  more  than  two 
forms,  as  in  the  equation 

Pt  X,  E,  being  the  characteristics  of  known  functions  ;  the 
reason  of  which  is  evident.    If  we  suppose 

we  are  not  at  liberty  to  suppose  g(a)  =  «, _n,,  orn,_i,Scc. 
(without  which  the  resulting  equation  cannot  be  treated  as 
one  of  dilferences) ,  for  such  a  supposition  would  give 

i8  (*)=«.  +  «=»<".  +  .)  =  -«(«.)="  Cr), 
and  thus  establish  a  relation  between  the  functions  a  (tV 
and  Six),  which  may  not  hold  good.  If,  however,  it  should 
I     BO  liappen,  as  for  example,  in  the  equations 

the  process  may  be  applied,  whatever  number  of  terms  of 
this  kind  the  equation  may  contain.  The  discovery  of  a 
direct  method  of  treating  equations  of  this  kind  in  geinrat 
is,  however,  still  a  desideratum. 
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^^H  400.     The  necessity  of  suppoBing  the  constants  intro* 

^^^B  duced  bj'  tlic  integration  of  the  equations  of  differences, 

^^B  at  which  ive  arrive,  to  be  arbitrary  functions  of  cos  2  ti, 

^^H  IS  here   evident,  as  2  is  in  no  part  of  the  process  supposed 

^^^*  to  be  an  integet  number,    but  merely  to  increase  or  de- 

\  crease  by  units.     Geometric.il  considerations  wi!I  still  fir- 

Frc,  ther  ducidnte  this  point*     If  on  the  line  A RiSig-  561 , 

I  ^^-  drawn  parallel  to  the  axis  of  the  abscissa  0  -V,  at  aiiy  dis- 

»|^  tance  from  it,  and  divided  into  parts  -^A',  4'- A  A'^'t  Stc 

^^H  equal  to  each  other,  aTid  to  unity,  we  construct  curves 


N 


AB,  A'B;  A"jr,  A'-  S,  AC,  A'C,  .re,  A'T.  AD, 
jVJy,  A"D",  A"'U,  &c.  consisting,  between  these  poiiiu, 
A,  A',  A',  &C,  through  which  they  pass,  of  equal  and  simi- 
lar parts,  these  curves  «iU  satisfy  the  equation  Ji  ^  =  0. 
This  is  evident  at  once  for  the  points  A,  A\  A"  jt",9^C. 
and  it  is  also  plain,  that  if  we  n]i.c  AP=x,  Al^^x+X, 
the  arcs  .^Land  A L\  AM  and  A' M\  AN  and  ^A'' 
being  equal  and  similar,  the  ordinates  LP  and  L'P",  MP 
and  M'F,  NF  and  ^^P',  &c.  will  be  also  respectively 
equal,  and  we  have  consequently  for  each  curve  i  jf  =  o. 

Since  the  continuity  of  (he  resulting  curves  does  not 
follow  as  a  necessary  consefjUence  from  the  equation 
A  t/=:o,  the  curves  AS,  AT,  All,  &c.  are  riot  subject  to 
this  law.  The  polygon  EF  EF  E'F'  Fr\..V,  consist- 
ing  of  similar  parts  liFl-J,  EFE',  Sec.  in  like,  mannet 
gives  Ay  =  o,  at  intervals  denoied  by  unity:  the  Sime 
would  be  true  for  a  series  of  eijual  and  similar  arcs  of  any 
curve  whatcv  r  put  topethcr  Jiscontinuously,  as  in  the  case 
of  the  arcs  GH,  GH\  G'H",  Sec. 

It  is  evident,  that'the  equation 

*  The  rest  of  thja  artfcle  is  translated  from    the    Fread) 

etlili'iii,  wiih  slight  modi  lie  at  10  us,  aulLcd  tu  the  light  iH  whidk 
w«  have  f^iisidered  ifie  siibj<icL 
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^sf  (cos  2*j[) 
gives  rise  to  lines  which  satisfy  the  above  condition. 

The  determination  of  the  arbitrary  functions  whtQB  I 
enter  into  the  integrals  of  equations  of  differences,  canntn  I 
be  accomplished  by  making  these  integrals  coincide  with  »  J 
limited  number  of  ^iven  values  i  for  it  is  evident,  that  every  j 
arbitrary  function  comprehends  implicitlj'  an  intinite  num-  | 
her  of  arbitrary  values.     Suppose,  for  instance^ 

«,  =  JT, .  p  Ccos  2  «■  j) , 

from  which  a  certain  number  of  values,  a,  a,  a",  &c.  of  «,  J 
are  to  result.     If  these  are  to  correspimd  to 

j=o,     jnl,     x  =  2,  ttc. 

the  first  only  of  the  conditions  can  be  generally  satisfied;  j 
since,  having  assigned  to  p(  cos  B  r  *)  an  initial  determinate'  ( 
value,  such  that  Wo  =  ")  '''^  same  vali|e  will  occur  agaui 
for  the  indices  J*  =  1,  x=^&,  &c.  from  vhich  it  follows 
that  the  values  of  u, ,  corresponding  to  these  indices,  xre 
also  determined  :  a',  a",  &c.  must  therefore  neceasarily 
correspond  to  intermediate  indices.  If,  however,  instead 
of  assigning  a  limited  number  of  insulated  values,  inde- 
pendent of  each  other,  we  suppose  that  u,  in  the  in- 
terval comprised  between  j  =o  and  J  =  1,  shall  give  al- 
ways tlie  same  values  as  a  certain  given  equation  m,=/'(x), 
the  question  becomes  determinate.  In  fact,  if  we  would 
determine  the  value  of  u,  ,  corresponding  to  an  index  equal 
to  a  number  m,  plus  a  fraction  it,  Hliether  commcnsurible 
or  not,  the  value  of  u,  must  first  be  found  by  ihe  equation 
u,  =/W,  and  the  result,  u,:zf[v\  compared  with 

u„  =  Xm  .  ^  (COS  2  7  n) 

^ives  the  value  which^  [  cos  S  ir  n)  n 
and  which  is  the  same  with  ^  f  cos  S 
lue  of  0.4..  then  becomes 


a  in  this  case, 
())■    Theva- 


w 
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«,  +  ,,  =:^«  +  ■  ■  ?  (COS  2 

and  is  entirely  determined.  The  on]y  condition  to  which 
the  equation  u,=ff,x)  is  subject,  is,  that  the  same  values  of 
«e  and  ttj  must  result  from  it  as  from  the  equation 

u,  =  X, .  ^  (cos  2  ■  i). 
The  geometrical  construction  of  equations  of  differencet 
accords  perfectly  with  this  tlieory.  Suppose  :l«,  =  F(T,tfJ 
any  equation  of  this  kind  of  the  first  order.  After  assum- 
ing, or  determining,  by  the  conditions  of  the  problem,  the 
first  point  B  (fig-  57)  of  the  curve  required,  since  the  pro- 
posed equation  affords  no  informatioxi  respecting  the  points 
corresponding;  to  the  portion  of  the  abscissa  AA  =  1  ;  but 
only  gives  the  ordinate  J'B'  -  u„  we  are  at  liberty  to  draw 
through  BB'  a  portion  of  any  curve  whatever,  Tliis  being 
done,  to  obtain  the  portion  corresponding  to  the  abscissa 
jfA",  we  lake  any  point  f  in  it,  and  in  the  direction  P'A 
set  off  P'P  equal  to  AA'=\,  and  erecting  the  ordinate 
PM,  draw  A/D' paraliel  to  PP'i  then,  having  deduced 
from  the  equation  AM,=-Fti,  u,>  the  value  of  iw,  for  the 
abscissa  AP,  this  will  give  the  line  DM',  which,  added  - 
to  Piy  =  PM,  will  determine  the  point  M' .  In  the  same 
manner  must  all  the  points  of  the  arc  £'±>"  be  found,  and 
this  arc  employed  in  its  turn,  like  the  arc  \>S  will  gi»e 
those  of  the  third  arc  B'  /!"',  and  so  on-  It  is  evident,  that 
by  the  same  process  we  may  continue  the  curve  backwardi 
from  At  and  it  will  still  satisfy  the  proposed  equation, 
since  the  values  of  the  diiferences  A«,  =  GM  will  have 
been  deduced  from  this  equation.  The  reader  is  left  to 
apply  similar  considerations  to  equations  of  the  second,  and 
higher  orders. 
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On  interpolations. 

401.  One  of  the  principal  uses  of  the  Calcuhis  of  Dif- 
ferences consists  in  the  Inlerpolatlon  of  Strut,  or  the  inser- 
tion of  terms  intermediate  between  those  of  a  given  serieSt  | 
which  shall  be  subject  to  the  same  law  as  the  rest.  For  I 
t1u3  purpose,  the  terms  of  this  series  must  be  considered  as  J 
particular  values  of  the  function  which  eipresses  its  genef  J 
nl  term,  corresponding  to  a  given  regular  succession  (U  I 
indices.  When  this  general  term  is  given,  we  may  deduce  I 
from  it  as  many  particular  values  as  we  please ;  but  when  I 
this  is  not  the  case,  as  for  instance,  when  only  a  limited  | 
number  of  the  first  tsrms  is  given,  it  is  the  business  of  in-  I 
terpolation  to  discover  that  general  term,  or  at  least  to  I 
assign  some  function  of  the  index  which  shall  represent  J 
th«  proposed  series  oF  values.  1 

The  problem  in  this  state  is  plainly  indeterminate,  as  ia  J 
fact  it  requires  us  to  derive  the  analytical  expression  of  a    ' 
fanctton  from  a  limited  number  of  its  numerical  values, 
and  therefore  admits  of  an  infinite  variety  of  answers.     It 
comes  to  the  same,   as  forming  the  equation  of  a  curve 
which  shall  pass  through  a  limited  number  of  points,  whose 
abscissa:  represent  the  values  of  the  independent  variable, 
and  the  ordinates  tliose  of  the  function,  and  whatever  num- 
ber of  such  points  we  assign,  must  be  insufficient  to  deter- 
mine the  curve,  unless  its  species  were  given.     When, 
however,  (as  is  almost  always  the  case  in  practice),  we  pro. 
poae  to  interpolate  a  series  within  very  narrow  limits,  wr| 
may  conceive  the  expression  of  its  general  term  developed! 
in  a  series  of  positive  powers  of  its  index  \ot  of  that  indej  I 
]>lui  some  constant  quantity,  and  neglect  all  the  powers'! 
beyond  a  certain  limit  j    and  by  this  means  the  functiofltJ 
■which  in  that  case   is  a   rational  integral  one,   becomes 
known. 


^m 
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402.     Suppose  then,  that  the  given  values 


> 


of  a  certain  unknown  funclion  u,  are  found  to  correspond 
to  the  gi»en  values 

of  3  certain  function  z, ,  whose  form  in  either  given  or  not} 
it  is  required  to  assign  the  value  of  u, ,  which  shill  cor- 
respond to  any  proposed  value  i,  of  the  latter  func- 
tion, in  which  j  lies  either  between  the  limits  o,  «—  I,  or 
not  far  beyond  them  on  cither  side,  and  varies  but  little. 

Since  the  function  is  supposed  to  vary  continuously 
(which  i»-  essential  to  interpolation),  there  must  be  some 
one  of  the  given  values  of  -„  as  :,,  for  instance,  which 
differs  but  litile  from  ;,,  so  that  s,  - 1,  is  em.ill,  and  its 
powers  after  the  ( n  —  I)th  may  be  neglected.  Now,  since 
u,  is  an  implicit  function  of  z,,  and  therefore  of  z.  —  z^,  it 
may  be  expressed  in  a  series 

<^+S  {Z.- z,) -^  ...,.(:,- =,)■■-■+  &c. 
which,  if  we  stop  at  the  nth  term,   and  then  develops 
each  term  in  powers  of  z^,  takes  the  form 

u,=A-\-Bi.+  CV  +  —  M. ;,■-!, 
jit  B,  C,  &c.  being  certain  functions  of  z, .  Thuj  it  ap- 
pears, that  provided  j  vary  but  little,  SO  that  2,  —  r,- 
shall  remain  small,  it  is  permitted  to  assign  such  a  form 
to  H,  as  the  above  ( the  coefficients  A,  B,  &c.  being  con- 
stant, though  at  present  unknown )  although  2,  should 
happen  not  to  be  of  small  magnitude. 

To  determine  these  coefficients  we  have  only  to  male 
the  above  expression  of  u,  coincide  with  the  it  given  va- 
lues it  assumes,  when  1  =0,  I,  2, ,../!  — 1,  »h)ch  gives  n 
equations  for  that  purpose  fw^ich  is  the  reason  why  we 
Stopped  at  tlie  («—  l)th  power  of  i,— J,:  had  we  stop- 
ped sooner,  we  should  have  a  condition  too  much  ;  if  later, 
too  little).    Thus, 
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«— 1 


If  we  subtract  successively  the  first  of  these  equations 
from  the  Sjecond*  this  fronx  the  third,  and  so  on.  anddi^ 
Tide  the  results  oy  Zx—ZQ^'z^  —  Zif  Sec.  we  shall  find^  Qput- 
ting  for  the"  sake  of  brevity 

Z^^—  2q  Zh  —  Zi  ^3  ""  ^2 

I7i  =  B+C  («i  +  ^2).+  D  (Zi*  +  Zi  a.  +  V)  +  &c. 

Again,  subtracting  Uq  from  Z/j,  LT^  from  U^  >  and  so  on, 
and  denoting  the  quantities   -^^ — -  ,   —= -* ,    &c.     by 

Zg  —  Z^  23  — Zl 

Uoi  I//,  Sgc.  ,  we  find 

C7o'=C  +  i3(«2  +  «i  +  2o)  +  &c. 

t7/=C  +  JD(z3  +  z2  +  Zi)  +  &c. 
&c. 
whence  we  derive 

ill— ii2  =  D  +  &c. = l7o">  &c. 

Z5  —  Zo 

jNfow,  if  for  the  sake  of  keeping  our  ideas  distinct^  we 
suppose  only  four  terms  in  the  expression  for  u, }  the  'bpe- 
ration  will  terminate  here,  and  we  shall  have  the  following 
Talues  of  Af  B,  C,  D, 

4a 
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103. 


for« 


If  we  substiTute  these  values  i 


the  expression 


J 


+  U^'{z'.~Z*.  f Z-  +  *,  +  lo")  +  '.(Ze  «i  +  Zi  Zo  + 1^1  2o>  -  2e  ^1  ^1 
It  is  easy  to  see  that  the  coefficients  of  Ufa   Uiat  ^-  ^^ 
decomposable  into  simple  factors,  and  that  u,  mnj  be  wnt-    ' 
ten  ag  follows ; 

tf, = H„  +  U;, .  (j,  -  3,,)  +  Uo' (2,  -  Zo)  Ci,  -  z.)  + 

If  we  pursue  this  process  farther,  we  still  obtain  a  formula 
analogous  to  the  preceding ;  so  that  in  general, 

+  CT-p"  (r.  -  :J  (z,  -  Zj)  Cj,  -  =;)  +  &C. 
where  we  suppose 


formula 


i/.=  - 


17,  = 


,kc. 


U,-U, 


v;, 


u,-u, 


&c. 


40*.  We  hare  thus  obtained  two  expmsions  for  v,, 
or  rather  the  same  in  two. different  forms;. but  it  is  yet 
susceptible  of  another  very  elegant  form,  due  to  Lagrange, 
and  which  has  the  peculiar  advantage  of  being  well  adapted 
.  to  logarithmic  computation.  If  in  the  expression  for  [/,' 
we  write  the  values  of  U^  and  Ug,  we  find 

j-,,_Ut(.Zt-Zo)  -Mi(gg— Zo)+Wo(Za-ri) 
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which  is.  of  the  form 

in  like  manner,  {/^  U^^  8cc.  are  found  to  be  of  the  form 

Again^  if  these  results  be  written  in  the  expression  for  Uqj 
it  will  take  the  form 

a  «o+ff  i/i+y  1/2+B  tf3> 

• 

and  so  on,  a,  0,  y^  B,  &c.  being  certain  coefficients  inde- 
pendent on  UQf  Uiy  Sec.  and  consisting  of  various  combina- 
tions of  Zqj  Zi,  Sec.  If  now  these  values  be  written  for 
^01  ^09  ^'  ^^  ^^  expression  for  u, ,  it  ^^11  tidce  the 
form  / 

where  a,  b,  Cf  ...  i  are  coefficients  dependent  on  Zo,  2:1 ... 
z»— 1,  «,.  These  may  easily  be  determined  in  any  parti- 
cular case,  by  pursuing  the  above  process  of  substitution ; 
but  their  values  may  be  seen  as  it  were  by  inspection,  if  we 
recollect,  that  when  x=o  (or  Zj,==  Zq)  u^  becomes  Hq,  and 
therefore  in  that  case  *=:o,  r=o, ...  4=o,  and  as  1 ;  thus 
z,  —  Zo  is  a  factor  of  all  the  coefficients  but  a  j  and  in  like 
manner  z,—  z^  of  all  but  £,  and  so  on  \  thus  we  must  have 

a  =  A  X  (z,-Zi)(z,-Z2)  ...  (z^-z«-.i); 
and  making  xso, 

1  zzA (Zo- Zi)  (Zo- Z2) ...  (Zo-  z»- 1) ; 
whence 

^=- I , 

Uo  -  Z,)  (Zo -  Zj)  ...  (Zo-  Z»  -  1) 

and 

^  (2Jx ~  ^1)  (2,      Zg)  ...  {Zg  —  z„  _  1) . 

fl  — > 

(Zq— 2i)(Zo       Zo)  ...  (So""  2Jrt — i) 

in  like  manner, 

""     (Zi-Zo)(2i-2.)  ...(Z4-Z;,_j' 

&c. 


1 

i56 

i 

DIFrERENCES   AND    SERIES.                                   ! 

for  none 

of  the  coefficients  can  contain  any  poww  of  s, 

higher  th 

m  n  - 1 .     Substituting  therefore  these  values,  we 

get 

1 

_(2.~x,)(z,-z,-)...(z.-z,_,-\   ^^ 

•       {ao-«i)t«„-:<«)-tZo-2.-i).   ' 

(z,-^M=i.-z,)  ...(.,-.,_.)„ 

^(.,-.^(.,^z,)...(=.-«,        *' 

+  &C. 

each  term  of  which  m                  If  calculated  by  means  of 

logariflini 

s. 

405. 

Inthecasewhi            lifferences  of  the  tenni  :„ 

,         »!,  &c. 

are  constant,  c             +  j  A,  we  have 

0-0=^.      t',=  -^',8LC. 

■whence 

wcfind 

W=y^ 

^■-.=  r^--'-^."=i:^..'=' 

flild  consequently 


(a,-Zo)(2,-zO^ 


«,=  ^+  iiZf?  4  »,  +  ^'^-'°H'.-fU^^^.ae. 


which,  when^  +  xA  is  substituted  for  z,,  reduces  itself  to 


and  therefore  might  hare  been  immediately  derived  firom 
the  equation  so  often  metitioned, 

».  +  ■  =  »#  +  ■=  ^«#  4-  fcc."     . 

by  writing  0  for  x,  and  j;  for  »; 

406.    It  is  sometimes  necessary  to  caloriate  the  difle^^ 
ential  coefficients  of  a  function  from  sbiular  data,  that  is, 
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whtn  only  tom^  of  its  values  are  assigned.  In  this  CMe^  ^l>^ 
AUflt  harre  recswrse  to  the  equation 


ThuS)  since 


we  have 


^■=|log(I+A)f«„ 


dZf  ""  dx    '  dZs^ 


du,    ^   /dz,\-^^Au/      A^u, 
dZj, 


e)-s^--^+»'i 


dz 
and  if  x  increase  uniformly,  or  nearly  so,  — ':=:h,  and 

dx 


dz 


J='j££-*cc,| 


which  gives,  for  the  value  of  — ,  the  following  expres^ 
sion : 


1      CJ^    ___ 

h    I    1 


^'^^  +  8cc.  \ 


If  the  increase  or  decrease  of  z,  be  not  unifomn,  but  frf- 
low  any  assigned  law,  z,  will  be  a  given  function  of  x. 
Thus,  if  Zg  should  have  its  second  differences  equal, 
A*jr,=r2i,  Zx=/  +  Aar  +  ^x*;  whence  we  find 

dz. 


=  A  +  2  ^  J,  and 
^     ,     dx 

du, 1  c  ^u,   ^  J\*u, 

dZs'^  h  +  2ix    ^    1  T" 


+  &C.j 


407.  The  most  ordinary  cases  where  interpolation  is 
required,  are  those  where  the  given  differences  ^«oi  ^*^o> 
&c.  form  a  series,  the  terms  of  which  converge  to  zero, 
as  in  the  following  example,  tal^en  from  a  table  of  loga- 
rithms. Suppose  it  were  required  to  find  the  common  lo- 
garithm of  3*14159^26556  by  means  of  a  table,  containing 
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^e  logarithms  of  numbers  from  1  to  1000,  to  ten  deci- 
mals. The  logarithms  in  the  tables  must  be  regarded  as 
particular  values  of  u, ,  and  the  numbers,  as  those  of  i,; 
snd  if  we  take 

Zo=S-14,  2,  =  315,  z,  =  S16,  r3  =  .':iI7,  Zt=9-lS, 
we  shall  find  the  following  values  for  u^,  «, ,  &c.  and  their 
differences 


«- 

A«, 

A'«, 

aV 

0'49G92!)6481 
0+983 105J38 

0-4996670626 
0-50I059S622 

138 09057 

1376.5i!88 
13721796 
13678578 

-49769 
-43492 
-43218 

+  277 
+  274 

0o02427l200 

,  Now,  e,=3'14l59S65SS,  and  since  s,-/"  =  A,  A=O0l, 
2,-20=00015926536,    z,-»,  = -0-0084073464, 
z,-2g=-O-O184073464,   z.-Zj= -0-028407346*, 
which  valueSi  substituted  in  the  equation 

•~  "        1.*  1.2.*^ 

.    (i.-;„)(i,-».)l».-».)^, 
^  '  i .  4  .  3  .  *' 

+   l.i.S.ih' 

■fter  «xecutulg  the  arithmetical  operations,  gives 
i*,=0-49714987eG. 
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On  th^  Numbers  of  BernouillL 

408.    If  we  develope  the  function    in  powers  of 

t,  we  shall  obtain  a  series,  the  coefficients  of  which,  as  we 
have  already  proved,  are  the  same  with  those  o{/u,dx, 

II, ,  -— ',  &c.  in  the  general  expression  above  given  for  Zi#,. 
dx 

It  is  evident  that  this  developement  will  contain  no  odd 
powers  of  /  higher  than  the  firsts  for,  if  we  suppose 


-?~=/(0>  we  have 


and  consequently 

V 

Now,  if  /(t)  be  supposed  equal  to  a  series, 

we  have  f(-t)=p-qt+rt*'-st^+&c. 

whence,  /(t)-f{—t)=i^qt-{-2st^+&ic. 

which,  compared  with  —  ty  gives  ^r^  —  ^ ,  j"=o,  &c. ;  con* 
sequently^^(/)  may  be  expressed  in  a  series  of  the  follow- 
ing form : 

'      =l-l  +  Bi.- jB,. +&C. 


e'-l  2        '1.2  J  .  2  .  3.4 

jBj,  1?3,  -85,  &c.  being  certain  numbers  (called  the  Num^ 
hers  of  Ber^o villi),  whose  law  we  propose  to  deter- 
mine. 

If  we  take  the  differential  coefficients  of  the  function 
/(/),  we  shall  find,  that  the  supposition  ^  =  0  renders  them 
all  -| ,  so  that  the  usual  method  of  developement  is  inap- 
plicable.    An  ingenious  artifice,   due  to  Laplace  (from 
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whom  the  whole  of  this  very  instructive  process  is  taken'), 
enables  us  to  elude  ihia  diiHculty.  If  we  resolve /(/) 
into  two  fractions,  by  means  of  the  identical  equation 


and  therefore  the  coeScient  of  t"",  in  the  devclopement  of 
f  (  -\f~  (^  must  equal  that  of  the  same  power  in  the  deve- 

/ 
lopement  of     ^      ,  that  is,  to  the  same  coeScieut  in  tlie 

developement  of  — —  ,  multiplied  by  (-)    .     This  bat 

cofefficient  we  will,  for  the  present,  call  a-,,,  and  if  we 
denote  by  i( .  the  coefficient  of  t'*'mf{t\  we  diall  hare 

j^^/'ll  — A  for  its  coefficient  in  /  (-^  —JX*)',  conie. 

Queptly* 

which  gives 


but  we  have  also 
whence  we  find 


g,,. 


I  .2. ..(2 a) 
l.g.-fgJ)      ^ 


*  Mem.  de  UAcad.  1T79.  lur  I'ujage  da  calb.des  diff.  pu- 
tiellei  daoi  la  tbeorie  dei  luitea. 
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It  only  remains  now  to  determine  the  value  of  a^ ;  and 
since  the  same  difficulty  does  not  occur  in  the  differential 

coefficients  of  -^ ,  we  may  here  employ  the  method 

explained  in  (19)*    Let  u  represent  the  function-^ — --, 

and  a2M  will  equal  the  coefficient  of  /*'""^,  in  the  develope- 
ment  of  a,  or 

''"^  1.2. ..(2 1^1)  •  Jr^^'  ^^^ 

where  /=o,  or^ssl,  after  the  diffisrentiadons. 

Now,  a  few  successive  differentiations  will  convince  us 

tha^t  ±  ^^^^  must  always  be  of  the  form 

dt^'-^  ^  (1+0*'  ' 

and  the  numerator  of  the  second  number  may  be  deter- 
mined at  once,  if  we  consider  that  this  equation,  being 
identical,  if  we  multiply  both  sides  by  (l+O  the  first, 
however  developed,  can  contain  only  positive  powers  of 
^.     For  the  sake  of  brevity,  let  ^ssv^  whence  we  get 

V-  =  ^=  V,  and 
dt 

Now,  (v+l)-'=v-i-t;--*  +  t;-»-&c. 

div  +  X)--"  ^  -l.t;-i  +  2.t;-^-S,v"»  +  &c. 
dt 

and  in  general 

d^'-^(v+l)-^_ 

and  multiplying  this  by  the  series 

4.  B 


562  DIFFERENCES   AND    SERIES. 

^    I  ^  1.2  ^ 

thedevelopement  of  (1/+I)*',  all  the  negative  powcn  of 
V  must  necessarily  ilcatroy  each  other,  and  may  therefore 
be  left  out  of  consideratiou,  when  we  find  for  our  result 


1.2 


■+Stc. 


expressing  the  value  of  ii-4-4w-f...iw*'— 'i  which,  maUi^ 
«=  1,  and  consequently  (l-f-w)"=2'",  gives  us  the  value 


of 


dt* 


,  in  that  case  equal  to 


■-«^c.)H4 


The  substitution  of  this  in  the  equation  (/>)  gives  the 
value  of  a o,,  which  again  substituted  in  the  expression 
for  Bi,,_,,  at  length  affords  the  following  general  formula 
for  the  Jth  number  of  Bemouilli, 


Ss. 


-IV 


Thus  we  find,  B, : 


7,l'---(^-' 

-  &c.)-  &c.j 


■T*--) 


409-  These  numbers  are  of  the  most  extensive  utility 
in  the  theory  of  series,  and  to  notice  all  their  applications 
would  be  endless  j  we  shall  content  ourselves  with  pte- 
sentini;  a  few  of  the  most  simple. 

The  numbers  of  Bemouilli  occur  in  the  developement 
of  the  function  Ian  6 ;  for,  since  by  dividing  the  exponential 
eitpressioii  for  sin  0  by  thaf  for  cos  ^  U6*),  we  have 
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tmBss 


thfe  coefficient  of  6^"^^  will  be  equal  to  that  of  the  same 
power  of  t,  in  the  developement  of -^    multiplied  by 

''^  i/tTi)*""',  or  to  that  of  t^\  in  the  deve- 


—  1 
lopement 


and  18  therefore  represented  by(— 1)*.  3*'.  a^,,  in  which 
expression^  if  we  substitute  the  value  of  ^i  ^ ,  i  deduced  from 
the  equation  (a)  of  the  last  article^  it  becomes 

1.2...(2x)     ,^'    ^' 
so  diat  giving  x  all  its  values  from  o  to  «?,  we  find 

1.2    '   ^1.2.3.4    '         1.2.8.4.5.6 

for  it  is  easy  to  see  that  tan  6  can  contain  none,  but  odd 
powers  of  6. 

The  developement  of  cotan  B  is  also  easily  obtained ; 

for,  since  cotan  ^  = -,  we  have 

tan  ^ 

cotan e=\/ ^i  .  ^  "^^  -5 

^6^  —1  _  _^-/'zrr 


=*'^{'%V75r-} 


Now,  since 


^--l        r       «^  l.a  1.2.3.4      ^ 
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if  for  /  we  write  2  9  v'Zl,  we  find 

coun  e=i   -   —^  B.0~ — Afr'-  &c. 

0         1.2     '        1.2.3.4 

410.     These  numbers  also  occur  in  the  espicsaions  for 
the  sums  of  series  of  the  form 

T^  +  sk  +  3I-.  +  St*:- (W  ») 

^  +  ^,  +  ,-W+&c. 

But  in  order  to  shew  this,  it  will  be  necessary  to  resolve  the 
functiona  sin  6  and  cos  0  into  their  factors.  Now,  since  sni 
vanishes  on  the  supposition,  that  #=0,  orC=  ±x,  fl  =  ±2i, 

&c.  itfoUows.  ihate,  1+-.  I--,    1+  —  .  1 — -,&e- 

must  be  factors  of  sin  0,     Agsiu,  since  these  are  the  onlf 
values  which  render  sin  &  zero,  its  expression  can  admit  no   \ 
other  factors,  functions  of  B,  and  therefore  wo  must  hare 

sinfl=J.fl(l-  ^^)  (1-  4^J,atc.  (ad  inf.) 

Now  as  0  diminiabes, 

therefore  we  must  have  A=l,  and 

—  (-5)0-i?^.)- 

Exactly  in  the  same  way,  since  cos  0  vanishes  upon  the  «■ 

veral  suppositions 

0=±  5,e=±^,  &c.    or  i-(tey=  o,   Stc. 

and  approaches  unity  as  its  limit,  when  0  decreases  to  zero, 
we  muse  have 

cose  =  ('i ^—^  (\  -       ^'     )  .  Sec. 
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The^^  e^aatiooai  wAdng  in  them;  res^ecthrely  *^   and 

,  »ii,«-,(!.(i-r)(i-i^)8tc 
-  i  • = (■  -p)  (>  -  ?)  «"• 

If  we  take  the;  logarithmic  differentvil  of  the  first  of 
these,  we  find 

ir.cotanir^ci  -  ^.  . 

^       1* 


*f    ;4,i: 


MlU. 


-0      .       ,      . 

_   ^^  1  a. 

If  each  term  of  the  second  memlMr^of  thisibe  developed  ii» 
powers  of  0,  we  shall  find  for  the  coefficient  of  ^^'""^  in 
their  aggregate  - 

but,  by  the  last  article,  the  coefficient  of  ^  *  '  ^  ^  in  ir  cotan  w  $ 
is  found  to  be 


2 


ar 


"2  *  —  1  X  w  , 


1.2 2x 

and  equating  these,  we  get 

1  1  1  «  2*'-*v*'  r* 

— -  +  —  +   -r-  +  Sec.  = 52,«ij 

1*'  ^  £2'        32'  1.2...2X     ^      ^ 

thus, 

-L  +  i_  +  _L+&c.=  i: 

114-1  IT* 

1*  2*  3*     •  90 


1<5  2^  36     '  945 

If  we  treat  the  expression  for  cos  ^  ^  in  the  same  manner. 
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^^ 

and    compare    the    reaoEt  with    the    developement  of 

—  -  .  tan  ^ ,  we  shall  find 
2             2 

A,  +  -L+^^+...=  ,i— o- 

^B..-ii 

thus  we  have 

T^  +  ^  +  ^+*-^ 

^  +  f.  +  ir+-«-=i^- 

AgMH,   since  the  series 

t4.-^^3^^- 

is  composed  of  the  two  series 

i4..^-.^^- 

' 

-(,4.-^  +  *=-) 


the  latter  of  which  is  equal  to  —  —  /-s—  +— r   +  8w.  > 
it  is  eridetU,  that  we  must  have 


]  .2  ...2  J 
-  -  &c.=  ^"  . 


411.     The  equation 

is  likewise  very  useful  in  determining,  by  approximation, 
the  values  of  various  analytical  expressions,  which  can 


scarcely  bt  obtained  •  lii  zpj,  other  manner.    Sufrpose,  for 
instance,  it  were  required  to  find  the  product  of  the  natu- 
ral numbers  from  I  tor,  x  being  a  Terjr  high  mimbery  as 
1000.    If  then,  we  take  ii^slog  »,  we  haare 

zlogx^  fdx  Aogx-^^^''+^^.  1  -  A.  \+ &c. 
^      J  *  2        1.2     X       374     X* 


=  C  +  (x- i)togx-x+-:^  .  -    -  &c. 


9, '  X 

and  therefore,  since  log  (1  . 2  ...  x)=:log  x^Y,  log  x^ 
log(l .  2  ...  x)=C  +  (x  +i)logx— x  +  8cc. 

To  determine  the  constant  C  we  must  consider  the  limit, 
when  X  becomes  infinite,  in  which  case  we  have 

log  (1  .2  ...  x)=C  +  (*  +  i)logx  — xj 
whence 

log  (1.2  ...  2x)=C  +  (2x  +  i)log2x-2iv, 
and,  . 
Jog  (2.4...2X)  =  log(2'.  1.2  ...x)  =  x.log2 

+  C  +  (x+i)logx— X. 

From  these  three  equations  C  may  be  found ;  for  if  we 
subtract  the  last  of  them  from  the  second,  we  get 

log  (1.3  .5  . . .  2  X-  l)=x  .  log  X  +  (x  +  i  )  log2-X5      (a) 
and  again,  subtracting  this  from  the  third, 

whence 

2C-2log2=loc  ^^-^^;>(^^-g)'*'(gJ^)* 
^  ^    P.  3* (2x-J)*.2x 

=  log  <   X  ' X  ...   : —   > 

^ll.S       3.5  (2x-li(,tax+l)  5 

Since,  X  being  infinite,  the  limit  of is  the  same  with 

'  ^  '  2x+l 


^n 
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1 

Now,  the  second  member  of  this  equation 

ma;  be 

readily 

obtained  from  the   expression  for  sin  «■  9, 

abort 

given i 

for,  if  we  make  6=^,  we  get  f410\ 

ht 

■whence 

i^H^^x-   J 

iSi 

Thus  we  have                                                3^ 

■ 

2  C- 2  log  «=  log  (pi 

^ 

ivhenct 

•                V  =  log  vTi, 

1 

and 

log(l.2...i)=log  V^+(i  +  4)Iogx-r  +  ^  .  i    -  Btc 

and  passing  from  logarithms  to  numbecs, 

J K+*'- 

1  .2  ...  X='/ii.e~'  .x'  +  ixt'^'     *•• 

If  X  be  considerable,  the  series  within  the  brackets  majr  be 
regarded  as  unity,  and  we  have 

thus,  if  7  =  1000,  this  result  appFoaches  within  about  a 
12000th  part  of  the  truth ;  and  if  we  calculate  its  value  hj 
«  common  table  of  logarithms,  we  find 
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Log  V^SOOOT  =       1  •  8990899 
1000  .  Log  1000  =3000' 0000000 


30Q1- 8990899 
1000  .  Log  .r  r=  434-2944819 


2567-  6046080 


consequently  1.2...  lOOOi  a  number  whose  direct  arith- 
metical calculation  would,  in  all  probability,  be  impractica- 
ble  to  human  industry,  consists  of  2568  places  of  figures, 
of  which  the  five  first  to  the  left  are  402*38,  and  this  num- 
ber, followed  by  2563  ciphers,  expresses  the  result  within 
about  one  12Q00th  part  of  the  whole  ;  a  degree  of  accu- 
racy abundantly  sufficient  in  many  researches,  where  the 
ratios  only  of  high  numbers  are  required,  as  in  most  pro- 
blems of  chances. 

The  product  of  the  successive  odd  numbers^  1,  3,  ••• 
(2  Jf-  1)  is,  in  like  manner,  when  x  is  consid^able,  ex- 
pressed by  the  function 

as  appears  from  the  equation  {a)  of  this  article^ 


Application  of  the  Integral  Calculus  to  the  Theory 

of'  Series. 

412.  There  exists  a  great  variety  of  series,  the  sums 
of  which,  to  infinity,  or  to  a  limited  number  (x)  of  terms 
may  be  represented  by  an  integral,  taken  within  certain 
limits,  and  as  analysis  affords  the  means  of  ascertaining 
either  accurately,  or  at  least  by  approximation,  the  value 
of  any  proposed  integral,  such  expressions  may  be  fre- 

4c 
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qucntly  of  great  utility.  'Hie  followiag  method,  due  to 
Euler,  applies  to  a  very  large  class  of  series,  comprising  all 
whidi  proceed  according  to  the  powers  of  some  quantity ;, 
affected  with  coefficients,  consisting  of  factors  in  arithmeti< 
cal  progression,  either  in  the  numerator  or  denominator. 
To  begin  with  a  simple  instance,  let 


Multiplying  both  sides  by  3,  we  find 

r/=l._-+2.^   +3.  J   +  &c. 
whence 


I 


dt 


=  I .  ^  +  e .  /'  +  3  /'  +  &c. 


and  thus  the  denominators  are  taken  away  by  difierentiation. 
Again,  if  we  consider  \\i3,x.fxl'~'  dt=f,  we  shall  readi- 
ly see,   that  the  numerators,  1,  2,  &c.  may  be  taken  away 
by  integration  ;  thus, 
djts)  . 


and 

/■^^ =-'•+"— if,'       ■ 

consequently, 

,=  i  /",.*_!_=!  r^iL 
tj        i-(     tj  1.1-ty 

=  i(c  +  U.gCl-«+  ^). 

Now,J>y  the  supposition,  f  vanishes  when/=o,  and  tboe- 
fore,C+l=:o,or  C=~li  whence 

t  X-t  ' 

More  generally^  suppote 
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V  ^  ■  '    .  t  -4-  — 1 ,  r*  +  ••• •  r. 

If  we  multiply  both  sides  hj  pf  and  then  differentiate^  it 
becomes 

p .  1^  =(.4.«  .^f ''+.,.  (.+x«  .£r+i?r.+-s 

in  which  the  factor  P^'^P^    in  the  general  term,  will  go 

a+px  **  ^ 

out,  if  we  takejE9s*|  zn^prssa^  or  r=s  ^ ,   when  .  it   be- 

comes 

To  take  away  the  factor  «  +  i5x  we  must  multiply  this 
again  hjpfdtj  and  integrate,  which  gives  * 

in  which,  if  we  make/;/5=l,  or/>= -,  ^«sb  5 +  r,  or 
m  -  —  T  J  we  shall  have 


()(      a 


» 


and  consequently 


a  « _2 


die  integral  being  taken  from  /=o  to  /=/,  provided  1  +  2 

b 

be  positive.    Thus,  if  x  be  infinite,  the  sum  to  infinity, 
( which  we  will  call  S )  is 

fib 
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and  S-t,ot  the  sum  of  all  tlie  terras  after  the  xth,  is 


1 


VV-^.l^Ti 


413-  If  there  be  more  factors  in  the  numerators  or  de- 
nominators,  they  may  be  taken  away  tn  the  same  mafiner : 
for  instance,  if 

we  have 

ill      dt  1+/  > 

whence 

the  integrals  bring  taken  between  the  limits  o  and  /.  If  we 
make —  =  rfw,  or/=f",  th^Iiiaitsof  tfwillbe  —  oojaod 
log  ti,  and  thus  We  find 

between  the  limits  «=  —  os  ,  and  v=log  /. 

In  the  same  manner  we  may  obtain  an  expression  fdr 
the  series 

which  wilfbe  found  to  be 


the  integrations  being  all  executed  between  the  same  limits. 
From  ^ese  expresuons  may  be  deduced  all  the  propeitiet 
of  the  functions  which  have  these  series  for  their  develope* 
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mentSy  and  to  which  the^  name  of  '^  Logarithmic  Transcen- 
dents" have  been  given  hj  Mf*  Spencef^  wbo,  in  an  excel- 
lent Essay  1^  to  which  the  reader  is  referred,  has  treated  the 
subject  with  very  considerable  success,  and  discovered  a  va- 
riety of  remarkably  elegant  properties,  wHcli  they  possess. 

414»    The  series 

which,  however  small  a  value  we  attribute  to  f,  must  alwsiys 
diverge  after  a  certain  number  of  terms,  being  proposed, 
we  have 

dt 
t 


f 


and  therefore 

or, 

ds    .     ]+t  1 

whence  we  find  (257) 

the  limits  of  the  integral  being  o  and  ^  If  /  =  I,  or  the 
above  integral  be  taken  from  /=o  to  /=  1,  we  have  the  ex- 
pression for  the  value  of  the  series 

1  - 1 .  2  +  1 .  2  .  S  -  &c. 
and  a  similar  method  of  treiitment  applies  to  the  series 


*  Essay  on  the  various  orders  of  Logarithmic  Transcendents^ 
1809.  This  work  also  contains  tables  of  their  numerical  vali^es» 
of  some  extent. 
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a+6 


t-^  +  ijC  -h2i)...  {a  +  x6)     • 

but  this  esample  will  Guflice  to  indicate  the  mode  of  pro- 
ceeding in  more  complicated  cases,  observing  that  each  in- 
tegration nSbrds  a  means  of  taking  away  a  factor  from  the 
numerator,  and  each  differentiation  from  the  denominator 
of  the  general  term.  These  series,  in  which  the  number 
of  factors  increases  from  term  to  term,  have  been  desig- 
nated by  Euler,  under  the  name  of  h/pergeametrical  series. 
Their  summation  is  by  these  means  always  reducible  to  the 
integration  of  a  differential  equation,  and  the  subsequeot 
evaluation  of  an  integral  between  given  limits. 

415,  Now  it  very  frequently  happens,  that  the  value  rf 
an  integral  between  certain  limits,  is  assignable,  although 
its  general  expression  cannot  be  obtained.  For  instance, , 
the  integral 

taken  from  v=  —  »  to  u=:o  is  equal  to  — .    In  fact,  titif 

intecral,  as  we  have  seen,  is  nothing  more  than  the  eipra- 
sionlfor 

r-  -  5^   +  ?  -•^c.=-. 

and,  had  we  arrived  at  this  result  by  any  other  means,  it 
would  have  afforded  us  a  legitimate  suramation  of  the  abow 
series.     Exactly  in  the  same  manner,  we  have 


f 


liv" 


.  log  (!+,■)  = '■ 


-J).'- 


1.2...  2x     ^' 
as  appears  from  the  expression  in  (410)  for  the  series 
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-JI7  gar 

the  integrals  being  taken  from  vrs  —  oototfaBO. 

The  theory  of  these  definite  initgralsf  and  their  ^ipplica* 
tion  to  a  multitude  of  important  objects,  formis  one  of  the 
moct  interesting,  but  at  the  same  time  the  mclkt  abstruse 
branches  of  Analysis.  In  many  cases  the  forms  they  assume 
are  peculiarly  simple.    Thus,  if  the  integrals  comprised 

(>73)  be  taken  between  the  limits 

« 

jTsO,  xsft  ly  the  arc  A  becomes  -- ,  and  we  hare 

X 

/J  X        _   «•  /^  xdx      ^ 


#r»rfa:     _     2 


V73^'  2 . 4   Vi/      c/    VTZj^         1.3.5' 
&c.  &c. 

and,  in  general 

y*T^*dT  _   1  .  3.  5  ...  (g  w-  n     ^»\ 


s»  —  1 


/J.**  — x^j^   2.4  .  6  ...  (g  /I-2  ) 
vT~?  1  .  3  .  5  ...  C  2  «  —  1> 

In  like  manner,  if  the  integral  (154) 


/, 


//x 


be   taken   between  the  limits   x  =10  and  x  =  » ,   since 

X  X  1" 


(l-f,r»/-*  '     tl+i*/-'*  *"  1-1- i: 


-; ,  vanish  at  both  the 
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limits,  and  /  betneen  tlie  same  limits,  is  equal  ta 

J     1 +J-*  ' 

-,  we  sh'all  find,  by  the  expressions  given  ia  tliat  article, 

4lG.*  Definite  integrals  furnish   also   the  means  of 
representing  portions  of  the  series 

d u  h    ,  d' II    A"      ,    „ 
lix  1       rfjc'  i.a 

beginning  with  any  term.  The  following  is  D'Alembert's 
process  for  obtaining  ihis  result,  by  which  he  at  the^ume 
time  demonstrates  Taylor's  theorem  (RcehereJui  sur  ii^t- 
rtni  pointi  important  dusysteme  du  Monde,  torn.  I.  p.  50. J 

Let  i/  be  the  value  of  u,  which  results  from  the  change 

of  ,r  to  .«-{•''>   supposing  then 

and,  differentiating  with  respect  to  A,  whicH  does  not  enter 
into  u,  we  get 

Again,  let 

ah       dx^^' 
and  differentiating  once  more,  with  respect  to  A,  we  hare 

j-^  =  ^-S.when«8=/^>*. 
*  Translated  from  the  French  edition. 
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dk 


u 
Again^  making 


we  find 

iPu   _  dR       ,  -^     rrfV  .. 

^  -   515  »  ''^«»<=«  ^  =y  JIT''** 


^rfx  1         </a»  1.2    VJL/   <//i» 

Continuing  this  process,  we  should  arrire  at  the  follow- 
ing equation : 

J-      Aril    *    4.^    il 


</*•-»    1.2...  («-l)*/     dA"         .' 
the  integrals  being  taken  so  as  to  vanish  when  A=o. 

If  we  suppose,  for  brevity's  sake,  -r-z-  =  H,  we  have 
(220), 

/'Hdh'=^ 

and  it  b  easy  to  see  that  we  may  substitutej  instead  of  the 
atx>re  series,  the  expression 

4d 
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L 


-o 


/H{t-h)—^dk, 


taken  from  the  liniit  A  =  o,  provided  that  after  the  integra- 
tion, we  change  t  to  h;  foT,  if  \\c  develope  this  expressio 


n/the 


of 


in  sf  erring 

t,  which  multiply  its  successive  terms,  make  (=:A,  we  arrive 
at  the  above  series. 

Hence  it  follows,  that 


I    d—'u        i- 
Jf~'  1  i 


7,/^''<'-'>-* 


1)     i.e...(»- 

providect  we  take  the  ititegral  so  as  to  vanisli  when  A  : 
and  then  change  t  to  h. 

In  this  formula  we  may  change  — ^   into   — ^ 

and  if,  under  the  integral  sign,   we'  make/— A  =  :/,  or 
k=l  (1-2),  we  shall  have 

-.^ 


(«i); 


(//;  = 


-'-•/^ 


V-A)- 


_/^^ 

7  ,/i" 


The  limits  of  the  integral  being  :—i,z=:o;  we  may  lake 
away  the  negative  sign  by  reversing  ihe  order  of  the  limtCi, 
that  is  to  say,  by  taking  the  integral  from  r=o  to  z=\. 
Lastly,  if  we  transfer  /'  from  under  the  integral  sign,  and 
write  A  for  /,  the  last  term  of  the  above  formula  will  be- 


I  .  2 


This  latterth  eorem  is  due  to  Lagrange,  who  gave  it  in 
a  diflerenc  manner  in  his  "  Theorie  des  Fonctiom  Analytiqutii    ' 
No8.  47,  &c.    He  employs  it  to  prove,  that  we  can  always 
fender  the   suns   of    all   the    terms    of    Taylor's  Series, 


^ 


/ 
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commencing  with  any  given  term^    less  than  the  term 
immediately  preceding  them.     If  M  and  tn  denote  the 

greatest  and  least  of  the  raises  which  ,  has  in  the 

intenral  from  x  to  x  +  ^i  we  may  easily  convince  ourselves 
that 

%^v^''^dz<.f  M^-Hz,  and  >  f  mz^'-^dz, 
dj*  ^  "^ 

provided  the  differential  coefficient  -- —  do  not  change  its 

ax* 

sign  or  become  infinite  in  this  interval  (211).    These  last 

M.         tn 
integrals  between  the  given  limits  are  —  and  —  ;  and  by 

n  n 

A* 
taking  h  small  enough,  the  quantity  < r— -  ilf  may  be 

rendered  as    small  as  we    please,    in  comparison  with 
1.2,..  (ii-ir 


■J 


♦V 


I.-     . 


:  •'. 


1 


•  ».       J 


11 
i  ■ 


1 1 


»   i 
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Note  (A). 

A  LIMIT,  according  to  the  notions  of  the  ancients,  1$  ' 
some  fixed  quantity,  to  which  another  of  variable  magni- 
tude can  never  become  equal,  though  in  the  course  of  its 
variation  it  may  approach  nearer  to  it  than  any  difference 
that  can  be  assigned  ^  always  supposing  that  the  change 
which  the  variable  quantity  undergoes,  is  one  of  continued 
increase,  or  continued  diminution.  In  this  sense,  we  may 
consider  the  area  of  a  circle  as  the  limit  of  the  areas  of  the 
circumscribed  a  i)d  inscribed  polygons;  for  by  increasing 
the  number  of  sides  of  these  figures,  their  difference  may 
be  made  less  than  any  assigned  area,  however  small ;  and 
since  the  circle  is  necessarily  less  than  the  first,  and  greater 
than  the  second,  it  must  differ  from  either  of  them  bya 
quantity  less  than  that  by  which  tlieydiH'er  from  each  other: 
it  will  (bus  answer  all  the  conditions  of  a  limit,  which  are 
included  in  the  definition  we  have  just  given. 

We  must  not,  however,  conceive,  that  a  limit,  though 
defined  to  be  a  fixed  quantity,  is  therefore  essentially  con- 
stant and  invariable :  we  consider  it  as  determinate,  with 
reference  to  the  variable  quantity  only,  which  is  affected 
by  causes,  of  which  the  limit  is  independent. 

The  consideration  of  limit  was  first  introduced  by  the 
ancient  geemeters,  in  order  to  discover  such  properties  of 
incommensurable  quantities,  and  of  circles  and  other 
curves,  as  were  beyond  the  reach  of  direct  investigation : 
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of  which  description  are  all  the  properttas  of  circles,  which 
are  not  dependent  upon  their  intersection  with  straight 
lines.  In  all  enquiries  of  this  kind,  they  made  use  of  theii 
Method  of  Exlioustioni,  one  of  rfie  most  refined  inrentioDs 
of  antiquity ;  and  though  its  processes  are  more  laborious  and 
less  comprehensive  than  those  of  many  methods  of  later 
invention,  in  the  conclusive  accuracy  of  its  reasoning,  and 
in  the  clearness  of  its  evidence,  it  is  probably  superior  to 
them  all.  Thus,  in  order  to  denaonstrate  that  different 
circles  are  to  each  other  In  the  duplicate  ratio  of  their 
■adii,*  they  imagined  regular  polygons  to  be  inscribed  ia 
tbem,  each  consisting  of  the  same  number  of  sides ;  md 
iincc  the  areas  of  these  polygons  are  to  each  other  as  llie 
squares  of  the  radii  of  the  respective  circles,  and  as  the 
same  proportion  must  hold  also,  when  the  number  of  sides 
is  so  much  increased,  that  tlie  dilTerences  of  tlie  circles  and 
inscribed  Ggures  may  become  less  than  any  diat  can  be 
assigned ;  they  inferred  from  analogy,  that  the  ppopoition 
subsisting  between  the  Tixe-a  of  the  polygons,  must  prevail 
likewise  between  the  circles  themselves :  but  this  was  not 
sufficient ;  it  was  necessary  to  demonstrate  rigorously,  that 
this  must  be  the  case ;  which  was  effected  by  shewing, 
that  any  supposition  to  the  contrary,  must  necessarily  lead  to 
an  absurdity.  They  proceeded  in  a  similar  way,  in  theit 
investigations  concerning  the  surfaces  and  volumes  of 
solid  iiod.es :  they  conceived  bodies  terminated  by  plane 
su^iaces  to  be  inscribed  or  circum:cribed,  and  by  locreas- 
ijig  ^e  number  of  thf-t;e  planes,  they  demonstrated  rigor* 
ously,  by  a  reductio  ad  abmrdum,  that  the  curve  surfaces, 
or  volumes  of  the  bodies  in  question,  were  the  true  limits 
of  tlie  surfaces  or  volumes  of  the  ausiliaj7  bodies,  which 
were  thus  introduced  ;  they  were  then  enabled,  by  the  law 
of  continuity,   vtliich  is  essential,   at  least  in  geometry,  lo 
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>ur  notion  ef  a  limit,  to  transfer  tli«  properties  of  the  3uxi>     .1 
tarybody  to  the  limit  itself. 

It  was  in  this  manner,  that  Aichtmedes  demonstrated 
hat  the  convex  surface  of  a  right  cone  is  etjual  to  the  area 
if  a  circle,  whose  radius  is  a  mean  pr<ypoTtionai  between 
he  side  of  the  cone,  and  the  radius  of  the  circle,  which 
onstitutes  its  base:  that  the  surface  of  a  sphere  is  quadruple 
he  area  of  one  of  its  great  circles,  and  also,  that  the 
»nver  surface  of  any  one  of  its  zones,  is  equal  to  the  area 
if  a  rectangle,  whose  adjacent  sides  are  equal  to  the  cir- 
timferenceof  a  great  circle  of  the  sphere,  and  the  altitude 
if  the  zone:  besides  many  other  iniportant  propositions, 
K)th  in  geometry  and  mechanics,  which  it  is  not  necessary 
o  enumerate  here. 

We  are  indebted  likewise  to  the  same  illustrious  geome- 
er,  for  the  first  summation  of  a  geometric  series,  and  for 
ts  application  to  the  quadrature  of  a  parabolic  area :  both 
hese  investigations  arc  intimately  connected  with  the  theory 
>f  limits :  they  also  constituted  the  first  examples  of  the 
impioyment  of  series  in  the  quadrature  of  curvilinear 
ipaces,  a  principle  which  being  amplified  in  the  hands  of 
ater  geometers,  led  finally,  through  a  succession  of  Im- 
>ortant  discoveries,  to  that  of  the  Diti'erential  and  Integral 
i^^culas  itself. 

The  rigorous  verification  of  the  conditions  of  a  limits 
vbich  is  required  by  the  method  of  Exhaustions,  must, 
iflwever,  encumber  every  demonstration  in  which  it  is  em- 
>loyed  :  even  the  cleametis  of  its  evidence,  and  its  visible 
lependence  on  first  principles,  form  but  a  alight  recom- 
nendation  to  it,  when  applied  to  propositions  in  the  higher 
lepartments  of  mathematical  science,  where  the  mind  is 
mable  to  comprehend  at  one  view  all  the  steps  of  the 
process,  by  which  the  conclusion  is  derived  :  the  groat  ex- 
:ellence  of  every  method,  indeed,  must  be  the  union  of 
jrevity,  with  strictness  of  demonstration :  and  this  was  the 
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object  which  was  attempted  to  be  attained  by  vaiioas  rao' 
dern  geometers,  and  in  which  they  finally  succeeded. 

The  first  attempt  of  this  kind  was  made  by  Cavalenus, 
in  his  Geometria  Indivisibilium,  in  which  he  considers 
lines,  planes,  and  solid  bodies,  as  composed  of  an  infinite 
number  of  indivisible  or  infinitely  small  elements:  thus, 
lines  are  supposed  to  be  made  up  of  an  infinite  number  of 
points,  planes  of  an  infinite  number  of  lines,  and  solid  bo- 
dies of  an  infinite  number  of  planes  :  suppositions  which 
are  all  equally  contrary  to  the  first  principles  of  geometry, 
We  shall  probably  best  explain  the  nature  and  spirit  of 
this  method  by  a  simple  example. 

If  we  conceive  a  triangle  to  be  made  up  of  an  infinite 
number  of  lines  drawn  parallel  to  its  base,  these  lines  will 
form  an  arithmetic  series,  of  which  the  first  term  is  equal 
to  zero,  and  the  last  to  the  base  ;  and  if  a  perpendicular 
be  conceived  to  be  drawn  from  the  vertex  to  the  base,  the 
lines  of  which  the  triangle  is  composed,  fvill  intersect  this 
perpendicular  in  an  infinite  number  of  points,  which  will 
together  compose  this  line,  which  may  therefore  be  taken  as 
the  representative  of  their  rumber.  Now,  the  sum  of  a  series 
of  the  nature  above-mentioned,  is  equal  to  the  product  of 
the  last  term,  and  half  the  number  of  terms,  or  in  other 
words,  the  area  of  the  triangle  is  equal  to  the  rectangle 
contained  by  the  base,  and  half  the  perpendicular. 

We  may  apply  this  method  likewise,  witli  consider- 
able, iliough  partial  success,  to  the  quadrature  of  curvilineai 
spaces,  and  the  cubaturo  of  solid  bodies  ;  and  in  nearly  all 
cases,  the  problem  will  reduce  itself  to  the  summation  of 
a  series.  We  thus  see  how  nearly,  in  practice  at  least, 
this  method  approaches  to  many  of  the  processes  of  Alge- 
bra, and  of  the  Integral  Calculus,  in  investigarions  of  this 
nature. 

Pascal,  who  made  use  of  this  method  in  the  discovery 
and  demonstration   of    some   properties  of  the    cycloid. 
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cndearouTed   to   shew,   that   the  objections  to  h,    were 
meiely  verbal,  and  would  be  completely  removed  by  some 
little  additional  explanation  of  its   iirst  principles ;    thus, 
when  wc  speak  of  a  plane  as  the  sum  of  an  intiniie  num- 
ber of  lines,  we  ought  tacitly  to  suppose,  that  they  seve- 
rally form  rectangles  with  the  ec|ual,  and  infinitely  small 
portions  of  some  given  line  ;    and  we  may  explain,  in  a 
similar  manner,  the  expressions  which  assert,  that  a  line  is 
the  sum  of  an  infinite  number  of  points,  and  a  solid  body  the 
sum  of  an  infinite  number  of  planes.   The  method  of  iiidivi- 
albles,  is  reduced,  by  this  statement,  to  the  metliod  of  infi- 
nitesimals, in  which  areas  are  considered  as  the  sums  of  an 
infiaite  number  of  inscribed  rectangles,  and  solid  bodies, 
as  the  sums  of  an  infinite  number  of  inscribed  solids,  of 
infinitely  small  altitude,  and  two  of  whose  surfaces  are 
equal  and  parallel  planes ;  the  small  areas  and  portions  of 
the  solid  bodies  corresponding  to  each  inscribed  rectangle, 
or  inscribed  solid,  which  these  hypotheses  neglect,  form  a  ^ 
series  of  infinitesimals  of  the  second  order,    bearing  t 
assignable   ratio  whatever  to   the    infinitesimal  rectangles^ 
and  solids,  of  which  the  original  areas  or  bodies  are  conr  I 
ceived  to  be  composed.    We  confine  our  reasonings  to  the  i 
figures   and  solids  inscribed,  and  assume,  as  a  first  prin- 
ciple, that  all  the  properties  which  can  be  proved  to  beloilg  I 
to  them,   may  be  transferred  to  the  original  figures  or  bo-  I 
dies  themselves.     We  consequently  omit   altogether  the  I 
verification  of  a  limit,  which  formed  one  of  the  most  difS-  | 
cult  processes  of  the  method  of  Exhaustions. 

The  principles  of  this  method  were  insensibly  adopted  J 
by  the  greatest  part  of  the  geometers  of  that  period,  who  1 
considered  the  want  of  rigour  in  the  demonstrations  I 
founded  upon  them,  as  fully  compensated,  by  iheir  supe-  I 
nor  facility;  they  verified  their  conclusions,  by  shewing  I 
that  they  were  identical  with  those  of  the  ancient  geome- 
ters, when  creating  of  the  same  proposilious  ;  an  agreement 
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vrliich  was  always  appealed  to,  as  the  test  of  the  tntth  of 
new  principl<;s,  or  new  methods  of  investigation  ;  but  one 
principal  advantage  resulting  from  the  introduction  of  this 
method,  consisted  in  the  increased  facilities  which  it  gare 
to  the  applications  of  Algebra  to  the  theory  of  curves,  and 
particularly,  by  its  forming,  in  the  hands  of  Leibnitz,  die 
basis  of  his  reasoning  in  the  discovary  and  demonstration 
of  the  principles  of  the  Differential  and  Integral  Calcoliu.  ' 

Newton  finally  succeeded  in  embodying,  in  his  method, 
of  prime  and  ultimate  ratios,  the  accurate  reasoning  of  the 
method  of  Exhaustions,  without  its  prolixity.  He  considers 
quantities  and  their  ratios  as  uU'nnaUly  equal,  which  con- 
stantly approximate  to  each  other,  and  in  any  finite  time 
'  (for  his  principal  object  was  the  application  of  this  mediod 
to  mechanical  philosopliyl,  approach  nearer  to  equality, 
than  any  difference  that  can  be  assigned.  He  then  pro- 
ceeds to  make  use  of  this  principle,  in  the  demonstration  of 
&  series  of  propositions  or  lemmas,  which  are  applicable 
generally  to  all  curves  of  continuous  curvature,  and  to  die 
theory  of  variable  motions,  and  which  likewise  serve  as  fint 
principles  in  all  succeeding  investigations. 

It  is  not  our  intention  to  enter  into  a  detailed  explana- 
tion of  the  nature  of  the  reasoning  employed  in  these  de* 
j  raonstrations,    which  principally  consists  in    exhibiting  to 

the  eye,   as  well  as  to  the  mind,   the  relation  of  quantities 
invisible  and  evanescent  by  means  of  others,  which  are  visi- 
I  ble  and  finite.     For  the  benefit,  however,   of  such  of  our 

I  readers  as  are  not  acquainted  with  the  original  work,  ws 

'  will  give  a  slight  sketch  of  the  process  pursued  in  one  of 

the  most  important  of  the  lemmas,  in  which  it  is  proposed 
to  prove,  that  in  all  curves  of  continuous  curvature,  the 
chordj  the  arc,  and  the  tangent  are  ultimately  equaf. 
Assume  two  similar  arcs  (a)  and  ^b),  commencing  from  a  , 
point  of  contact  of  two  similar  curves  (^)  and  C^) ;  since 
rhe  arcs  ure  similar  and  similarly  situated,  and  commence 
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from  a  common  point,  their  chords  must  be  in  the  Bame 
•tnight  line:  their  tangents  also,  drawn  from  the  point  of 
contact,  must  coincide  with  each  other ;  let  them  be  deter- 
mined by  secants  drawn  from  the  centres  of  equal  curva- 
ture, or  from  corresponding  points  in  the  perpendicular 
to  the  tangent  at  the  point  of  contact,  and  passing  through 
the  extremities  of  the  arcs,  and  let  the  tangent  ((),  corres- 
ponding to  the  arc  (i),  be  assumed  as  fixed  and  unchange- 
able. Suppose  the  arc  (a)  to  be  perpetually  diminished, 
either  by  successive  bisection,  or  in  any  other  manner  :  if 
the  arc  (i)  of  the  same  curve  ( B>  be  changed  proportion- 
ally,  its  tangent  will  be  also  changed,  which  is  contrary  to 
the  hypothesis  we  have  made :  but  by  supposing  the 
dimensions  of  the  curve  (B)  to  be  perpetually  increased^ 
we  shall  always  be  able  to  find  some  state  of  it,  in  which 
the  arc  (i)  may  be  successively  taken  similar  to  the  suc- 
cessive values  of  the  arc  (a),  and  have  its  tangent  equal  to 
the  determinate  tangent  (;).  But  whilst  the  arc  {a)  dimi- 
nishes, the  angle  between  the  chord  and  tlie  tangent,  dimi- 
nishes also;  and  by  a  preceding  lemma,  in  its  ultimate 
State,  it  becomes  evanescent :  the  same  changes  must  like- 
wise take  place  in  the  value  of  the  angle  between  the 
chord  and  the  tangent  of  the  arc  <i},  which  in  its  ultimate 
state  must  be  likewise  evanescent.  In  this  state,  therefore, 
the  chord,  the  tangent  tt),  and  the  arc,  which  is  always  in- 
termediate to  them,  must  be  coincident  and  equal,  and 
the  same  must  be  the  case  with  the  chord,  arc,  and  tangent 
of  the  arc  (a),  which  constantly  bear  to  each  Other  the  same 
proportion  as  the  corresponding  lines  in  the  arc  (i).  We 
must  refer  to  the  other  lemmas,  and  particularly  to  the  9th, 
for  further  examples  of  the  application  of  this  refined  and 
beautiful  artifice. 

In  this  method  we  speak  of  the  prime,  as  well  as  of  the 
uHimatt  ratios  of  variable  quantities,  according  as  we  con- 
sider them  as  receding  from,  or  approaching  to,  the  fixed 
and  determinate  quantities  which  are  their  proper  limiis. 
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The  excellence  of  Newton's  method  coniisted  in  the 
■trict  demonstration  of  a  number  of  first  principles,  which 
afterwards  entirely  superseded  the  tedious  verification  of  a 
limit  which  embarrassed  the  proof  of  every  new  proposition, 
by  the  method  of  Exhaustions ;  and  though  in  the  brevity, 
and  even  elegance  of  its  processes,  it  must  sometimes  yield 
to  tlie  methods  of  infinitesimals  and  indivisibles,  yet  its  evi- 
dence  is  never  weakened  h  y  the  introduction  of  assumptioni 
which  are  not  axiomatic,  nor  vitiated  by  hypotheses  which 
are  contrary  to  the  first  principles  of  Geometry.* 

We  have  been  thus  particular  in  our  account  of  Iimits> 
and  of  the  different  systems  in  which  their  theory  hai 
been  embodied,  not  only  on  account  of  the  importance  of 
the  subject  itself,  but  more  particularly  with  reference  to 
different  systems  of  tlie  Differential  and  Integral  Calculus, 
of  which  they  formed  the  bases.  The  student  will  find 
some  previous  knowledge  of  these  different  methods,  al-  , 
most  essential  to  his  fully  understanding  the  nature  and 
spirit  of  the  reasoning  employed  In  the  analytical  theories 
derived  from  them  j    and  although  the  consideration  oE 

*  These  are  the  reawnt  assigned  by  Newton,  in  (he  Schvlium 
to  the  Lemmas,  as  having  induced  him  to  invent  ihe  method  of 
prime  and  ulilmate  ratios  :  '*  Premisi  ver6  hffic  lemmala,  ut  ef- 
fugerem  tedium  deduccndi  longas  demon strationes,  more  vel&- 
rum  geomelrarum,  ad  absurdum.  Contractiores  eoim  redduutur 
demon slrali ones  per  melhodum  indivisibilium.  Sed  quoniam 
durio.-  est  indivisibiliuin  hypothesis,  et  propterea  minus  geome- 
trica  censctur;  maloi  demonst ration es  remm  sefjuentium  ad 
ultimas  quautiiatum  evanescentium  summas  et  rattones,  pri- 
masijue  nascemium,  id  est,  ad  iimites  summarum  et  rationom 
deducerc;  et  proplena  limitum  iUorum  dcmuDstrationes  qui 
potui  brevitaic  premitlore.  Ilia  ealm  idem  pnestaiur  <|uod 
per  mcthoduQi  indivisibilimu  :  et  principiis  demouslrati*  jam 
imiils  uieniur."  The  whole  of  this  Scholium  is  weJl  worlii 
•  tie  diligent  atiention  of  the  student. 
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limits  or  infinitesimals,  in  the  establishment  of  this  calcu- 
lus, is  calculated  to  mislead  the  mind  from  its  true  mean- 
ing and  origin,  the  same  excellencies  and  defects  will  be 
found  to  distinguish  the  reasonings  employed  in  these  dif- 
ferent systems,  which  have  already  been  remarked  in  the 
geometrical  methods  from  which  they  severally  originate. 

We  will  now  mention  a  few  resulis  deducible  algebra!-  ■ 
cally,  from  our  definition  of  a  limit)  some  of  nhich  may 
be  found  useful  in  succeeding  investigations.    Suppose  it   i 
was  required  to  find  the  limit  of   the  ratio  of  the  chord  of 
a  circular  arc  to  its  sine :   if  we  reiake  a  =  versed  sine,  we' 
hare 

chord   _       v*^'     ,  s*~i 

but  the  limit  of  t^  '2-  2  is  *^^  since  it  may  be  made  to 
difier  from  it  by  a  quantity  less  than  bb'J  esaignable }  w« 
may  consequently  conclude,  that  the  limit  of  this  ratio  ia 


^' 


or  t  ;  or  in  other  words,    that  the  chord  and  the 


ioe  are  ultimately  equal.     In  all  investigationE  therefore, 
1  which  the  limits  only  of  these  <]^uantities  are  considered^ 
re  may  make  use  indifferently  of  one  or  the  other, 
Jn  a  similar  manner,  we  fmd 

cosine  1  - 1  ' 


Bine 
'Sed  sine 

>  may  readily  prove,  that  the  limit  of  the  first  ratio  IS 
zero,  and  of  the  second  infinity:  we  hence  conclnde,  that 
in  their  ultimate  state,  the  sine  bears  no  assignable  ratio 
to  the  cosine,  nor  the  versed  sine  to  the  sine. 
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Again,  we  have 

tangent 


chord 


ratios  which  have  reapectiTcly  unity  for  their  limit.  When 
speaking  of  limits,  therefore,  the  chord,  the  sine,  and  the 
tangent  may  be  considered  as  equal  to  each  other. 

Let  ua  next  endeavour  to  ascertain  the  limit  of  the 
ratio  of  the  arc  and  the  sine ;  for  this  purpose,  we  shall 
assume  as  true  the  principle  of  Archimedes,  hy  which  it 
appears,  that  a  circular  arc  is  greater  tlian  its  sine,  and  lest 
than  its  tangent :  from  thence  we  conclude,  that 
tangent  arc    ..^  ,  . 

sine  sine 

we  have  already  proved,  that  the  quotient  i  -^—s —  >  may 

be  made  to  differ  from  unity  by  a  quantity  less  than  any 

that  can  be  assigned ;  and  since  the  quotient  j  -; —   J     is 

f  tant'ent )         ,  ,  .       .  ,.(, 

'  '    nnd  greater  than  unity,  it  must  differ 


F  that  can  be  assigned 

r  less  than  \  —i^ —  ( 


less  from  unity  tha 


(tangent  1 
\    sine     f 


itself,  although  it  can  ne- 


ver actually  become  equal  to  it :  we  may  consequently  con- 
clude, that  unity  is  its  lijnit.  The  tangent,  chord,  and 
sine  of  an  arc,  and  the  arc  itself,  may  therefore  be  taken 
as  equivalent  quantities,  when  considered  in  their  ultimate 
state. 

Wc  will  now  take  a  very  common  exaa^ile,  which  is 
connected,  however,  with  some  enquiries  which  will  suc- 
ceed it.  Let  it  be  required  to  find  the  sum,  or  rather  the 
limit  of  the  sum  of  the  indefinite  geometric  scries, 
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where  r,  which  expresses  the  inverse  ratio  of  any  two  con- 
Kcutive  terms,  is  supposed  to  be  less  than  unity.  The  sum 
of  n  terms  of  this  series,  determined  by  the  common  me- 
thod, is -   ;   but  since  it  is  a  proper  fraction. 

1-r        1-r  ^    ^  * 

the  second  part of  this  expression,  approaches  to  zen^ 

whilst  n  increases,  and  may  be  made  to  dilTer  from  it  less 
than  any  assignable  quantity;  we  may  consequently  con- 
clude, that  tlie  limit  of  the  sum  of  the  series,  or  the  sum 

itself,  is  equal  to , 

'  l~r 

It  is  frequently  an  enquiry  of  great  importance  in  ana- 
lysis, to  ascertain  »hetlier  an  indefinite  series  of  the  form 

can  be  made  convergent,  by  assigning  a  determinate  value 
oi-x;  the  inverse  ratio  of  any  two  consecutive  coefficients, 
being  always  supposed  to  be  finite.  Assuming  rto  repre- 
-  sent  the  greatest  value  of  this  inverse  ratio,  if  we  construct 
the  geometric  series 

we  shall  have  the  coefficients  a^,r,  a^r-,  agr',  &C.  severally 
greater  than  those  corresponding  to  ihem  in  the  original 
series.  There  are  some  cases,  however,  which  form,  in  some 
degree,   exceptions  to  this  assertion,  which  are  those  in 

'  whidi  r-=  —  ,  and  consequently  a^rsiitt  and  also  those  in 

which  r=  J.,   and  any  given   number  of  the  immediately 

succeeding  ratios  are  respectively  equal  to  the  first,  when 
we  havea,  =  o<|»-,  a.—iinr*,  Sec.  and  so  on,  till  we  arrive  at 
a  ratio  which  Is  less  than  r. 

Since  the  terras  of  the  series  'ii  are  severally  equal  to 
or  greater  than,  those  corresponding  to  them,  ill  the  series 
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(a),  it  is  obvious  that  an^  value  of  r,  whlcli  renders  the  first 
GODTergent,   must  lilcewisc  pioduce  a  Bimilar  rffect  in  Uif 
second,  and  in  a  greater  degree,   at  least  from  the  point 
where  its  terms  become  less  than  those  corrcspotiding  to 
(heffi>  in  the  limiting  geometric  scries.     It  is  hardly  neces- 
iary  to  remark,  that  any  value  of  .i  which  makes  rx  a  pro- 
per fraction,  will  render  both  the  series  convergent,  and 
this  will  be  the  case  with  the  original  series,  even  if  rxbe 
made  equal  to  unity,  although  the  convergency  will  not,  ia 
all  cases,  commence  immediately  from  its  first  term. 
Let  us  take,  as  an  example,  the  following  series  : 
l+<2  .  3'  .  *  +  9  .  3"  .  i*  +  t  .  J'J .  j'  +  Sec. 
two  of  whose  consecuttve  terms  are  expressible  generally  by 

fl  .  3*  —  ',r— '+((i+0  3'".r'; 
the  inverse  ratio  of  two  consecutive  coefficieiitSi  is  expressed 
in  general  by 


and  if  we  make  successively 


the  quantity .  3'  will  become 


2  .  S', 


S\  ^  .  .V,    SiC. 


I 


and  its  greatest  value,  or  r,   is  obviously  2  .  3',  or  5*.   If 

we  substitute  therefore  —  for  t;   in  the  giren  series,  it 
54 

will  become  convergent  from  its  first  term. 

The  problem,  however,  is  impossible,  when  tte  ratios 

fi,    ??,     i,  &c. 

perpetually  increase  in  value ;  of  this  we  ha»e  an  instance 
in  the  series 


NOTES.  593 

1+1  .  2  .  x+l  .  a  .  3  .  r»+  1  .  2  .  3  .  *  .  jJ  +  &C. 
The  inverse  ratio  of  whose  terms,  which  ia  equal  to  ("+2)1, 
increases  perpetually  with  the  unlimited  number  n  ;  what- 
ever value  therefore  we  assign  to  i,  the  product  (n+  2 ) * 
will  finally  become  equal  to  unity,  and  afterwards  exceed 
it;  and  the  series  rauat  from  thai  point  become  divergent. 

The  sum  of  the  series  (^)  is  equal  t< 

been  shewn  to  be  always  greater  than  that  of  the  given 

•eries  (a) :  if  for  x  we  put  — ,  the  quantity     — will 

be  found  to  be  equal  to  '2  «„ ,  or,  in  other  words,  the  first 
<enn  of  the  geometric  series  will  be  equal  to  the  sum  of  all 
the  rest :  we  may  from  this  conclude,  that  the  substiiutlon 
of  the  same  value  of  x  in  the  series  (a\  will  make  the  first 
term  superior  to  the  sum  of  all  those  which  succeed  it.  If 
it  was  required  to  find  some  determinate  value  of  ,r,  which 
would  make  the  sum  of  the  given  series  (a),  less  than 
a^-i-it  we  should  be  able  to  solve  the  problem,  by  assum- 

ine  — - —  =  0(1+  S»  from  whicli  we  obtain  x= , 

*   \-rj.  r(a^  +  c)* 

and  substituting  this  value  in  the  series  (a),  its  sum  would 

be  necessarily  less  than  Oo  +  i,  the  sum  of  the  geometric 

series  (i)  corresponding  to  the  same  value  of  x.    We  thus 


will  differ  less  from  its  first  term,  than  the  quantity  i,  how- 
ever small  this  quantity  may  be  assumed. 

It  is  hardly  necessary  to  observe,  that  the  preceding 
observations  are  applicable  ii  fortiori  to  the  series  (n),  when 
any  number  whatever  of  its  cocflicients  become  negative 
or  evanescent, 

fVe  will  now  proceed  to  the  demonstration  of  a  theorem 


k 
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of  great  importance,  particularly  in  the  applications  of  the 
Diffcreiilial  Calculus,  when  established  on  its  true  prinei- 
ples,  to  the  theory  of  curves. 
Lei  the  three  expreiitaitj 

fl„'  +  fl/jr+fl»'.r'+fl,V  +  8cc.  (2) 

<'+tf,"x'+fla"i'+a;V  +  &c.         (8) 
bt  K  related  to  each  otiier,  that  the  values  of  the  lecond  iwgf  he 
alwai/f  lest  than  those  of  the  first,  and  greater  titan  thete  of  the 
iHrd:   i/"  au=a,i",  then  also  must  Zf,'  =  -g^. 

We  have  already  shewn,  tliac  it  is  possible  to  determine 
a  value  of  x,  which  will  make  the  value  of  the  series  (1) 
less  than  a„+p,  however  small  S  may  he  assumed  :  let  its 
true  value,  resulting  from  this  substitution  be  a^+d,  and 
let  ai'+'^'t  ".i'  +  d",  be  the  values  of  the  series  (S)  and 
{T/),  under  the  same  circumstances  :  since  the  series  them- 
selves are  arranged  in  the  order  of  their  magnitudes,  the 
magnitudes  of  a^+d,  a^'+d',  a^'-^-d",  must  also  follow  the 
same  order,  and  the  differences  (a^  +  d)  —  (a^'+d")  and 
(a^-i-d')-(.aJ'+d'-),OTa„-ao+d~d',3Lnda;-a^'+4''d', 
must  be  positive  quantities.  Assume  flo"=au,  and  fl(i'^o,)+ ij 
the  differences  Mill  thus  be  reduced  to  —^-\-J—d',  and 
A-\-d'~d";  but  since  it  is  possible  to  assign  a  value  to  j, 
which  will  make  both  (/  and  d'  severally  less  than  any  given 
quantity,  we  must  have  d-d',  under  these  circumstances, 
less  than  ^,  and  consequently  the  difference  —  d-^-d-i' 
must  be  negative,  a  result  which  is  contrary  to  the  condi- 
tion above  specified :  it  \s  obvious  that  this  conclusi«u  will 
not  be  affected,  by  supposing  d'  negative,  since  tlie  sum  of 
the  quantities  d  and  d'  may  be  also  made  less  than  i. 
Again,  assume  a^=a^—  A  ;  the  differences  upon  tin*  hy- 
pothesis become  A +  </—</',  and  —  A  +  t/'-^":  we  mat 
Pfove  as  before,  that  —  A  -frf'  —  d"  may  become  a  negative 
(quantity,  a  conclusion  which  is  likewise  inconsistent  ivitli 


^ 
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what  has  been  already  established.  We  are  thus  reduced 
to  the  only  remaining  hypothesis,  which  is  that  of  a^^  a^  • 
We  will  give  a  single  instance  of  the  application  of  this 
theorem :  in  the  developement  of  sin  x  in  terms  of  x  and 
its  powers^  we  have  direct  means  of  shewing^  that  it  must 
be  of  the  following  form ; 

Aax^aox f^  x'^- ^ .  *«  -  &c. 

""  1,2.  S       ^  1.2.3  .4.5 

it  yet  remains  to  determine  the  constant  quantity  a^  • 

We  have  already  seen^  that  at  <  tan  x^  .and  >  sin  x : 

but 

sin  X  simc 


tanT= 


cosx        v^^l— sin*j:)' 

and  consequently 

.     sin  9c        ^ 
V'Cl  ~  sin  ^;c)  ^  "* ' 
we  hence  get 

sin  X  >  Af  y/(l  —sin  -x) , 

sin*x>x'*    (l-sin*x). 

By  transposition,  we  have 

sin'i  (l+x*)>x*; 

therefore 

•     «     ^          X 
sm  ^X  >-      r   , 

and 

X 

sm  X  >- : 

VTe  consequently  have 

sin  Af  <:  ;(r 


sina:=tfoJ^-  ,    "/  ,  9c^+      ^  "/ «*-  8ic. 

1.2.3       *   1 .2.3.4.6 


•^«^>v(rr7";  ^/(^-r/^+irl-^-^O 


and  therefore 
'1^   ^l 


->1 


~'^  + 


1  .  3 


1.2.3.4-5 
r*-  &C. 


We  thus  obtain  tliree  expressions,  which  answer  the  condi* 
tions  expressed  in  the  enunciation  of  the  preceding  theorem; 
and  since  die  first  lerins  of  the  greatest  and  least  are  iden- 
tical, and  equal  to  unityi  we  may  conclude  that  n^,  the 
first  term  of  the  second,  is  equal  to  unity  also. 
The  series  for  sin  jr  will  thus  become 


-  + 


l.S.3.4.5 


Note  (B), 


d 


The  method  which  is  made  use  of  by  our  author,  in 
the  exposition  and  demonstration  of  the  principles  of  the 
Differential  Calculus,  was  lirst  given  by  D'Alcmberi,  La  the 
En  cyclop^  die.*  We  shall  not  ai  present  stop  to  discuss  its 
meriis,  but  shall  proceed  directly  to  shew  in  what  manner 
this  calculus  may  be  established  upon  principles  which  are 
entirely  independent  of  infinitesimals  or  limits.  We  shall 
afterwards  endeavour  to  explain  the  reason  why  the  same 
conclusions  have  invariably  been  deduced  from  apparently 
different  Erst  principles. 

It  is  hardly  necessary  to  inform  the  reader,  that  we  are 
indebted  for  the  principal  part  of  the  contents  of  this  note, 
to  the  Calcul  des  Fonctioiis  of  Lagrange,  and  the  large  trea- 


.  Diir^remiel. 
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tise  by  our  author,  on  the  DitTdrential  and  Integral  Cal- 
culus. 

Let  /(3")  represent  a  function  of  ,i,  which  become* 
f(x+M  when  .v,  its  base,  is  changed  into  j+fi :  the  incre- 
ment of  the  function  corresponding  to  the  increment  h  of 
its  base,  or  as  it  is  commonly  called,  the  difference  of  the 
function,  will  bey"{;t+A)— yi..ii,  which  we  shall  consider 
as  being  always  capable  of  developement,  in  a  series  accord- 
ing to  powers  of  h.  Our  next  enquiry  must  be  directed  to 
the  form  and  properties  of  this  developement. 

Suppose 

f{x-irh)=u-\.Ai  h'+^^h'+J.h^  +  Sic.  (a) 

where  A,,  A^,  J^t  &c.  are  functions  of  x,  which  are  se- 
verally the  coefficients  of  the  different  powers  of  A. 

In  the  first  place  u=f(r);  for  by  supposing  A  =:o, 
fix+A)  becomes/(j},  and  the  series  {a)  is  reduced  to  iti 
first  term.  Again,  the  indices  a,,  a^,  a^,  9ic.  must  all  be 
positive ;  for  otherwise  nil  those  terms  which  involve  nega- 
tive powers  of  A,  must  become  infinite  by  its  evanescence! 
a  supposition  which  would  entirely  destroy  the  essential  ge- 
nerahty  of  the  function/(T). 

Since  u^f{x),  we  will  assume,  for  greater  brevity, 
«'=/{* +A),  and  «"=/(j+/i4-i).  We  shall  also  consi- 
der^,',  ji.;t  j4,i',  ike.  as  the  representatives  of  the  new 
values  of  the  functions  A^y  A^,  J^,  &c.  which  result 
from  the  substitution  of  J+A,  in  the  place  of  x. 

The  function  u"  may  be  developed  under  two  different 
forms,  according  as  we  consider  it  as  representing 
/{x+(A+Aj),  or/(C.r+A)-|-4).  The  first  hypothesis  wiU 
give, 

!/"=«  +  A^  (A+ V  +  A.^hJ^i]'*  +  At  (4+i)'»+&c.  (a*) 
and  the  second, 

U'  =  tt-+A^V+A^i'*+j1,'i'+  &c.  (a'^ 


that 


^ 
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But  we  have  already  8een"(.a)» 

and  since  j^^',  JJ,  Ai,  &c.  are  severally  functions  of  j:  +  A, 
they  will  all  admit  of  devetopements  in  series,  according  to 
powers  of  h :  consequently, 

'^i'=-^,+-ffi  A  '+5s/A+^,  h"  +  &c. 

A'=^s+C,A''+Q/'  +  CjA«-f  &c. 

&c.  &c. 

t  The  seires  (a")  may  therefore  be  exhibited  under  the  fol- 
lowing fonn  : 

1+A,k^+B,hnc'  +  Bih^k'  +  JS3h'i''+  &c. 
+  J^  i '  +  C,  A*'  * •  +  Cj  a''  k'  +  C,  ;5''  i*  +  &C. 
+-^,i"'+  i)  .A  '  *'+  A  *"'*•+  iJ.AU-'  +  &c. 

+  &C. 

The  series  (<i')  and  (i>  are  true,  under  all  circumstances, 
whatever  be  the  relative  values  of  A  and  I :  we  may  assume, 
therefore,  A  =  i;  and  since  the  series  are  identical,  being 
developements  of  the  same  quantity  m",  the  coeffidents  of 
the  powers  of  A  in  the  resulting  form  of  {a'),  or 

must  be  identical  with  those  corresponding  to  them,  in  (he 
new  form  of  ( A ),  which  also  arises  from  this  hypothesis: 
we  shall  find,  by  actual  comparison, 

2j^,  =  J,  .2',  oi 
and  therefore  a^  must  be  equal  ti 


J 
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We  have,  therefore,  in  all  cases  whatever, 

/(x-hfi)  =/(r)  +  ^,A+  ^,}//*+y*,A'  +  8tC. 
the  second  term,  involving  the  first  power  of  /i  only.  We 
may  conclude  from  this  also,  that  i„  c^,  (/,,  Sic.  which  are 
the  indices  of  h  in  the  second  terms  of  the  several  deve- 
lopements  of  Ai,  A^,  A,',  &,c.  are  respectively  equal  to 
unity. 

We  will  arrest,  for  a  short  time,  our  enquiries  concern- 
ing the  other  terms  of  this  developement,  in  order  to  consi- 
der more  particularly  the  second  term,  the  determination 
of  which,  in  different  functions,  constitutes  an  esaential 
part  of  the  DifTerenttal  Calculus. 

We  have  just  shewn,  that  the  Sffertnce  of  the  function 
/U)  is 

^,  A  .  +  J,  a'*  +^jA'^  +  &c. 

Analysts  have  agreed  to  call  its  first  term  A^^h,  the  d^ 
fertntial  of  the  function,  and  A-^ ,  which  is  the  function 
of  X  by  which  A  is  multiplied,  is  denominated  the  differcn- 
tial  eotfficirrtt.  The  student  should  be  very  careful  not  to 
attach  to  these  terms  any  meaning,  which  is  not  distinctly 
implied  in  the  definitions  we  h%ve  just  given. 

It  is  usual  to  denote  the  difference  of  a  function  by  the 
characteristic  A,  and  its  differential  by  the  characteristic  d: 
thus  A«=«'-f/  =  A/U)=/(..+/,J-/(,r),  and(/tt=rf/U) 
z=j<,  A,  This  notation  is  perfectly  arbitrary,  and  is  different 
with  different  authors :  we  shall  state  hereafter  the  reasons 
which  have  induced  us  to  make  choice  of  the  above. 

The  process  of  finding  the  differential  of  a  function  is 
called  difftrentiation :  we  shall  proceed  to  apply  it  to  a  few 
simple  examples. 

1.  Let  ii  =  n  in  this  case  a'=:j'+A,  and  consequently 
£i.ts=:h^di;  the  difference  nnd  differential  of  x  and  its 
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increment  h  arc  theieforc  identical  quantities,  and  may  be 
interchanged  at  pleasure  ;  we  shall  follow  the  common  cu^ 
torn  of  replacing  A  byjjc;   we  shall  thus  have  genenlly 


«.  Letw  =  flr;  therefore  H'=fl(r  +  A)  =  or  +  aj(; 
from  which  we  get  A  u=a/$  =  ati  i—du  i  in  this  dun- 
ple  also,  the  difference  and  difFerential  are  identical. 

3.  Let  B=a*i  wehaveF/=[.r+Aj'=t»  +  2r4+jS*,  and 
A«  =  S  jA+A*;  we  hence  gei  du~2  x h=2  x d x, 

4.  Letu  =  ax*  +  ii+ci  in  this  case  i/=a(ar+A)-+*fj+4) 
+  c  =  iix^  +  bx  +  c+  2aA4-iA  +  A^  wc  hence  obtain 
i«=2,rA-j-iA  +  A%  and  du  =  'i  xdx-^bdx.  We  ought  to 
observe,  that  the  constant  quantity  c,  which  was  connected 
by  addition  with  the  given  function,  disappears  in  the  dif- 
ference and  differential :  the  same  must  be  the  case  with  all 
constant  quantities  whatever,  which  are  not  connected  with 
the  variable  parts  of  functions,  by  multiplication  or  divi- 
sion. 

5.  Let  usi",  wheren  is  any  integral  or  fractional  num- 
ber; in  this  case  M'=(.r  +  A)"=3"  +  j^iA-f  yfj  A'  -f-  &c.  and 
our  first  enquiry  must  be  directed  to  the  determination  of 
Ai ;  to  effect  this,  we  must  put  this  developement  un- 
der a  somewhat  different  form:  since  (r  +  A)"=a'l  l  +_  I  , 

wehave(j+Aj'  =  i'*l  1  +»,  ^ -f  a,  (*)'+ &<:•*  =  X- 

-|-"bi  i*~' A+  a,  3"~"5  Aj  +  &c.  expressions  which  ate 
obviously  identical,  llie  CDcfHcients  a, ,  o^,  See.  being  in- 
dependent of  X,  must  be  functions  of  n,  the  only  quantity 
upon  which  their  value  can  be  dependent.  \\  e  may  ai- 
aume,  therefore,  a^-=f{n).  If  obe  supposed  to  become 
«+l,  we  shall  have 


(i+*)"  +  '=i*  +  '+/(»-t-l)-»"*+  &c- 
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and  multiplying  the  developemeat  of  (x+A)"  by  r+i, 
shall  have  another  expression  for  Cj4-A)"+*,  under  a  dlf-_ 
ferent  form,  namely,    , 

(r+A)' + '=j:- +  '+/<«) T-A  + ace.  ^ 
x-  A  +  &c.  ) 

a  comparison  of  those  terms  in  the  identical  developements 
(/i)  and  (ij,  which  involve  the  first  powers  of  A,  will  give 
us  the  following  equation : 

/(«+!)=/•(«)+ 1. 
By  supposing  n  =o,  the  second  term  of  C-f+A)'  can  have  no 
existence,  and  consequent! yyi«)  =  o :  it  follows  from  this, 
that  n  must  be  a  factor  of  y(M)  in  all  cases.  Again,  the 
first  power  of  »  alone  can  enter  into  this  function ;  for 
otherwise  the  difference ^"(n+1)  -/(»)  would  be  a  function 
of  n  also,  as  may  be  easily  shewn.  We  must  have,  (here- 
{ote/[.n)=a  n=n ;  for  a  must  be  equal  to  unity,  in  virtue 

(the  equation/(«+l)-/(fl)  =  a(M+l)- 
■F«  &ua  obtain 
I  (x  +  A)"=r"+«j*->  +&C. 


and 


:»!•- 


it«-.lM  -_di 


6.  LetH  =  x~',  where  »  is  an  integral  or  fractional 
Biimber :  by  a  process  similar  Co  the  above,  we  shall  be 
■ble  to  prove,  lliat 

we    consequently    obtain   du  ^  ~  iix~-'  ~'rfx,    and 
11  now  resume  the.contidention  of  the  form  and 


properties  of  the  remaining  terms  of  the  series  (a),  in  Ae 
determination  of  which,  the  knowledge  of  the  second  term 
of  the  expansion  of  (  i  -\-/i ) "  will  be  found  of  essential  im- 
portance. 

We  are  thus  enabled  to  exhibit  the  series  (a)  under  the 
following  form : 


.f-O  ■, 


Stc.     &c. 
£y  comparing  the  terms  of  this   series  with  those  of  the 
identical  series  (*) ,  (the  indices  o, ,  ^, ,  r, ,  ^, ,  8tc.  being 
severally  replaced  by  unity),  we  shall  obtain  the  following 
equations : 


iA.h' 


=  C.  k'  i. 


&c.  Sic. 

In  order  that  the  powers  of  i  in  each  equation  mij  be 
identical,  the  following  equations  raust  obtain  : 

From  the  first  of  these  we  get  a..  =  ^i  and  this  general 
conclusion  being  applicable  to  the  developcments  of  ^/,  ^,', 
Af,  &c.  will  give  Aj=2,  fi  =  B,  rfe=2,  &c. 

From  the  second  equation  we  obtain  a,  =  6^+1  =  $; 
'and  in  a  similar  manner  we  may  conc[iide,.tiiM/,  =S, 
t,  =  3,  &c. 

From  the  third  equation  we  obtain  ii,=i]-|-l  =4)  and  by 
a  coatinuation  of  the  same  process  and  reasoning,  ve  shall 
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geta^^5y  aets6,  and  generally  tf»/=i»:  ^484^-^259  and 
h^::zn:  ^4=54,  c^^S,  and  r»=/i;  and  so  on^  for  the  series 
of  the  indices  of  A»  in  each  successive  developement.  . 

The  general  form  of  the  series  (a)  will,  therefore^  be 
the  following  : 

the  indices  of  h,  in  the  successive  terms,  forming  the  series 
of  natural  numbers. 

Again^  by  referring  to  the  equations  obtained  above, 
we  shall  find 

A^ss^  ,  JBi,    -^s=i  •  -Bn,    -^4=i .  B„  &c. 

Now.  since  Anss  —?  ,  and  Bj  =  -pJ ,  we  shall  have 

ax  ax 

^      rfi^  .       2         -J^        2       dx^    ' 

but  J  (4/ 1^), '  whicli  is  called  the  second  differential  of  u,  is 
usually  written  iP  u,  where  the  index  £  is  symbolical  of  the 

number  of  operations  :  We  thus  obtain  A^ss  —  .  -— :   a 

1  •  V      ox 

conclusion,  which  being  extended  to  the  other  develope- 

menu,  gi.es  u,  B,  =  i_  .  ^|..   C.=-l  .  ^ ,  &c. 
Again, 

3  1.2.3      TF        1.2.3  3v~ 

-r?73  •  -^^"TT:!-  7P  »  by  a  <^"h«"««»- 

sion  of  the  principle' of  notation  mentioned  above.  We 
from  hence  conclude,  that 


60t 


*■"  1.2.3  <!«■' 

■  '"      1.2.3  3?"' 

and  soon,  for  /),,  &c. 

Again, 
1        '      F?                ' 

J"/*,               1 

"•'      «•"■       1.2.3.4 

i/r^        1.2.3.* 

1 

i'u 

-(9 


The  law  of  the  derivation  and  formation  of  the  other  coeffi- 
cients is  now  sufficiently  manifest. 

We  thus  arrive  at  another  f"rtn  of  the  aeries  (a). 


known  by  the  name  of  Taylor's  Theorem,  and  which  eihi- 
bits  the  whole  theory  of  the  Differential  Calculus. 

This  theorem  might  have  been  deduced  by  a  process 
somewhat  more  simple,  by  a  slight  change  in  the  form  of 
series  (a)  j  for  by  interchanging  the  quantities  h  and  *,  we 
should  have 

«"  =  «+^,  (i+A)  +  A^  (k+h)'^  +  &c. 
and  by  expanding  the  several  binomials,  we  get  i 

f+Aii'^+A^  ayi'''  A+kc. 

+  &C. 

A  comparison  of  this  with  the  series  (i),  will  give  us  the 
following  equations : 

.rf,a.  A*       h::sBikh,     and  therefore 0,  —  1  =  l,  i>r«i=?. 


I 
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A^a^k^      AssBift^  A,  and  therefore  «5-*-]iesa,,  oro'sS. 

•  —1  • 

J^a^k^,     A=:Z>|i'A,  and  therefore a^—l^^,,  QrdiAss4« 

&c.        Sec.  &c.  8u:. 

We  thus  immediately  obtain  the  values  of  ^»  a^,  a^,  &c. 
from  iiriuch  we  find 

3  Sax,  dx 

-^♦=1  •  A=  2-  •:7— f  since  A«-T-. 

4  4      flj:  dx 

&c.  Sec. 

We  from  hence  get 

d(^^\ 

3  j;^      \  *     %.dx^/      2.3      Jo:* 

1       J^ii 

i  «1      V2.3.JW/.  .  ^»«       X 

if*—  •-:  .  . — ^  f  smce  A^^  — -- — =—,  1 

■"   2.  3.4     dsf^     ■"  £.3.4  '  rfjT* 
8lc.  Sec. 

We  thu$  pbtain  the  aeries  of  Tajlor  in  the  same  form  as 
befbre. 

We  make  no  apology  for  giving  two  different  ihethods 
of  deducing  this  theorem^  which  is  unquestionably  the 
most  important  in  the  whole,  range  of  Analysis :  wo^  shall 


«eS  lonn. 

at  present  proceed  to  apply  it  to  the  demonstration  of  die 
binomial  theorem  of  Newton. 
Let  M  =  J"  :  tlicn 


«'=(T+Ar=«+- 


1     dx 


v 


Now  - — =  II  ,1"  —  '     as  has  been  shewn  above ; 
ex 

df 
d^ 
if 
4'u 


tec. 


consequently 

If 
whatever  be  the  value  of  n.* 


*  The  same  method  which  vras  used  in  the  detenninatioD  «f 
the  first  coefficieot  of  this  series,  may  be  very  readily  applied 
to  determine  the  othqr  coefficieota  also. 

By  what  hat  been  already  demonstrated,  we  may  atsotnc 

=*i^(»+;)"=*"(n-/.(«).^+/,.(n).^+&c.) 

=«"+/,  (»)  «■-'*+/,(»)  .  *■- '  A*+/,  C")  .  *"*V  +  ^■ 
By  the  same  procesr  as'  tbat  pursued  in  the  determiaatiMi  of 


/,(«),  WB  havfe 


(*+*)- 
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It  18  evident)  that  the  only  difficulty  we  can  encounter 
in  die  derelopement  of  f'{  x-^-h  )  in  all  other  cases^  must 
arise  from  the  determination  of  the  series  of  derii^tire 

-      r  -  ■  - ■ ■  .       ■     ■ .^ 

(x44)»+»xs«»  +  »-|./,  (n+1) .  a»A+/j  («+l)a"--»  *• 

+/,(>»+i)«*-**»+&c. 

>     .  «  •  •  * 

(/3W+/20l))*»-«A«+&C. 

Bat  we  hare  already  proved  f^  {fi)tAn :     we  have  therefore 

/e  («+0  =/«(»)  +  »•  an<J^(»+l)-/2  (»)=»:  but  in  general,. 
if/(»)=^n-+^»*-*+  &c.:    then 

/(«+o-/(»)=^((«+ir-»")+B((»+ir-»-»-~o+«»c. 

the  highest  power  of  n  being  less  by  unity  than  in  the  original 
function.  We  may  from  .hence  conclude,  that  the  highest 
power  ofn'tnf^^)  is  the  second.  AlsdT^  and  ii—  1  are  factors 
•f  ^  (»),  since\^  (n)  =  o,  if  n  =o  or  n  =1 ;  consequently 
f^{n)=z4tn  (n—  1) ,  and  therefore  y^  (»+ 1)—/,  (n) 

=:a  n  (n+ 0  ""^  w (n— 1)  =  2  a  n=:n ; 

•r  a  =  I ,   and  ^  (  n)  =    ^>''^        . 
Again, 

/3  (1+0-/3  («)=/«(«)=  ~^; 

hence  /j  (n)  is  of  the  third  dimension. 

Also  n,  n  —  1,  and  n  —  2,  are  factors  of  /j  (n) ;    since  this 
function  vanishes  when  iisro,  nsilj  nss2:   we  have  therefore 

/j  (n)  =  a  n  (»-  1)  (»— 2)  ;  and 

/s(«+0  -/s(«)-  a/iCi-l)  {n+l-n+2}  =:  3a.n(fi-l) 
-  L^Zi) ,  and  therefore  a*=  -i— , 

2  2.3 

and  A  (n)  =  "("" '>C'»-.'^^ ,  and  w  on,  for  the  other  ternw. 

■2  .-5 


functions  of  x,  which  form  the  coeflicients  o£  A,     — , 

1.2 


1.2.3 

determined  the  law  of  derivation  in  the  most  common  func- 
tions :  we  shall  now  endeavour  to  exhibit  it  in  all  other 
algebra! cil  functions  whatever. 

I,     Let  M=/(x  x/i  (i)  =  If .  vi ;    we,    in  this  case, 
have 
.•=/(t+A)x/,  (1+*)=  J«+ll.A+jl:i.±.+l!iC.!x 

t»,  + 1.  .  -_t  .  -  +w    —-—     +  8tc. 

MMX ''»      '  ''■'*       '■« 

ind  dierefore,  hj  the  definitioa  of  a  differential,  we  harc 

fiwA. 

«.    Leta=/(r)x./iC«)x/,(<r)«f  .t.i.«,(  anwe 
zesv^.Vg:  we  dttu hare  8  =tr z, 

and  'CoKttSamiu—vix  +  i^v: 
butrfs  =  J.  ViW,  =  w,dw,+Mrfwi; 
consequently 

It  is  obvious,  that  the  same  principle  out  be  ^^ied  to 


•    » 


tiie  diQ^fentiation  of  a  function,  consisting  of  the  products 

of  any  number  of  functions  whatevMi,  - 

'  »  ■   ♦ 

3.    Let  flat  { f{x)  I*::;!;'';  we  have  here 
or  tfausi  =. 


1.2  An*  /       ^ 


and  omsiieqttentlj 


•  I     .  I 


4.    Let  tt^ir  "^  ^  ■  ,  =  —  5  since  u  ^v  .v^^u/ya^ilaiiff 
differentiate  this  function  as  a  product  of  two  others,,  and 

. .  ■ '     •.  fc 
dv       vdvi       Virfv  — Wvi.  ; 


Vi  Vi*  Vi 


dx  ,         ax     I«« 


III  II 


4H 


Vv,       I',  Vi  / 


Ik 


"  V 

For  the  rules  of  differentiation  deducible  from 
conclusions,  and  for  their  aptplication  to  particular  ezunplej, 
the  reader  is  referred  to  Nos.  II,  12,  13,  I+,  13  and  16 
of  tfiia  work ;  our  only  object  here  bein^  to  deiAonstiaie 
tbem,  in  conformity  with  our  definition  of  a  differential. 

The  investigation  of  the  differentials  of  logarithmic  ani 
circular  functions  will  be  found  in  Note  (D). 

Enough  has  been  already  said,  to  give  the  reader  as; 
insight  into  the  nature  and  objects  of  the  Differential  Cat> 
cuius.  We  are  required  to  determine  a  series  of  derivative 
functions,  whose  forms  and  values  are  all  dependent  upoB 
a  primitive  functiod,  and  fthich  are  also  connected  with  it, 
and  with  each  oilier  by  a  determinate  law.  We  readily 
discover  its  Jirtci  useS  in  the  dcvelopement  of  functions, 
and  shall  have  hereafter  occasion  to  remark  them  in  ueiilf 


J 
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every  other  part  of  analysis,  and  in  almost  every  department  I 
of  tbe  theory  of  curves  and  mechanical  philospphy :  its  indt- 
rtet  uses  will  be  found  to  consist  in  furnishing  expressiom 
in  terms  of  the  derivative  functions  of  some  primitive  one^' 
which  is  required  to  be  determined,  either  simply  by  theror  • 
•elves,  or  combined  with  each  other,  and  with  other  v 
sbles,  in  the  form  of  equations  ;  being  a  state  preparatory 
to  the  application  of  the  Integra]  Calculns,  by  which  thej  J 
primitive  function  is  elicited  from  the  difl'erential  exprea-'  . 
sions  which  are  thus  presented  lo  its  operation. 

The  same  general  rules  of  diSercntiation,  and  the  same 
series  for  the  developement  of  functions,  have  been  de- 
duced by  our  author,  by  the  method  of  limits  which  he 
has  adopted.  The  reason  of  this  agreement  will  be  best 
explained  by  a  statement  of  the  general  principle  of  that 
metliod'. 

Assume 

which  gives 

KoA  since  A^y  A»  Ai,  &c.  which  are  functions  of  x,  must 
be  of  bnite,  though  indeterminate  value,  the  sum  of  all  the 
teT*)S  of  (his  series,  after  the  first,  may  become,  by  the 
diminution  of  A,  less  than  any  assigned  quantity  whatever. 
(See  note  A.)    Its  true  limit,  therefore,  which  is  likewise 

tliat  of  ~-=i—  ,  hAii   and  this, by  convention.  Is  repre- 


tented  by 


h      ' 


We  thus  see,  that  the  term  differtntial,  in  it*  repre- 
senution  at  least,  is  identical  in  the  two  systems ;  and 
since  the  limit  of  the  ratio  of  the  respective  differences  of 


h 
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die  function  and  its  base,  is  independent  of  the  absolute 
value  of  h  ox  di,  we  may  consider  it  as  finite  in  every  dif> 
ferencial  expression  in  which  it  appears.  We  shall  find 
also,  thnt  tbe  general  principle  being  once  established,  tlie 
theory  of  limits  will  sometimes  enable  us  to  determine  the  i 
coefficient  A^  more  readily  than  by  the  actual  devetopement 
Qiji,j[-\-K,'in  advantage  which  is  still  more  observable  in 
the  applications  oF  this  Calculus  to  the  theory  of  curves. 


These  reasons  would,  in  a  great  measure,  determine 
tfao  superiority  of  this  system,  if  it  was  true,  as  is  some- 
times maintained,  that  it  is  of  little  importance,  when  the 
rules  of  Analysis  are  once  established,  whether  we  dearly 
comprelicnd  or  not,  the  principle  of  their  derivation  :  but 
it  will  be  found,  that  in  most  cases,  a  process  of  reasOD- 
iiig  similar  to  that  employed  in  deducing  these  rules,  mus( 
likewise  direct  their  [Application,  and  that  whatever  difficulty 
or  obscurity  attends  their  investigation,  will  be  again  traced 
in  every  theory  which  they  are  employed  to  demosstnte. 

Our  notion,  indeed,  of  a  ratio,  whose  terms  are  evanes- 
cent, is  necessarily  obscure,  however  rigorously  its  existence 
and  magnitude  may  be  demonstrated  ;  and  its  introduction 
into  all  our  reasonings  in  the  establishment  of  this  Calculus, 
J3  calculated  to  throw  a  mystery  over  all  its  operations, 
which  can  only  be  removed  by  our  knowledge  of  its  more 
simple  and  natural  origin.  We  will  not  attempt,  however, 
to  enumerate  all  the  objections  which  may  be  made  (O  this 
system,  and  shall  only  mention  that  which  we  consider 
as  insuperable,  its  tendency  to  separate  the  principles  and 
departments  of  the  Differential  Calculus  from  those  of 
common  Algebra. 

We  have,  in  the  preceding  Note,  alluded  to  the  method 
of  Infinitisimalsi  which  formed  the  foundation  of  the  system 
if>f  Leihniiz :  its  principles  may  be  briefly  exhjbited  as  foI< 
lowi: 
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Assume 

f(x+h)-/{t)=  A/(x)=:Ai  A+^,/r'+^3A»+  &c. 

He  considers  /i  as  an  Iii6nitesiinal  quantit]^;  aince  -^  =  t~ 

Y^   =  Sec.  and  1  is  assumed  to  be  infinitely  greater  than  fi, 

we  have  i  also  infinitely  greater  than  A%  /i'  infinitely  greater 
than  f^,  and  so  on :  thus  /i,  h'-,  h^,  k*,  &c.  and  consequently 
Ai  k,  A.Ji^,  A^,  8ic.  form  a  series  of  infinitesimal  quantities, 
each  of  which  is  infinitely  greater  than  the  sum  of  all  thosa 
which  succeed  it. 

He  therefore  assumes 

Upon  the  same  principle  we  have  d A^—qdxt  dq^rdgf  I 
dr=id*,  and  consequently  d'-/ft)=q  d  x*,  £/*/(■»■)  =  nfe'i,  1 
d*f{x)  =  ]d.t*,  and  so  on  ;  the  different  orders  of  differeo-^'] 
tials  constituting  so  many  orders  of  infinitesimals. 

The  differential  being  considered  as  a  particular  state  j 
of  the  difference,   the  rules  of  differentiation  are  deducibl^ 
with  great  readiness  and   simplicitjr.    Thus,  let  k^w,, 

pr 

U-\-du={v+dv)  (w,+A;,)=:w,+Wv,+v,<Jw+</tj  .  dv^ 
and  du  —  vdvi-{-Vidv-\-dv  .  dvi 

=  vdvi+v,dv.  since  dv  .  dv^  may  be  neglected  as  an  infi- 
nitesimal ol  Ml  order  superior  to  that  of  dv  or  dvy 

The  differentials  of  products  involving  any  number  of 
functions  as  fjctors,  of  powers  of  functions,  both  fractional 
and  integral,  and  of  functions  under  fractional  forms,  may, 
without  difficulty,  be  deduced  from  the  result  above  given. 
Again,  let  K=sin  x-,  then  m+^^u  =  sin  (.r+Ax),  or 
u-\-du  =  fAn  (i'-|-(/r)  =  sinx  .  cos  i/jr+coa  x  .  sin  dx\  but 
in  the  infinitesimal  system  cos^  j^=  1,  and  sin^j 
have  therefore 


i 


»lt 
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!» 


a-\-du  =i  sin  *+ cos  J*/ J, 
and  t/v=co8  t  d X, 

In  a  similar  mannej  it  may  be  applied,  to  find  tile  £f< 
fetentials  of  the  other  trigonometrical  lines. 

The  ruies  of  differentiation  are  more  easily  deduced  by 
this  method,  than  by  any  other  ;  and  it  also  admits  of  a 
very  ready  application  to  the  more  common  <)ueatiotis  con- 
cerning curve  lines :  but  it  is  otherwise  liable  to  the  same 
objections  as  the  system  of  D'AIembert,  and  to  many  others 
from  which  that  system  is  free ;  for  its  first  principles 
hardly  admit  of  demonstration,  and  by  considering  the  suc- 
cessive differentials  as  infinitesimals  of  successive  orders, 
we  are  unable  to  form  any  notion  whatever  of  their  connec- 
tion with  each  other,  and  with  the  function  from  wlfich 
they  are  derived. 

We  will  now  endeavour  to  give  some  account  of  ^e 
method  of  fluxions,  which  was  for  a  long  lime  the  rival  of 
tlie  Differential  Calculus  of  Leibnitz,  and  which  is  adopted 
even  at  this  day  almost  universally  by  English  roathenuti- 

If  we  consider  a  curve  as  generated  by  the  uniform  mo- 
tion of  a  point,  we  may  decompose  the  velocity  of  (his 
point  into  mo  others,  one  parallel  to  the  axis  of  the  ab- 
eeiss*,  and  the  other  parallel  to  that  of  the  ordinates.  Tliese- 
velocilies  arc  severally  the  fiuxidiu  of  the  arc,  the  abscissa, 
and  the  ordinate.  It  is  also  evident,  that  unless  the  mov- 
ing point  describe  a  straight  line,  the  fluxions  of  the  ah- 
'scissa  and  the  ordinate  must  be  variable  quantities,  and 
'their  ratio  at  each  instant  of  this  motion,  must  depend 
upon  the  nature  of  the  curve,  or  the  relation  of  the  co- 
ordinates. We  may  also  suppose  the  motion  in  the  direc- 
tion of  one  of  the  co-ordinates  to  be  uniform,  and  conw 
qucntly  the  velocities  in  the  direction  of  the  curve  and  of 
the  other  co-ordinate,  must  be  considered  as  variable :  we 
may  also,  as  is  generally  the  case,  confine  ouranention  to 
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tfie  raoiiohs  in  the  directions  of  the  two  co-ordinates  only, 
one  of  thera  being  always  supposed  to  be  uniforirt  "and 
constant. 

Fluxions,  being  considered  as  velocities,  must  adnut  6l  j 
estimation  in  the  same  manner  as  these  velocities  them-  ', 
>e)res,  aiid  mast  be  finite  or  not,  according  to  the  nature  j 
of  the  quantities  of  which  they  are  the  representatives,  1 
They  will  not  therefore  be  equal  to  the  quotients,  which  ( 
arise  from  the  division  of  the  actual  increments  of  th*  j 
curve  or  co-ordinates,  by  the  time  in  which  the  change  is  i 
cflectedi  but  to  those  which  would  result  from  supposing  j 
the  increments  such  as  would  be  generated  by  the  conti-  ! 
□iiance  of  that  velocity  with  which  the  change  commenced  ] 
uniformly  throughout  the  whole  time.  The  time  itself  U,i 
assumed  as  a  unit ;  and  the  fluxions  may  therefore  be  scv^  1 
rally  represented  by  the  wliole  increment  of  that  part  whicb  J 
is  generated  by  a  uniform  motion  and  by  the  potential  in-  ■ 
trements  of  the  other  two. 

The  fluxions,  which  are  not  constant,  may  be  taken  ■ 
the  co-ordinates  of  another  curve,  whicli  will  likewise  have 
their  fluxions,  of  finite  and  estimable  magnitude.  These 
may  again  be  taken  as  the  co-ordinates  of  a  third  curve, 
and  JO  on,  so  that  there  will  never  enter  into  considera- 
tion any  quantities  %vhich  are  not  finite. 

The  method  of  fluxions  will  thus  consist  in  finding  the 
reUtioii  that  subsists  between  the  fluxions,  when  we  know 
the  relation  between  the  co-ordinates ;  and  reciprocally, 
smce  the  relation  between  the  a^-ordinates  must  depend 
upon  that  of  their  fluxions  at  each  instant  of  time,  it  will 
be  another  problem  to  find  the  relation  of  the  co-ordinates, 
when  we  know  that  of  their  fluxions,  either  simply,  or  com- 
bined with  the  co-ordinates  themselves.  This  is  the  object 
of  the  inverse,  mctltod  of  fluxions,  which  Is  also  called  the 
method  of  fluents. 

The  method  of  fluxions  is  not  confined   to  the  lines 
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generated  hy  the  motion  of  a  point ;  it  may  be  extended 
also,  by  analogy,  to  the  areas  of  curves  generated  by  the 
uniform  motion  of  ordinates  of  variable  length  ;  for  if  we 
assume  two  co-ordinates,  one  to  represent  the  area  gene- 
rated, and  the  other  some  area  described  upon  the  abscissa 
of  the  given  curve,  by  a  given  and  invariable  line  moving 
with  the  same  velocity  as  the  variable  ordinate  itself,  their 
changes  will  be  analogous  to  those  of  the  areas.  Suppose 
now,  that  the  increment  of  the  area  of  the  curve  is  so  mo- 
diiied,  as  to  bear  the  same  ratio  to  the  increment  of  the 
other  area,  that  xhe  fiuxions  of  the  co-ordinates  bear  to 
each  other :  and  since  tbe  increment  of  the  rectangular 
area  varies  as  the  fluJtion  of  the  co-ordinate  by  which  it  is 
represented,  since  they  both  increase  In  the  same  ratio  with 
the  units  of  time,  the  other  modified  Increment  will  also  vary 
as  the  fluxion  of  Its  representative  co-ordinate,  and  may 
consequently,  by  analogyj  be  called  thc^uxion  of  the  area 
of  the  curve.  We  may  also,  upon  a  similar  principle, 
Speak  of  the  fluxions  of  the  volumes  and  curve  surfaces  of 
solid  bodies ;  of  forces  to  communicate  motion,  and  ercn  of 
functions  themselves  :  for  we  may  always  assume  two  co- 
ordinates, one  to  represent  the  volume,  curve  surface,  force, 
function,  or  other  variable  quantity,  which  is  the  subject  of 
consideration,  and  the  other  some  quantity  of  a  nature  and 
dimension  similar  to  the  former,  the  increase  of  the  second 
co-ordinate  being  always  supposed  proportional  to  the  time. 
We  consequently  must  have  the  cotemporaneous  changes 
ai  the  quantities  proportional  to  those  of  the  co-ordinates  t 
and  their  fluxions  also  must  be  proportional,  according  to 
the  hypothesis  we  have  already  made. 

We  thus  see,  that  if  the  term  fluxion  be  applied  to  the 
actual  increment  of  the  auxiliary  quantity,  the  fluxion  of  the 
variable  quantity  itself  must  be  such  a  modi  lied  state  of  it* 
increment  also,  as  will  make  It  a  fourth  term  in  the  propor- 
tion alluded  to.     The  denomination  is  thut  transferred  ta 


N0TB8.  617 

I  increment  of  tlie  rariable  quantity,  from  the 
actual  fluxion  of  the  co-ordinate,  which  is  assumed  ss  it) 
representative. 

The  method  of  fluxions  is  naturally  deduced  firom  the 
method  of  Prime  and  Ultimate  Ratios ;  for  a  fiuxion  is  ch« 
ukimatt  value  of  ihe  quotient,  which  arises  from  the  divi- 
sion of  the  space  which  represents  the  increment  of  the 
co-ordinate,  by  the  whole  time  of  the  motion  ;  for  this  quo- 
tient, by  the  diminution  of  the  time,  may  be  made  to  ditfel 
from  the  fluxion  by  a  quantity  less  than  any  that  can  be 
assigned.  A  fluxion,  therefore,  in  its  analogical  sense, 
may  be  defined  to  be  tlie  limit  of  the  increment  of  the  vari- 
able quantity  upon  which  it  is  dependent,  and  may  be  con-  , 
sequendy  considered  as  identical,  ttoth  in  its  representation 
and  properties,  with  the  term  differ*ntlai,  in  the  system  of 
lyAIembert. 

represent  the  increment  of  one  of  the  co-ordinates  corres- 
ponding to  the  increment  h  of  the  other;  then  A^h  ami  h 
will  represent  their  fluxionsi  for  h  is  proportional  to  the 
time  and  velocity  jointly,  and  is  consequently  the  fluxion 
of  the  second  co-ordinate,  when  the  time  is  assumed  as  a 
unitj  and  ,4,  h  is  the  only  part  of  C^f(i),  whose  magni- 
tude increases  in  the  same  proportion  with  h,  or  with  the 
fluxion  of  the  other  co-ordinate ;  and  since  the  proportion 
of  the  fluxions  is  independent  of  k,  we  evidently  see,  that 
Ai  k  is  the  only  part  of  the  dtflerence  which  will  answer 
that  condition. 

We  may  readily  extend  this  principle  to  determine 
the  fluxion  of  any  function  whatever,  by  considering  the 
changes  of  the  function  and  its  base,  as  analogous  to  the 
changes  of  the  co-ordinates;  and  the  first  term  of  tlic 
increment  will  still  be  found  to  correspond  to  the  fluxion. 

We  thus  find,  that  all  the  different  systems  which  we 
hare  examined,  temunate  in  the  same  geneial  principle  or 
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concIuBion,  that  the  difftrtntiol  otjluxion  of  ^function  it  tfu 
first  term  af  the  develDpenunt  af  its  difference  vr  increment. 

The  consideration  of  motion,  which  is  easential  to  the 
method  of  fluxions,  is  foreign  to  the  spiritof  pare  Analysis; 
'  and  tlie  analogy  by  which  the  name  and  properties  of  a 
fluxion  are  transferred  to  a  modification  of  the  difference 
of  a  function,  is  strained  and  unnatural.  The  different 
orders  of  fluxions  also  are  involved  in  considerable  obscu- 
rity, and  we  are  utterly  unable  to  comprehend  the  coiv* 
nection  which  they  respectively  bear  to  their  primitive 
function. 

In  the  brevity  of  its  demonstrations,  and  in  the  facility 
of  its  applications,  it  is  unquestionably  inferior  to  all  the 
other  methods  -,  and  the  mixture  of  mechanical  and  geo- 
metrical considerations  upon  which  it  is  founded,  are  little 
calculated  to  assist  us  in  investigating  the  properties  of 
functions  which  are  alwa^is  algebraical  in  their  form,  and 
generally  in  their  nature  also. 

But  the  most  important  distinction  between  this  system 
and  the  Differential  Calculus,  consists  in  a  different  nota- 
tion. The  student  will  b«Bt  judge  of  its  merits  by  com- 
paring it  with  the  Differenrial  notation,  in  a  few  examples. 

i.  We  denote  dx  or  h  hy  i:  in  tliis  case,  they  may 
be  considered  as  equally  simple. 

2,     Again,  d ii,   d' o,   d' u,  ate   severally  denoted  by 

M,  a,   n,  a;  this  notation  becomes  complicated,  wtien  Ae 
Bumber  of  dots  is  considerable. 
:1.     Talic  Laplace's  series, 

,  d.z  —  ,        «  -;' —  , 


•i}  I 


"* 


rfy- 


ij,- 
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In  the  fluxional  notation  it  will  become 
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+  &C.+    —p^:^^  .  ,-^-5-^  +  &c. 

The  notation  for  cases  of  this  kind  is  deficient,  both  in 
symmetry  and  siipplicity. 

4.   The  difficulty  of  denoting  the  operations  of  finding 
the  diffinrent  orders  of  fluxions  is  very  great,  when  for  u 
.  we  put  the  function  itself ^  which  it  represents. 

TTms, 

1.  d  .fix)  is  denoted  by  (/(x ))  •  ox  fix)  ' 

•  a.  rf .  '/\^x*  by  (Vl -  x») .  brVi-.x* 

3.  d*  — L  ,  by / _i — Vo'  r^-rt 

(1-**)T  ^\(i-X^)^)  (l-X»)* 

(•>        (•) 

4.  <?• .  (1  - «»)- by  ((1  -*T)"or  ^  -««r  ' 

5.  rf  .  sin  «        —  by  ( sin  x)  •  or  sin  x 

6.  J  .  log  J?        by  ( log  x)  •  or  log  x 

T.  d  .  of  — -  by  {a')  '  or  c^.  ' 

We  have  taken  examples  of  the  most  simple  and  com- 
mon kind,  in  order  that  we  may  not  be  accused  of  misre- 
presenting the  real  merits  of  the  question:  by  taking 
functions  of  a  more  complicated  nature,  the  aukwardness 
of  the  fluxional  notation  will  become  more  and  more  mani- 
fest, particularly  when  the  order  of  the  fluxion  is  consider- 
able.   But  the  best  argument  of  its  utter  insufliciency  in 
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most  cases  of  this  nature,  is  derived  from  the  practices  of 
fiuxionists  themselves,  who  usually  denote  the  operation  bj 
a  verbal  statement,  or  by  prefixing  some  abbrenation  of  the 
word  fluxion. 

5.  The  beautiful  theorem  of  Lagrange,  so  important 
in  the  theory  of  Finite  Differences, 

A'u.  =  ^r  -^  -  l)  "urt         (App.  Art.  887.) 

and  many  others  connected  with  it,  are  incapable  of  repre- 
sentation by  the  fluxional  notation. 

But  this  note  has  already  exceeded  its  proper  bounds, 
and  we  must  come  lo  a  conclusion  :  the  differential  nota- 
tion is  etjually  convenient  for  representing  both  operation 
and  quantity  j  its  symbols  are  distinct,  and  never  ambi- 
guous; it  is  symmetrical  in  alt  cases,  and  it  continues 
equally  simple,  whatever  be  the  order  of  the  differential, 
or  the  nature  of  the  function  to  which  it  is  applied  ;  whilst 
that  of  fluxions  is  deficient  in  nearly  all  the  essential  par- 
ticulars which  we  have  just  enumerated,  and  in  the  repre. 
sentation  of  many  important  theorems  it  absolutely  fails- 


No  te  (C). 


The  series  of  Maclai 


which  is  made  use  of  by  our  nuthor  in  the  investigation  of 
the  more  general  series  of  Taylor,   may  more  naturally  be 
derived  from  the  latter. 
For,  since 


i.a.s 


+  «w. 


/i7+4)  =  /(a)  +/.W' +  /=(')  -^  +/-Wr73+'"' 


NOTES. 

/j  C»)i  /« i^)>  fi  C^»  *c*  severallT  representing 


fiU 


t  T=Oi  an  hypothesis  which  gives 


1 .2.a^ 


where /fo),/i(o),/j(o),  &c.  severally  represent  the  va- 
lues oi /{x),J\(x), /^{x),  Sec.   when  !■  becomes  equal  t»'^ 
nothing.     Changing  h  into  X|  we  get 

/U)  =  /Co)+/.(o)^+/.(o)y^  +,  (0)  ^-^  +  &c. 

ojreplacing/(o), /i(o),/,(o),&,g.  by  Uo,  Ui,  Ci,  Stc.  we 
have 

It  is  evident  that  this  series  will  furnish  the  means  of  deve- 
loping any  function  of  J-  whatever,  in  terms  of  ascending 
integer  powers  of  j,  and  constant  coefficients,  if  the  func- 
tion itself  be  capable  of  such  a  form  ;  but  if/  { i)  be  of  such 
a  nature,  as  to  involve  in  its  developement  negative  or  frac- 
tional powers  of  j,  it  will  then  be  found, .that  this  theorem 
will  fail  in  effecting  it. 

The  supposition  of  x  having  a  particular  value,  which 
is  necessary  to  deduce  this  theorem  from  the  more  general 
one  of  Taylor,  deprives  it  of  ihat  gonerality  which  is  essen- 
tial to  the  latter :  it  is  on  this  account  that  its  application 
is  not  general.  We  will  give  some  instances  of  its  failure, 
when  we  come  to  note  {H). 


KoTE  (D). 

The  differential  of  a*  is  Aa'dt,  where  A  is  equd  to 
the  series 

for  this  is  shewn  by  our  author  to  be  the  firit  term  of  the 
difference  if  (a'-  1). 

The  difTerential  of  a  logarithm  is  deducible  from  that  of 
D-.     (See  No.  2(3.) 

The  general  series  of  Taylor  furnishes  us  with  a  mexnt 
of  developing  if,  even  without  a  previous  knowledge  of  its 
dilferential .  The  constant  A,  however,  which  it  in- 
TolTes,  will  remain  iadetermiaate. 

Thus,  let  a*  =/(.()  and  o»  =:/(^)  =  u:  then  a'xif 
=  tf*''=/{x+jf):  we  hence  obtain 


/{!f+')=/iy)./{-^)=f(.y)+" 


• '  1    </j*  "  1 . 


ds*       1.2.8 
Consequently,  by  dividing  by/(y )  or  u,  we  have 
,,  .  du        X  d^u  'x* 

d'  u  J*  -^ 

+    rfp"  '     «.1.2.3  * 
ind  since  g  cannot  enter  into  a  developement  i>S/{x\  the 
sererat  coefficients  of  -  ,  — ^ ,  ■  ,   &c.    must  "be 

constant  quantities :  we  must  have,  therefore,   r~^  =  -^> 
dfVu 

du 
»  constant  quantity,  and  -j — =Aa''i    also 
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dy*  dy 

-T— r  =i4*  a ,  and  so  on : 
a  V* 


^S33 


hence 


ss:^,  ■     =:i4',  and   ,  ,       =-«  >  &c. 


'         •! 


<^y*.  u    .         dt^  .u       .  '  dy* .  u 

and  therefore^ 

1.2  1. 2  .3 

I' 

If  «=— r,  we  shall  have 
A         ,     . 

'    1  1  1       '"^ 

.^ ^  =  1  +  1  +^^  +-p_-    +  &c.  =  ^  where  e  is  that 

value.of^i,  which  makes  ^:el/.  We  thus  get  ^  =0 ;  and 
consequently^  A  t=  log  0  to  hase  e ,  or  it  is  equal  to  the 
Napierian  logarithm  of  a.  Since  ^so's  N^  we  have  log 
N  to  base  a=^>f =^  X  log  iV^to  base  e.  Thus  logarithms 
of  the  same  number,  corresponding  to  the  different  bases, 
e  and  a,  are  connected  widi  each  other  by  the  constant 
quantity  A. 

We  thus  see,  that  it  is  unnecessary  to  embarrass  our 
calculations  with  logarithms  calculated  to  different  bases, 
since  they  admit  of  so  ready  a  change  from  one  system  to 
another.  We  shall  find  it  convenient  to  ohoose  i  for  our 
base  ;  and  whenever  the  contrary  is  not  specified,  log  u  or 
1  u  may  be  considered  as  calculated  to  that  system. 

The  reader  wiU  find  no  difiSculty  in  demonstrating  the 
following  logarithmic  series : 


.  (^'--^>\  itc. I 


3 

The  uses  of  the  first  two  series  may  be  seen  ui  Lagrange 
Calculda  Fanelient,  sec.  t.  The  third  is  remarkable  for  the 
elegance  of  its  form,  and  vill  be  found  useful  in  the  covme 
of  this  Note,  in  the  demonstration  of  a  very  curious 
theorem. 

The  developements  of  cos  x  and  sin  x  may  also  be 
eflwted,  by  means  of  Taylor's  theorem,  without  a  pre»-ious 
knowledge  of  their  differentials.  The  constants  also  which 
are  severally  found  in  them,  will  require  a  separate  deter- 
mination. 

Let  COS  x=:f{x),  and  therefore  cos  g,  cos  (;+')  >nd 
cosCy— x)maybe  represeoted  respectively  by /(y),yc^+i), 
/(y— x):  a  very  common  trigonometrical  Ibrmula  gives 
tis  the  equation 

.     Also,   tepres«iliing/-(^)  byw,  wehave 

.,     .     ,  ,  du    X ,  d*u       X*    ,  d'u        i*       ,  -, 

aod 

,,         ._      iu    x^d'^u       i'        d^  u         ar*      ,  ,. 
/(,-,)=.-_._  +  —.-_-_    .j-^+Sc. 

By  adding  these  two  series  together,  and  dividing  their  sum 
by  2/(y)»  we  get 
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«  series  into  which  no  function  of  y  can  enter :  the  coeffi- 

cients      ■    ^» — ,  &c.   must  therefore  be  constant 

quantities.    Since y*(x)  or  cos  x,  must  be  less  than  unity, 

we  may  assume ?--  =  —  tf%  and  therefore  -=— ?  =  -  tf^  i^ 

=:  —  fl*  cos  y.    We  hence  deduce 

i 

T— —=  —a  •  -7—;  =  -  tf  .  "cru^trtu  and  therefore ^=ii*. 

ay*  </y*  ^.rfy* 

In  the  same  manner,  we  shall  find 


7-- =  —  A =fl®,  and  so  on ;  consequently 

cosxsal +  :ii— - --— _.4-8u:. 

1.2       1.2.3.4         1.2.3.4.5.6 

in  which  a  alone  remains,  to  be  determined. 

Assuming  sinx^f  (^),  and  therefore  sin  (y  4.x) 
ef  (y+^)9  add  sin  (y  —  x)=:f  (y —x) :  we  readily  deduce 
the  following  equation, 

2  p  (x)  X  f{y)'=i(p  (y+j:)*-?  (y  -  x). 

ft 

Developing  ^  (y+x)  and  f  (y— x'),  and  dividing  the  dif- 
ference of  the  resulting  series  by  2y*(y),  we  shall  get 

,  .       dv        X  ,      d^v  x^ 

j)(x)= — --  .  -  + 


u  .dtf     1     «  .  rf'y      1 .2.3 
i/«v  x^ 


+  &c. 


u.dy^      1.2.3.4.5 

where  v  represents  9  (y).     We  may  conclude,  for  the 

%    r  t         dv       d^  V       o 

same  reason  as  before,  that ; v-^  ,  &c.  are  seve- 

f/ .  ay  «  .  ay* 

rally  constant  quantities. 
:  »  •'    .^.  4k^ 


I 


036  NOTi!:e. 

'Assume  — ,—  =S,  and  consequently -r—^Ju^Jcoeut 
« -'t'j  ^         '  tit/ 

hence  also -^=A  .-^-4  =  -a*  A  .  cos  u:  and  dierefiwe 

— X~=—a'i:  in  the  same  mannet we  shall  find ^ 

zz+a*6,  and  so  on,  for  the  other  coefficients. 
We  consequently  obtain 


1.2  .3  .i.o 


■  &c. 


P 


We  have  already  shewn  in  whit  manner  i  may  be  deter> 
mined  to  be  equal  to  unity  (See  note  A).  We  mtjilst 
prove,  thai  a'~l,  in  virtue  of  tJie  equation 

or  moTe  readily  thus  i 

tt  ■  sin  V      .  ■         >  •  I 

since  — ; =*  cos,t  =  cos  J-,  wehaven  sm  r=ct»raT: 

slso,  co6   r  =  sin   (Z—ic  \  ,   and   therefore   4 .  coik 

=  sin  X  .  —d  x=~im'T^ 

ii*  cos  X         d  . 


iequently 
—  cos  *  =  —«-.  cosj::  and  therefoie 


We  thus  get 


1.2.3.4.5. 


-  +  &C 


The  reader  must  already  have  remarked,   that  the  dif> 
fcrential  coefficients  of  t"  are  severally  equal  to  each  otfacA 
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and  to  the  original  funcrioo ;  a  property  by  which  the 
derdopement  of  ^  is  very  easily  effected.  -  Thus,  as- 
suming   * 


wo 

a  X    •     * 

and  equating  the  corresponding  terms  of  these  identical 
fidd 


11 

1.2       ^       1.2.3* 
therefore, 

^=l+x+-^  +    -^^ —  +  &C. 
1.2         1 .2.3 

The-difierential  coefficients  of  sin  k  and  cos  Xy  which  are 
of  an  even  order,  also  reproduce  their  original  functiohs, 
though  with  signs  alternately  negative,  and  positive :  thus 

d*  sin  X  .         d^  sin  x       .  d^  sin  x  .        q 

,  ^ — =  -  sm  JT,  — ---—  =  sm  X,   — r-7 — =  — sm  ^,  &c. 

;md 

li^eosr  d^cosar  d^cosjr        ^^       a,^ 

,  ^-  =— cos;i?,    — 7— : — =cosx.     -,— jr-  =— cos*,&c. 
rfi*  '       ds^  djfi 

This  property  likewise  furnishes  a  very  ready  means  of 
developing  sin  x  and  cos  x. 

For,  assuming 

sin  xssai  x+a^  x^+^a  a^+flf4  j:*  +  &c. 
mre  have 

^*  sin  x 

— -J-—-  =  —  sin  x=1.2  .  ^2  +  2.3  b^x+S  .^  .  a^x^ 
ax* 

+  4  .  5  .  ^5  x*  +  &c. 

=  — flj  X  — «j;i?^— <i3  jr^-ii^x*— &c. 
we  thus  get 


rjmm 


and  consequently,  if  d,  =:  ] , 


1.2.3      1-2. S. 4. 5 
In   the  same  manner  it  may  be  applied  to   the  derelope- 
ment  of  cos  x. 


were  severally  equal  to  each  other,  the  developement  of  « 
might  easily  be  elTecced :  we  should  find 


I 


were  alternately  negative  and  positive. 

We  have  here  assumed  in  some  degree  the  form  of  die 
derelopement,  particularly  with  respect  to  the  first  term : 
if  we  had  supposed  the  first  term  to  be  a.2~,  we  abottld 
have  had 

and 


o-^"*" 


-&c 


m(«+l),..(,m+«)  ni(fn+l)...<m+2ii) 

for  the  second  hypothesis. 

We  shall  find  no  difficulty  in  deducing  the  foUowti^ 
expreesioos  for  sin  x  and  cos  x,  which  furnish  the  meau 
of  demonstratmg  many  curious  and  important  theorems. 

*^  ^'  '-I- + --Su.=cosx. 
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2^-i  1.2.3   '    l.«.3.4.5  , 

We  hence  find 

^ ^  ""^sCosx+^-l sin x^ and ^•"' ^"^^—  cos x^^^Uin  x. 
Also,  by  putting  n  x  for  r,  we  obtain 

and 

^"•••^  — *=:C08  «x  — V'— 1 .  sin  «!•. 

Since  «^^'=^=:(^^'^A  and  if^«'^"^=(€-'<^% 
we  get  the  following  remarkable  equations : 

(cos  x+V^l  .  siii  ii^cscos  HX+^-^i  .  sin  nx 
(cosx— V— 1  .  sin  x)"=:cos  iix  — V— 1  sin  nx, 
which  were  firs^  discovered  by  Demoivre. 
Again,  since 

r'^'^"--'^=  cosx+V^—  l.sin  x=cos  x{\+^-  1  .  tan  x), 
we  hare 

log  f'  ^  "^^^=  X  i^^  =  log  cos  x+log  (1 +i^  ^.  ton  j:) 

.    / — r   ^        .  ^?5_j5     ^/ — :  tan  'x     ton  ♦x  ,  ^ 
slog  cos x+v-  1  .tonx  +  —- v~  i_— — _-— +  8cc. 

The  following  equation  must  be  true : 
xv-i=V-i  (^tanx ^  +  —J-  +  &c.^ 

and  therefore 

tan'x    ^     tan^x       g_ 

X  =  tan  X +   — -—  —  &c. 

3  5 

which  is  the  expression  for  the  arc  in  terms  of  the  tangent. 
Again,  since 

log  «=«-«*- 3 + 3 4 ' 


AW  HOTsa. 

if  we  pute'^^'-'ra  the  place  of  u,  and  divide  tha  wiole'' 
by  2  *'  — I,  we  shall  have 


.  ^"^  -'■ 


1     ('"• 


zVZi 


■') 


sin  2. 


,   fiin  8  X 


sn  expression  for  x,  in  terma  of  the  sines  of  x,  and  its  mul- 
tiples, which  was  6rst  given  by  Euler. 

By  taking  the  successive  difiereotial  coefficients  of  tliil 
equation,  we  shall  obtain 

4_=cos  J— C08  2X  +  CO8  Sa'— cos  ir  +  &c- 

oi=-8inx  +  2  sin2r-S  sin  3x+4sin  *x—&.c. 
^         o=  -cos  T  +  2»cos  2  J^— 3*  cos  2i+4'  cos  4  jr— &c. 
and  generally 

o=coBj'-2"cos2x+3"cos3a:— 4*"  cos43:+&c. 
OBsin  J-— 2"+  >  sin  2  .t  +  S'"  +  >  sin  3  j-4'"  + '  sin  ijc+  && 

If  in  the  first  of  these  expressions,  we  make  z=o,  we 
get 

o  =  I  -  2''  +  9"-  4'"  +  fitc. 

If  in  the  second,   we  put  x—  -  ,   we  have 


o=l-3="  +  '  +  5='  + 


■  +  8EC. 


But  the  narrow  limits  of  this  Note  will  not  allow  lu  to 
•numerate  all  the  other  curious  and  elegant  results,  which 
are  deducible  from  these  exponential  formula  for  the  sine 
and  cosine.  We  shall  proceed  to  consider  the  derelope- 
mcnt  of  the  tangent  in  terms  of  the  arc,  which  is  alluded 
to  by  our  author. 
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We  nay  make  use  of  Ae  series  of  Maclatttia  for  this 
purpose.    Thus, 

ii=tan  or 

du  _       1 

dx        cos  X 


-=sl+tan*x=l+ii*, 


ax  dx 

^       .-•■•:-.  '-■       . 

-il  =2  _?  (1 +3  «')=2+2  .  4  .  «»+2  .  3  .  1^, 

dx'         dx  X  '■    .  ■;•     .   ■     .       • 

-!i=:  ^^  (2.4W  +  3  .4.  «») 
a  JT  ax 

«2,2.4ir+2.4.5i/^+2.3.4.tt^^ 

£ii  is  4^  /ft^.  6  -^  +  ^.  3  .  4  •  5^«*+2  .  8  . 4  . 5  .  «*) 
d  jfi        dx  * 

=2.2.4+2.4^17.  w'  +  8.4*.5i^+2  .S.4  .5tfi, 

.    &C. 

•  ■        •       »        .:•■•.:• 

consequently, 

t7o=o,  t7'i=l,  l72=o,  t7'5=2,  t74=o,  175=16,  8u!. 
and  therefore 

tan  x^x  4 + U  &c. ' 

^  1.2.3  1.2.8.4.5^ 

There  i$  npthiag  in  this  result  which  can  enable  us  to 
determine  the  law  of  the  formation  of  the  other  terms,  and 
the  process  by  which  we  deduced  it,  is  tedious  and  embar- 
rassing, particularly  when  applied  to  find  terms  beyond  the 
third.  The  following  method  is  much  mQte  simple,  and 
will  also  afford  us  the.meaQS  of  assigning  the  law  which 
'*  CGp&ects  each'term  .with  Ml  those  which  precede  it. 

X  x^ 

sinx            1.2:3-1.2.3.4.5 
tan  a:=  -^ — ^  =  . 

cosx  ,         ^      .  ^  Str^ 

1.2^1.2.3.4^^ 


»^   • 


I 


for  k  IB  obviausj  that  the  even  powers  of  x  cannot  enter 
into  this  series  ;  consequentljr 

^      i.s       rTTrs.4     •"  .;= 


3.4 


^^H      CoiApat 
^^f       these  tv 


-,&c. 


1.2.3.4.5.() 

'■       +&C. 

CoiAparing  the  cocfitcients  of  the  same  powers  of  r  tn 
these  two  identical  seiies,  we  shall  get 


1.^         1-^.9 


'1. 4  1.8.3.4  1.2.3.4.5 


"  J.2         1,2.3.4         1.2.3.4.5.6         1.2.3.4.0.6.7 
i  generally 


1.2      1.2.3.4     1.2.3.46.0     1.2.3.4.5.tf.7.8 


+Sc. 


l.%...2n.       1-2.3  ...(2«+l) 


We  hence  get 
01=  1>  «,=— 


-,te 


I 
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It  18  e^dent^  that  the  same  method  may  be  applied  to 
the  developement  of  cot  r^  and  the  remaining  trigonome- 
trical lines. 


Note  (E). 

We  will.here  give  the  theorem  .of  Lagrange^  which  is 
so  important  in  die  developement  .of  functions,  and  in  the 
reversion  of  series. 

Let  u^/Cy),  and^=z+^  9  {yh  where  z  is  considered 
as  independent  of  the  variation  of  x.  The  theorem  of 
Maclaurin  will  give  us 

our  next  object  is  the  determination  of  the  form  of  the  co* 
efficients  Uq^  Ui^U^f  &c. 

We  shall  assume  jTos  ^n  ^>  Sec.  to  represent  the  va- ' 

dii     d*  V 
lues  of  jff  -7^  » T-^^  9  &c.  when  xso :  we  shall  also  put 
ax    dfr 

f  f^)=v,  p  (z)^p,  f{z)zzQ,  and  i^  =  q. 

a  z 

In  the  first  phce, 

dy  ,  9cdv 

dx  d  X 

d\u  ^     2dv        xd^ 
dx^  ""      dx         dx* 


d  X*  dx^  dx* 

d^u    _   4<Pv         xd^v 

dx*         dl^  ■*"  7F' 

&C.       sr      &C. 

4  L 


Vfsi 

KOtW. 

"^B 

Again, 

»  =  »  (*)■ 

dv          dv     du 

«^^I^E 

di          d^'  dr' 

^^^H 

d'v_d-u     d„' 
di'      dy-'TT' 

d!,-d.'- 

^^ 

d'v      Jt.      ■/.»■ 

J**  ■  i«' 

Stc.     =     Sic 

_S 

s 

l'.=I. 

.^B 

y,=f  w=^, 

^_^^^ 

^--  ^^ 

JJj 

•       n=3,..jJ^. 

^^•^= 

=^.' 

''•-'■■75+"^' 

■^' 

&c.     =    &c. 

Alw, 

"=A») 

du_Ju    dn 
dx      d,' dx' 

_- 

dif    dt'  d^'^  dy'  di' 

j>»    i".    jy    aJ-K   //^J'j 
f>    df  d,'^  d'a       dx> 

&c.     =     &c. 

We  hence  deduce 

t7,=  /(r)  =a 

a  z  ax  a  z 

v.^tfi.^+iit^.'Li  +  iLz£.q^  Cits, 

'   K  dx"^  dz      dz  dz'     *  Jz' 

We  consequently  have 

Krrr^  i^      d%        j.2         ^/z*       1.2.8^ 

oTy  replacing  Qi  ?f  and  /?  by  the  quantities  which  they  seve- 
rally represent,  we  have 

i.«/(^  +  rfa)^^f  +  /       y'     .  ^+&c.  (1) 

a  z        i  az  i«2? 

If  we  suppose  xs  1,  the  series  becomes 

(9(.z)y£M 

u^/(z)  +  f(z)iL^  +  d _££_.-L+&c.    (2) 

*a2  a  z  1 . 2 

which  is  the,  celebrated  theorem,  first  given  by  Lagrange,  in 
the  Mefftaircs  de  tAtadimie  de  Berlin^  for  the  year  1768. 
He  has  considered,  at  great  length  its  different  properties 
and  applications,  in  his  Traiti  de  la  Resolution  des  Equations 
Humiriques^  Note  xi. 

The  proof  which  we  have  given  of  this  theorem,  though 
sufficiently  simple  in  principle,  will  probably  be  a  little  em- 
barrassing to  a  student  to  whom  this  species  of  reasoning 
cannot  yet  be  supposed  to  be  familiar.  We  shall,  on  this 
account,  offer  no  apology  for  the  introduction  of  a  second. 


1.2 
where  q,  g^,  ;,,  Sec.  represent 

Again, 


nherejp,/),,^.  Sac.  are  the diiTerendal  coefficieats  of  f  (:), 
Alw, 


8lc.     =     «c. 

■where//,  />"»  /»"',  severally  represent  j>*,  ^,  ^,  &c.  /»,', 
jr,",  /),"',  Etc.  the  first  differential  coefficients  <u  these  qtun- 

tiiiei,j)i^pt,pt',  &c.  the  second  differential  co^fficinitij 
and  BO  on. 
■  Conseqnentif, 


+  -—^  \  j»y+3j.>i'«+3ji;';i''| 


•■    ^.g'*s^  I    94/"+*  q^pC  f +6  q,p:  v»+4  Jf.^  •»  \ 
+  &C. 

Supposing  xbo^  in  the  quantities  9,  t^y.  t^^  fltc  UrMdi 
enter  into  the.  several  coefficienta  of  the  series,  or  in  other 
.Hordsy  considering  vy  v\  v',  8cc.  as  setetallj  equal  to/^  p\ 

We  libce  get 


d  z    ^  d  z 


U^^itP'+^iiPiP-  — —  T 3- f 

dt  uz 

«*.  -5— 
az 


V^=q*p"'+*qsPt'p+^9iP»P*+*_9tF»P'-—  ^  , 

&c.     =    &c. 

If  we  suppose  u  =/(>/),  and  y  =  /  («+*  ^  <if))»  the 
same  series,  muiatu  mutandis,  will  be  fbond  to  be  true. 

For,  tt=/(y)=f  {  /  {z+x  i>  (y)) }  =^  {z+x  4>  (y)) 


fiSB  NOTES. 

Alio, 

and  it  will  easily  be  found,    by  a  continuation  of  the  same 
process  as  before,  th^t-  ,  . 

which  was  given  by  Laplace,  in  the  Mrmoiret  de  tAcadimu 
des  Sciences,  for  1777. 

The  extensive  uses  of  this  important  tbcorem  will  be 
readily  discovered,  by  applying  it  to  a  few  examples. 

1,  Suppose  it  was  required  to  deduce  an  expression 
fory",  when  we  haw  «— 3j+vy"=o  i   in  this  case  hi:/ 

=  /(?)," andj=  ?  +  Z  *"  =  2  +  J^*(y). 
"We  hence  obtain,  in  the  series  (1), 

Also,  ;>  ? = n  «"  +  " "~ '» 
f'/'V   =  «.(«+gm-l)2-<-'— ', 

^^^H!£  =«  (,+3  m-  J)  Cn+3m-2)  Z-  + »-- -», 

Etc.       . 
Therefore, 

J* 


+ffC«+Sm-l)(>.+3«-2)z"+'-       .^    ^-^ 
and  Bubatitntbg  the  values  of  z  and  j,  we  get 


:+Sc. 


"("+8 


1 .  2 


-  +  8tc.i 


^=f.  S>  +  °^  + 


If  fl,,  11;,  oj,  8tc.  be  supposed  to  be  the  roots  of  the 
given  equation  a  — S_'/+y^"=o.  we  shall  have  in  values  of 
j",  corresponding  to  the  different  roots.  The  developement 
jast  given,  however,  admits  but  of  one  value,  which  will 
be  found  in  all  cases  to  correspond  to  the  least  root  of  the 
equation.  This  property  may  be  readily  verified  in  the 
equation  a-gj^  +  y j**=o. 

For,  in  this  case. 


V 


=  l(i±(-i--!.ii^-.iii-.'li2i' 


'       1.1.3 
l.2.a.2» 


=  -5-S  1±  (l-2.il-1.2.'-li-1.1.44?^_&c.)( 
and  taking  the  inferior  sign,  we  shall  find 

and  the  same  value  of  ^  will  be  found  from  the  develope- 
ment given  above,  by  making  m=.'Z  and  b=1.  This  pro- 
perty of  the  general  formula  is  demonstrated  by  Lagrange, 
in  the  Memoir  and  Note  referred  to  before.  In  the  course 
of  this  investigation,  he  has  also  proved  the  following  pro- 
perty of  his  theorem,  equally  remarkable  for  its  elegance 
and  extensive  utility.  If  Ui,  ti,y  a„  &c.  be  the  roots  of 
the  equation  r— y-|-<p  (y)=o,  then  the  sum  of  the  recipro- 
cals of  the  «ih  powers  of  these  roots  will  be  found  to  be 
equal  to  the  sum  of  all  those  terms  of  the  developement  of 
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y  -'  ',  vjiich  involve  the  negative  power*  of  s  :  the  vena 
itself  fof  this  case  being 

wc  Bhall  give  the  demonstration  of  tlus  important  property, 
in  the  shortest  and  simplest  fonn  that  it  seems  to  admit  of- 
Since 

^-I'+'P  i!/)=y  (fli  -y)  Ui^-tf) <«-  -y>. 

by  taking  the  logarithms  of  each  member  of  the  eqaadoc, 
and  differentiating,  we  shall  get 

representing  1 ^  by/(j\  and  the  sums  of  the  reci- 
procals of  the  first,  second,  third,  &c.  powers  of  the  rotm 
by /_,,  r  — s,  J  — .),  Sec.  wo  shall  find  ^_ 

=J_i-(-/-,.?+«-,y+8tc.      +<_.j/— '+/ ,y+!tc. 

Assume 

/t^)=j).+^,y+^,/+&c.    -|-^.y-|-&c. 
/W«(j)=fl.+S,j.+i),/-l-&c.    +B.y+Sc. 
/(,)«(^)-=<-„+C,j+C,/+atc.     +  r.^-+8iC. 
&c.     =     See. 
Also, 

_i_   =  i   +  i    +    ^    ,+  &c.     +    -t_  +  &c. 

_! J_+J!.+  3^i!:+&c.    |(»+l)('+2)   f- 

W-^yf      !>  ^i-^l-S  :'^^      ^  1.2         =■+' 

&c.     =     tec 


o 


V 


Collecting  together  those  term)  of  the  developement  of 
*^  ,  wliidi  HtTfiye  jr',  md  re^reaeatiBg  Aeir  wm  bf 


«"  +  * 


"^^^—^'i^"^— ■  ■  ■  — -^W^i^— ^-^^ 


^  ■  ,Vj  f**  *^  ^11'  ^  restricted  to  siicb  terms  as  lOr 

▼olve  negative  powers  of  z  only. 
In  ike  same  manner  we  shall  find 

■  • 

-,  /(y)"»(^)  _.  Bo+^  t^^B,  7»+  8tc.  H-flj.  jf  .^ 

=  '^"  L  + 1 '  f %  ^^'^^^  *®  ^5"»^  rejjtrictkms  a^  above,    "pie 

•aipe  process  will  give  us 

^  /(y) » (^)  _  («+l).go+«g,z+(«-  l)B«z«+8cc.+ ■B.af.^ 

=  - JL^'-^^^^t^^^-y*!  a  result  which  wiii  he  ilnmedU 
ately  verified  by  the  actual  differentiation  of  the  series 

which  u  equal  to   ~Ti 

Again, 

.    /(v1  ♦(t^"^(^-Hi)Co4^ A<H-(«  - 1)  C«g>+  8cc.+0» 
•    "<i^:^""  -.  ^-*"*  ...       •^ 

and '  censequently 

4  M 


'MA 


e-j)'     ° FF" 

' J.      /i£)f  W"    ... 


a  result  likemse  admitting  of  very  easy  veriGcation. 
A  continuation  of  this  process  will  gire  us 
I.  .ISl  -  I.  .-[Mi^^  +  i,  .  IMiW-  tic. 

=  ' — ,y. 

But/(3)=l-lii2  =  l-;,„^M=;,,  and  -—■■^■, 

and  therefore  i 

^_._,=  jj-Jf,+j-,(rf.f^-rf.,,,p,)  +  j-^i-3  X 

(^.j/.'-J".}>;^)+te.] 

B]r  substituting  these  values*  and  redncingt  ve  finallj 
get  .  I 
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'iRntqiss--  ^r^^  and  cons^quentlyf  Teplftcih^  >  by -its 
nine,  we  get /_s_i 

putting  «  in  the  place  of  » •!•  ]«  we  have 

_  c  j n     (p  (z)    _       If'       .    »Cgy 

''""•     v^       i'z»+*       175731     *7Ti^ 


«         J*    fC^)* 


^_^^  d* .  li^".  &c.  i         (4) 

r 

We;  will  now  apply  this  result  to  a  few  examples.  lii 
tbs  equation  ••••jS^+yy*  at  o,  we  have  already  determined 
an  expression,  lor  ^  and  by  chaining  its  sign^  we  shall 
have  '      . 

1  1    ' 

s=  — ^    +    — jj-  9  by  the  theorem  which  we  have  just  demon* 

^1  ^  1 

strated. 

If  asl,  andysly  we  have 

ay-i»  e»-^+  ^^^"^^.  g*-^-,  ^ '  (^"^^  ^y-^V-H&c. 

12  1  .i-^3    ^ 

This  last  result  is  applicable  to .  the  developement  of 
cos  Iff  J.  in  terms  of  cos  j1,  and  its  powers:  for  if  we  assume 

if  1-  '  1- 

2  cos  ^&sai+  — ,  we  must  also  have  2  cos  «  ^  ■»«,"+— , 

(See  Woodhouse's  Trigonometry,  page  4 1>^  where  oi  and 


i 

h 


w 


hence  get,  by  substituting  i  oaAta^g^  in  Kb*  exprei^OT 
just  giveiff 

+    1^1^(2  CM  J)—- &c. 

the  Seties  heing  supposed  to  terminate,  when  the  powers  of 
2  cos  A  become  negstive. 

The  reader  may  see  this  resolt  verified  by  referring  to 
tbe  Appendix  of  Mr.  VVoodhouse'sTtiganemetty,  pageilS, 
where  the  same  concluaion  U  deduced  by  the  snocesiim 
^pf  lication  «f  the  gen«ftl  series  to  ijic  ^vetopanent  of 

a,"  and  — . 

But  the  series  (4)  is  not  merely  applicable  to  the  deter- 
mination of  /_„  of  the  sum  of  the  reciprocals  of  the  nOs 

powers  of  the  roots  of  an  equation :  by  substituting  -  forjri 


and  applying  the  serie 

to  the  resulting 

transfbrmed  eqiia- 

tion,  we  shall  obtain  a 

expression  for  /, 

,  or  the  sumt/lnik 

powgrs  of  the  roots. 

Thus  the  equation 

*-e^+yy'=o, 

ht'utf  trantfonsed 

into  aj/'-gjf+r^o. 

we  shall  get,  hj 

tfae  application  of 

^s  theorem. 

.,-+«.■=•£■!•- 

^,^i^)^_^^j 

Again,  suppose  the  general  equation 

to  be  transposed  into 

-t*  .  1  -;>,  S+p,^~  piS'  +  &c.  ±  p,  J 


M 


the  roots  of  which  are  the  reciprocals  of  the  foots  of  th« 
former.  Comparing  this  equation  with  a(—^  +  ^(j^)80| 
m^get 

z:ii  -  ,  and  0(y)*'2-  (Ps-^sy  +  fcc.) 
Pi  Pi 

and 

+  ^/'j/'i"  ""  ^-^  «/'ei'i"  "■  ^ + &c. 


+  />:* 


■— •  +  » 


I  •% 


_      «(»-*)(«-5)     .         a.   - 

l.«.3         -P'-P*       ^"^ 


ilM.S 


-"FA 

(.••-i)p,pA 


'^'  1  .2      '^'  ( 

_  ».f.-«('-5),..l 

1.2.3         '^') 


Mic^i«Wwring*a  theorem,  given  in  liU  MeditationesAJge* 
\  hTMCKy  Cap.  I . 

If,  in  the  general  series  (S),  tve  suppose  fi.z)  =  z,  and 


therefore 


rf/C). 


"=»= 


!  +  ♦(«)  + 


1,  WO  shall  have 


1.2. (/z  l.2.3.(/; 

a  fbrtnnla  of  great  use  in  the  reversion  of  e 
Thus,  if 

X 


-,  and#(y)  = 


(»+Sy+8M.) 


we  have  x  = . 
and  therefore 
,-z  -  j(r  +  »«+&c.)+YJ^^ji  Jfr+J^  +  ltc.)-  I-&C., 

b]r  performing  the  operations  indicated,  we  sfaail  get 

*z'      !r'       «2*      ^ 

y  =  Z-   Z-^   -  -^    -  -;; etc. 


+  8ic, 

-  Jtc. 
8tc. 
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It  would  extend  this  Note  to  too  great  a  length  to  go 
through  the  demonstration  of  the  general  property  of  the 
series  mentioned  above,  by  which  it  appears  that  the  va- 
lue of  !/,  which  is  given  by  this  developement,  is  that  of  the 
least  root  of  the  given  equation.  Our  principal  object  in 
this  Note  was  to  shew  the  great  use  of  this  theorem  in  the 
developement  of  functions;  but  the  curious  student  will 
not  fail  to  keep  in  mind  that  it  is  capable  of  many  other 
applications,  besides  those  we  have  mentioned  j  one  of  the 
most  important  of  which  consists  in  its  furnishing  the  means 
of  approximating  to  the  least  roots  of  equations. 


In   the  first  place,    suppose  /( x)  = 


Note  (F). 

Our  author  has  given  an  instance,  in  which,  by  assigning 
a  particular  value  of  i,  a  fractional  power  of  d  x  or  ^  appears 
in  the  expression  for  the  difference  of  a  function.  In  cases 
of  this  kind,  the  series  of  Taylor  is  said  to  be  defective  :  we 
will  endeavour  to  give  the  theory  of  this  apparent  failure. 

._^!!L,  where 

m  is  a  whole  number,  and  where  F  {x)  neither  becomes  infi- 
nite nor  nothing,  by  supposing  x  =a.     If  x  becomes  x-{-h, 

we  have/U  +  A)=    — ~-^,  or  supposing  x=a,/(ji  +  A) 

>=  —T    .  "We  thus  see,  that  the  developement  o!/(x-\-fi), 

for  this  particular  value  of  i-,  will  involve  negative  powers 
of  A  i  consequently,  whenever  the  assignation  of  a  particu- 
lar value  of  r  makes  a  function  infinite,  wg  may  conclude 
that  the  developement  of/(fl+A),  fortius  case,  will  involve 
negative  powers  of  A,  and  conversely.      Again,  \etf{x)  be 

supposed  to  involve  a  radical,  such  as  (x  —  a)',   which  dis- 


N 

^ 


appears  by  supposing  x=fi.  Then/fj+i)  most  inroWe 
(r  —  a+A)",  which  becomes  A^  when  J'  =  a;  this  is  a  caM 
in  which  Taylor's  series  fails  to  give  tlie  developemeot  of 
the  {\mcUoa/'.x  +Aj  corresponding  to  a  particular  value  of 
I.  But  there  will  be  no  failure,  when  a  radical  disappear 
lUideT  these  circumstances,  merely  in  consequence  of  the 
evanescence  of  a  quantity  by  which  it  is  multiplied.  Thu^ 
suppose  a  given  function,  of  .r  should  Involve  the  product  of 
a  radical,  and  some  such  quantity  as  [x—aT,  in  which  the 
radical  does  not  vanish  by  m^lng  x=a.  It  is  obvioui^ 
that  this  radical  will  be  multiplied  by  (j"  —  a  +  A)*  in  the 
function/(j:  +  A),  or  by  A",  when/(z+A)  becomes/ (a +A J. 
"We  consequently  see,  that  this  hypothesis  will  make  the 
radical  disappear  in  all  the  differential  coelEcicnts  before 
the  mth :  but  it  will  be  again  found  in  all  the  others,  and 
the  series  of  Taylor  will  give  the  true  developcment  of 
/(j+A),  corresponding  to  this  particular  value  of  i: 

The  following  statement  will  serve  2S  an  illustnitioo  of 
the  pneceding  observations :  suppoee 

/i:c  +  h)  =  A,h^+A^h''  +  ^A'  +  &c. 
to  be  the  developcment  corresponding  to  the  hypothesis  of 
timai   in  which  the  indices  a,,  a,,  a^,  &c.  are  amnge^ 
ill  the  order  of  their  magnitudes.  It  is  evident,  that  if  a,  be 

negative,  the  terra  Ai  A'  will  become  infinite,  when  A  =q^ 
and  therefore  also/(j)  itself  must  be  infinite,  correspond- 
ing to  this  particular  value  of  t.  Again,  diflerentiatiii{ 
fi^f\-k)  as  a  functionof  It,  we  shall  have 


^^>=M.-U^..'- 


+  ».  (■"2-l)'«i*' 


=o,(«,-l)(<.,-S)/I,i' 


Now  it  is  evident,  that  if  a,,  sj,  aj,  8cc.  be  integer  and 
positive  numbers,  the  coefficients  A,,  -.f,,  A,,  Stc.  will 
admit  of  accurate  determination,  by  making  A  =o  and  x  =  a, 
until  we  meet  with  a  fractional  index.  Suppose  «_  to  be  a 
proper  fraction,  and  let  a  be  the  least  whole  number  which 
is  greater  than  m ;  it  is  obvious,  that 

e^«.(„.-„...(„.-„+,)X*-- +  S'c.; 

the  index  d^—n  ia   therefore  negative,   and  consequently 

.ji—   ~ — ;  is  infinite,  when  A=o  and  x=a. 

We  thus  are  enabled  to  discover,  by  tlie  order  of  the 
differential  coefficient  of  f{x),  which  becomes  infinite,  be- 
tween what  whole  numbers  the  fractional  index  \s  situated. 

To  determine  the  true  form  of  the  developement,  when 
the  series  of  Taylor  fails,  we  must  expand  the  function 
/(jr-t-/rj  by  the  common  algebraical  methods,  putting  n  in 
the  place  of  x. 

An  example  or  two  will  form  die  best  commentary  upon 
the  preceding  statement.       ^    ' 

Let/(j)  =  2ax~3^  +  «||i^^'-.--«^;  the  developemeni 
is  required,  when  x=a.        ■.',, 

In  this  c^se 

dx  dh  y/<,x*-ir>   ' 

We  consequently  have,  making  J  :ra, 

the  developement  of  /{a  +  h)  must   involve  a  term  A,  h  ', 
where  d,  ia  between  o  and  1. 

We  may  readily  verify  this  remark,  by  observing  that 

4  N 


I 


rrm 


Apan,  lot  I  ' 

/(j)  =  v';  +  <i-o)>  log  (r-^. 


«nd  making  x=a,  we  have 

tf^=   > 

dj:'     ,0, 
The  deTelopement  t>fi/(«  +  A)muat  iherrfore  inTolre* 
fnctional  power  of  A,  befxreen  1  and  2. 

We  will  add  a  few  remarks  concerning  implicit  Fonctioas. 
Suppose  O/.^fli^,  in  which  a-ndical  disappears  ty  making 
x=a,  but  which  is  found  again  in  the  differential  coeffi- 

/.' 

/(x)it8W,  »i«  Wittrefore  TirJirtibt  Be  czpreaslble  l»y  a  aim- 
pie  function  of  x  and  g,  which  dofas  not  in^lre  explidtif 
diis  radical.  Again,  if  in  the  equation  j/*=f{x)-WK  txtet- 
miute  thisradicali  the  remUmg  ^uation'^tjr  be  repn- 
«nted  tj  ■> 

the  differential  of  which  will  give  us 

■  ■     ■  ■  'Vd. 

du  ,      ,  du  ,  dv  dx 

—  dx+~~dy=oi  or^,,«-.ii. 
ds  rfj  dx    ■      tta 

Now  this  expression  must  be  defectirft,  when  x=«,  onlen 
-Ji  and  ,    Tanish  simoltaoeouslri  for  it  is  evident,  that 


«Jfcaii  hate  no  mora  ▼ahi^s^' firbm  diis'  c^tidni  than  ^ 
a  JT 

itaelf,  except  by  suppoeiiig'  -a?  sb  ^  y  when  i(t  will  be  ne- 
cessary to  resort  to  the  second  difliheiitial  x>f  a^Of  in  order, 
to  discover  its  true  values.  By  differentiating,  therefore, 
for  a  second  time,ewe  get .  * 

d*«,   2d*u     dy      d*  u     d^u  .du      d'^M.^ 
dx"      dxdy     dx     dy       d x^     d y     d  x^ 

i 

•  •  «  t  *  •        du 

which  becomes^  since  -7—  s  o^ 

.')  dx    . 

rfx*     dxdy     dx      dy*     ax* 

/  ■  ... 

^••a  %w  Maw**     »^»»  ^»      vav^vB^**     «rs 

Thus»  let 


an  equation  from  .which  two  values  of  -3^-  may  be  deduced. 

tt  X 


f(x)ssx+(x—a)  ^x-b. 

By  making  j:=:a,  we  |[et 
/(*)=«»  and  -^  =1+ -i/JIli  the  radical  re-appearing 

in  the  differential  coefficient    /.  ■ ,  and  thereby  restoring 

d  X 

the  number  of  values  which  is  essential  to  the  consecutive 

state  of  the  function /(x). 

But  if  we  make/(x)  sr  y,  and  exterminate  the  radical, 
we  shall  get  the  implicit  function 

{y-xf-  (t  -ay{x  -  *)  «o, 

from  which,  by  differentiating,  we  deduce 

dx  2(y— X)  o 

and  therefore  y^x. 


Tbe  second  difi«rential  of  the  equadon  gives  u 
and  if  x=a=tf,  we  shall  get 


the  same  result  as  before. 

If  the  same  value  of  j,  which  destroys  the  numenlor 

and  denominator  of  the  expression  for  — ^  ,  deduced  from 
rf.i 

the  first  differential  of  u,   likewise  destroy  these  terms  in 
the  expression  deduced  from  the  second ;  we  must  then    I 
proceed  to  the  third  diilerential,  which,  in  consequence  of 


will  furnish  us  with  a  cubic  equation  for  the  determination 


We  mast  proceed,  in  the  ! 


I  manner,  when 


the  third  and  Iwgher  diSerentials  fail  in  giving  us  tbe  re- 
quisite values.  This  evidently  depends  upoa  the  nature 
of  the  radical  which  disappears,  which  must  be  replaced 
by  the  degree  of  the  equation  upon  which  the  deiennina- 
lion  of  this  differential  coefficient  depends. 

But  the  same  value  of  j  which  destroys  the  radical  in  y, 

,    may  make  it  disappear  in  -^ ,  though  not  in  -^  {   in  this 
fl  JT  at' 

case  the  number  of  values  of  a  and  -^  will  be  the  Baine, 

but  less  than  those  of  — ^ .     Xf  therefore  we  extenmnate 
ax 

the   radical  in  the  equation  y  =  /(x),   the  value  of -j^ 
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ivhich  is  deduced  from  it^  trill  be  found  =  ^9  and  it  wiU 

o 

be  necessary  to  proceed  to  the  differential  equations  of  a 
higher  order,  in  order  to  determine  Its  different  values. 

Thus,  if 

^=:j:+ (x^fl)' V^Cr-*) 

£il»l+2(x-«)v/(x-*)+--^f:^, 
dx  2^Cx— ^) 

Making  A?=a,  we  hare 

Bat  if  we  reduce  the  equation  to  a  rational  form 

we  deduce,  by  difierebtiiztih^, 

a(y-x)C£ll  -l)=4(x-«)»(x-*)+(x-fl)*, 

from  which  we  get  -~-  =-,  when  x^a=y. 
Again,  the  second  di&rential  gives^  ue 

This  gives,  when  xsx  j, 

(^-iy=o,andll=l. 
\dx        /  dx 

d*  V 
In  order  to  determine  the  value  of  _^ ,  we  must  pro* 

ceed  to  the  fourth*  differential,  which  gives 

^      Ux*^     \dx        J  dx"  dx* 

+■  12  (ft-b). 


Making  i=iJ,  y=fl,  and  y^  =1,  we  get' 

and  therefore 

the  same  result  as  before.         ' 

The  reader  will  meet  with  many  examples  to  illo»- 
trate  this  theory,  when  he  comes  to  the  invesiig»tion 
of  the  singular  pointt  of  curve  lines,  the  determination 
of  which  presupposes  a  failure,  if  so  it  may  be  termed, 
in  the  general  series  of  Taylor. 

We  are  indebted  for  nearly  the  wliole  of  this  Note 
Le^on  8.  of  the  CaJcul  da  Fonctionj  of  Lagrange. 


I 


Note  (G). 

Our  object  in  this  Note,  is  the  application  of  the  Did 
ferential  Calculus  to  the  theory  of  curves,  without  intra 
ducing  the  consideration  of  limits. 

In  the  curves  represented  inFig.  1,  we  suppose  jiPzu 
7ai&.PM=s=/ix),  Assume ^P„,=*- A,  and,4Pj=jr+jli^ 
and  let  P^M^,  P^jM^,  be  the  ordinate s  corresponding  to 
the  points  /*,  and  P_ ,;  draw^/_  ,Q  and  AfQi  parallel  to 
AP:  join  3/,  and  M,  ^and  M^i,  and  let  them  be  pro- 
duced to  meet  the  axis  of  the  abscissae  in  die  points  S,  and 
5—1 ;  and  suppose  MTto  be  the  tangent  to  the  curve,  at 
the  point  Ttf.  The  reader  will  £nd  no  difficulty  in  supplyiifg 
the  several  lines  which  are  not  drawn  in  the  figures 
ferred  to. 

We  shall  adopt  the  common  definition  of  a  tangent,  which 
considers  it  as  a  line  which  meets  the  curve  at  the  point  M, 
but  does  not  cut  it  when  produced  on  either  side  of  thit 
point,  at  least  within  assignable  limits.    Its  position  at  eacb 


at 

M.  I 
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point  must  depend  upon  the  nature  of  the  curve,  and  con* 
sequently  its  sub-tangent  PT^  bjr  which  its  pptitionis  deter« 
mined,  must  be  ezpressibleequally  with  the  ordinf^ y,  by 
some  function  of  the  other  ,co-iordimtte  or.  We^sha^  now 
proceed  to  shew  in  what  manner  this  function  is  deducible 
in  all  caseS)  from  the  givea  equation  of  the  curve.  We 
readily  discover  that 


I  .  . 


ax     \     ajf       1,2    dx^     1.8.3 

.       ^     ,..\       ^,..dx     I    Mxf     l.^'dx^     1.2.3 
'       We'hence  obtain 

PS,=PM.^%^  ^■:\.     .      -y* IT— +8^- 

MiUj         .  ^  A        d^y      A^ 

d^  1      .  4**  \l.2 
^ill  +  p^h^p^K^^  &c. 

«y     .;.  ;■    ■- 

But  it  necessarily  foUowSj  from  our  definition  of  a 
tangent)  that  it  is  intermediate  in  ppsition  to  the  secants 
MiMSi  and  MM^i  S^i\  its  subtangent  PT  must 
consequently  be  less  than  one  of  the  subsecants,  and  greater 
than  the  other;  and  the  three  expressions  iotPSyy  PT^ 
and  PS^i  are  thus  arranged  in  the  order  of  their  magni- 


05ft  NOTES. 

tndes  :  anrf  since  this  order  is  not  affected  by  any  varis* 
tion  of  the  v^lue  of  h,  and  the  first  terms  of  the  first  and 
last  of  these  expressions  are  identical,  we  may  conclude, 
from  the  general  principle  demonstrated  in  Note  (A),  that 

The  reader  will   have   no   difficulty  in  prorlng   that 


inclination  of  the  tangent  at  M  to  the  axis  of  the  abecisis. 
Our  autlior  has  shewn  that  the  equation  of  the  tangent  to 

the  curve  at  jW  is 


where  ,y  and  ,z  are  the  co-ordtnatca  of  any  point  of  the 
tangent  to  the  curve  at  M.     If  ,.r- 1  be  taken  cqaal  to  ki 


and  consequently   -5L  h=  QiA'„  if  iV,  be  that  point  of  the 
tangent  which  is  determined  by  the  production  of  PtAt,. 

Our  definition  of  a  tangent  in  some  degree  implies,  that 
it  is  file  only  one  which  can  be  drawn  to  the  curre  at  th* 
point  M.  We  shall  find  no  difficulty,  however,  in  proving 
this  to  be  the  case  ;  for  if  y,  and  r,  be  supposed  to  be  tlie 
co-ordinates  to  a  point  of  the  second  tangent,  correspond- 
ing to  the  point  Mof  the  curve,  we  shall  find 

?!  =  '/+"* 


^^^^^^^  KOTES. 

Now^i  is,  by  hypothesis,  intermediate  in  value  to  y'  and 
y,  thequantitiesy  — ^,yi— ^,  ,_y  — yare  therefore  arranged 
in  the  order  of  their  magnitudes,    and  by  the  general  prio^     . 

ciple  made  use  of  above,  a  h  =  —^.h,  and  therefore  (i=  — ^ffl 

This  second  tangent  must  therefore  coincide  with  the  other. 

We  thus  gee,  that  if  two  curves  have  a  common  point, 

they  will  likewise  have  a  common  Uneent,  when  -^  =  -^tl 
'  .  '^      *  4)1    d*!  1 

t/i  and  »,  being  the  co-ordinates  of  the  second  curve.  We  I 
shall  also  find  no  difficulty  in  shewing,  that  no  curve  what*  I 
ever  can  be  drawn  through  the  point  of  contact,  between  a  I 
curve  and  its  tangent,  unless  this  condition  holds  good ;  | 
for  supposing  it  possible,  we  should  have  I 

and  since  ^1=:^  andy'— j,yi'— j/,  ty—yt  are  in  the  order  of 

magnitude,  we  may  conclude,  as  before,  that  —  =  — ^  ■ 

We  will  proceed  a  little  further ;  (uppose  that  in  two 


curves  at  a  common  point, 


'^J.=  :k.'and^  =  £?i: 


rfx,» 


they  have  therefore  a  common  tangent,  and  the  second  con- 
dition will  shew,  that  no  curve  whatever  can  be  drawn 
betitiftn  them  through  this  point  of  contact,  the  second  diffe- 
rential coefficient  of  whose  ordinate  is  not  ideniical  with  the 
same  differential  coefficient  in   the  other  curves ;  for  since 


I 


.tnd  tine?,  upon  ijuahypothesitt,  y,  ^,  ^t,  artf  amtiged 
ill  the  order  of  magiiilutl^,  and  ^  =  j^=y,,  we  readiW  in* 

■  i^=i^- 

dx'' 

It  U  evident,  that  the  same  process  may  be  applied  to 
prove  the  following  general  pToposiiion.  If  two  curves 
have  a  common  point,  and  any  number  of  the  diBerentul 
coefficients  of  thtirordinates  y  and^i  he  supposed  toberS' 
apectively  equal  to  each  uther,  then  no  curve  can  be  drawn 
bthveen  them,  dintugh  tlicit  poitft  of  contact,  unless  the 
same  number  of  the  di^fferehtial  coefficients  of  its  ordinate 
be  severally  equal  to  those  of  the  ordinate  of  either  of  the 
otIicT  curves.  (SeeNos.9  +  and97.) 

The  oEculatitig  circle,  or  circle  of  curvature,  may  be  de- 
fined to  be  a  circle  which  has  a  common  point  with  the 

curve,  arid  in  which  ~~  =~^  ind  — -^V=i— s''j  tte  («ne- 
dxj     dx  dx^      dx*  r 

r^  eqUati^of  tlie  circle  tlelag  rftpreWM^^'lEy      ' 
Consequently,  .        ,.  '  ' 

i;        I     =-■   ■     .  '''i  if  (Si-*).. 


^  — 

y^e «lyrii  &ai'  i|i  difficuitjr  io  jetern^ ii^g  e.vprosions 

fojf  y»^i— ft  J^i  —  «>in  terms  of  -i^  and  -^j^,  by  means  of 

,        '  ax         'flj: 

these  three  equations.  For  the  equation  and  properties  of 
the  evolute,  the  reader  is  referred  to  our  authMi  Nos.^y 
and  96. 

The  other  properties  of  the  circle  of  curvature,  which 
ace  implied  in  the  different  defioitiqns  which  are  given  of 
it^  form  very  easy  corollaries  to  the  tl|eory  of  conUct9» 
which  we  have  just  been  considering. 

We  may  consider  the  arcs  ^fid  areas  pf  ciwres  as  func- 
tions of  one  of  the  co-ordinates,  equally  witH  ihe  subtan- 
gent,  radius  of  the  .cirple  of  curvature^  and  other  lines,  the 
expressions  for  which  we  have  just  determined  ^  and  al- 
though, the  Differential  Calculus  does  iiojt  'edable  us  to 
assign  the  functions  to  which  they  are  severally  equals  yet 
it  furnishes  us  with  their  differentials,  from  ivhich  they 
can,  in  most  cases,  be  determined  by  the  processes  taught 
in  the  Integral  Calculus. 

Thus,  if  /  =:/(jr),  where  /  is  the  length  of  the  curve 
CMf  Fig.  5,  we  shall  have  ^sssMC/M,  From  the  prin- 
ciple of  Archimedes  we  may  conclude,  that 

MaM  <  MN+NM'  and  >  MM'; 
but 

^V        dx*       /       4x*   1.2 

c=  Av^(i+ii')  +  5r,A*+j3A' +  See. 


r 


S60  KOTEB. 

The  general  princirle  so  frequently  made  rue  of,  giv« 

and  therefore 

'''='"  v^O  +  f^)- 

Again,  let  u  =/  'r\  where  u  represents  the  area  of  the 
curve,  Fig.  fi.  In  this  case  A«,  or  i'jM"Af'P'>  PMQPs 
■nd  <  PNM'F;  but 


-^'-X' 


PMCJ^=-PP'xPW=^A. 
We  consequently  have 

■J—  A=^  A>  and  therefore  du^gix. 


'«^ 


Note  {H). 


The  different  properties  of  the  cycloid  may  be  dedneed 
with  great  simplicity,  by  considering  its  co  ordinsttes  u 
■eTera]ly  functions  of  the  arc  of  the  generating  cird^ 
which  has  been  in  contact  witb  the  base. 

Thus  if  «  be  the  arc  Jj  Q,  which  is  equal  to  AQ,  Fig.O, 
we  shall  haTe«E0— nn  6,  and^sl-cos  t\  or  if  we  sup- 
pose the  abscises  to.  commence  from  the  vertex  f  of  the 
cycloid,  and  to  be  reckoned  upon  the  axis  JT/,  we  sbaO  aba 
gM«,=ir/-i»Jtf=S-j=:l+C08  9,andj/i=i»/=>/-jP 
3e«^xs:*-0-|-iinf.  Assuming ^Bv— 0sarG  (^Jlf,  these 
eqattiQiu  will beooDUfisl— cot  ^  andyi=^-l-«in^. 
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We  have  supposed  the  radius  of  the  generating  circle 
to  be  equal  to  unitjr.     If  it  be  equal   to  a,  we  shall  have 
x=a(0-am  e\    And  r/=ii  (1  -cos  fl),  or  2;=a  (1  -cos  *) 
zady,=o  [i/)-|-8in  ^).     The  second  equation  to  the  cycloid-, 
is  sonietini?s  more  convenient  than  the  fiisi,  though  they 
both  admit  of  a  very  ready  application  to  the  solution  of  the 
different  problems  which  have   been  considered  in  a  dif* 
ferent  way  by  our  author. 
Thus, 
rfy     _   <f(l— cosfl)    _       sin  8  MN   _    PM 

4x     ~   dyB-sme)    ~    1  — cosff    ^    A'Q"    ~     PT  ' 

We  hence  deduce  immediately  the  value  of  the  sub- 
tangent  PT:  this  conclusion  likewise  suggests  the  geome- 
trical construction  by  which  it  is  determined.  We  need 
not  explain  the  method  of  applying  these  equations  to  tht' j 
determination  of  the  normal  and  subnormal,  in  which  the 
reader  can  experience  no  difficulty. 

The  ordinary  formula  will  require  no  modilicationf 
as  long  as  the  first  dilVerenliats  only  of  j  and  _^  are  involved  j 
but  when  x  is  considered  as  the  function  of  some  third  i 
variable,  the  expressions  which  involve  the  second  and  j 
higher  differential  coefficients,  must  be  altered  in  a  manner 
which  is  explained  by  our  author,  in  No.  1 16.  Thus  the 
expression  for  the  length  of  the  radius  of  corrature,  will 
become 

dtfJ'  i  —  djd'y 
where  y  and  x  are  considered  as  functions  of  some  third 
quantity,  such  as  8,  in  the  case  before  us.  We  shall  be 
easily  able  to  determine  y  for  the  point  M  of  the  cycloid, 
by  substituting  for  dr.  di/,  d  x,  andd'i/,  the  values  de- 
duced from  the  differentiation  of  the  trigonomeirica]  values 
of  I  and^,  It  will  he  found  to  be  equal  to  twice  the  nor- 
mA  MQ,  a  property  which  furnishes  u»  with  a  very  ready 


* 

r 


and  simple  method  of  determining  the  equation  of  the 
evoiute.  Referring  to  Fig,  99,  we  find  AE  =  A  P+o  Pq 
=  e-\-  sinC;  and  also  £M'=  i\Q=  1— cos  (f.  If  the  point 
M'  of  the  cvolute  be  referred  to  a  line  drawn  from  At 
point  Af  perpcndtculaT  to  .'/  /,  and  if  j',  and  y,  be  Consi> 
dered  as  tke  co-ordinxtes  of  that  point,  we  shall  have 
*,=  KWsl— cos  6,  and yi  =  .itE=  e+sin  »,  an  equatioa 
to  a  cycloid,  whose  vericx  is  jf,  and  whose gcu crating  cirdc 
■  is  equal  to  that  of  the  original  cycloid. 

We  may  conceive  a  cycloid,  in  which  r|=  I  —  eos  (, 
and  yt^mO-^  sin  6,  considering  the  axis  of  the  cuive  as 
the  axis  of  the  absciss*.  This  cycloid  will  be  generated 
by  the  combined  motion  of  a  point  in  a  circle,  and  a  uni- 
form motion  of  the  circle  itself,  parallel  to  the  base,  TTie 
properties  of  this  curve  were  6rst  considered  by  Wallis, 
■who  denominated  it  the  protraeltd  or  nitraetej  cycloid, 
according  as  m  was  greater  or  less  than  unity, ' 

The  trigonometrical  values  of  x  andj/,  will  furnish  ex- 
pressions for  the  differen  tijils  of  the  arc,  area,  &c.  of  a 
cycloid,  from  which  the  Integral  Calculus  will  ettable  u 
to  deduce,  if  not  more  readily,  at  least  more  elegantiyi 
^e  several  primitive  functions  to  which  they  corresponi). 

We  will  add  a  word  or  tivo  concerning  the  Quadratrix, 
a  curve  formerly  celebrated  for  its  apparent  connection 
with  the  quadrature  of  the  circle,  and  which  likewise  admits 
of  trigonometrical  enpressions  for  Its  co-ordinates,  whose 
mutual  relation  is  not  assignable  algebraically.  Lei  BC 
be  the  quadrant  of  a  circle,  whose  center  is  A  ;  and  sup- 
pose the  radius  BA  to  revolve  uniformly  through  the  whole 
quadrant,  in  the  same  time  in  which  a  line  perpendicahr 
to  AB  moves  uniformly  from  fi  lo  jt.  The  curve  traced 
out  by  the  intersections  of  the  perpendicular  line,  and  re- 
Tolving  radius,  is  called  the  QuadratnT.  If  .i  and  >/  be  the 
co-ordinates  to  any  point  Al  of  this  curve,  a  being  reckoned 
from  the  point  D,  and  if  0  be  tlie  angle  described  by  the 
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nitfilt  at  that  pointy  we  shaU  eabilf  be  ^  able  tv  shew  that 
j;=  —  •and  y  =  f  I— —  Itaaa. 

We  'shall  not  investigate'  the  diderent  properties'  of  this 
cury^,  .m 'which  the  student  will  expenence.no  particular 
'difl6cuii^^    We  will  merely  call  his  attention  to  the  value 

0f.%  itheb^m»3;:atid  rebisridhirn,  duit  since  if^jfa^;  the 

•^  2  .  .  .  .         :  - 

*  .    .^  .....   .  ■  .  , 


* 

•  4 


common  formulae  are  jn^mediately  applicable^  without,  any 

iffeifti^^  nfbdWeatiori. 

•  •  ■  •    »       .  •, 

lit: tf  be. assumed  to  repres^t  i^^.  raditfs  vector.  JM^^.w^ 
'feaSiy  g«t  *'ii(l  -*)  see  OiB' A  -"- )sec  <>]'  The  curve 

UnkfA  trahafeirred  into  therclisy'of  spirals^iin  wfiich  tbe 
disiattoc  fYDoi  some  fisced-  point,  called  the  {n>le  or  foicUl, 
k  'O^pul  ko  seme  function -of  tHe  angle  described- by  the 
radius  ¥ectt>r  feom  a  given  position. 

:  T    We  Bb2^t  h^  rable  to  deduce;  though  not  io  readDy  as 
.ia  the  lOaae  -just  given,  the  pokr  ^uatiotis  to  jSie  differtot 
« tonic  .i^ions)  from  the  .given   equations  subsming  bc- 
Cwseil:their  co-ordinates.    Thiis,  in  the  parabbfat 


*     I  ■ 


u^ 


where  a  is  the  distance  between  the  focus  and  vertex,  and 
0  the  an^  between  the  radius  vector  and  the  axis. 

In  the  ellipse, 

fl(l-e^) 


«- , 


1  - e  cos  d 

* 

\  and  in  the  hyperbola, 

I  -  ir  cos  (> 
in  both  of  which  equations  a  represents  the  semi-axis  major. 


I 

I 
I 


a  e  the  eccentricity,  and  d  the  angle  between  the  ndiul 
vector  and  that  part  of  the  axis  which  i»  formed  by  die 
production  of  the  line  joining  the  vertex  and  the  focut. 
These  polar  equations  to  the  Conic  Sections,  will  be  foand 
of  most  extensive  use  in  almost  every  department  of  the 
Mathematical  Sciences,  and  particularly  in  I'hysical  Astro* 
nomy  \  and  the  student  will  be  amply  recompensed  for  any 
labour  he  may  devote,  in  order  to  render  himself  familiaf 
with  their  different  applications. 

The  nature  and  generation  of  those  spirals,  in  whtdi 
n=f{d)  =  a  .  6",  n  being  any  positive  or  negative  number 
whatever,  have  been  explained  by  our  author,  who  has  in- 
vestigated their  properties  by  means  of  trigonometrical 
values  of  rectangular  co-ordinates  referred  to  an  assumed 
axis.  This  method  is  both  general  and  simple :  for  the 
greater  satisfaction,  however,  of  the  reader,  we  will  here 
shew  in  what  manner  tlie  common  differential  formuls 
may  be  directly  deduced  from  their  polar  equations. 

In  a  spiral  curve,  such  as  is  represented  in  Fig,  31,  let 
AM„  am,  /fM  —  j,  be  three  distances,  making  equal  an> 
gles  A  or  A  fl  with  each  other.  Draw  AIQ,  and  Jf  _,  Q 
perpendiculars  to  AM,  and  AM;  and  let  MThe  the  tan* 
gent  at  M,  and  A  T  the  subtangent :  join  il/,  and  M,  M 
and  M  —  ,,  and  produce  ti)cm  to  5,  and  S  —  ,-  Then,  sinct 
u=f(ff),  we  readily  get  the  following  expressions : 


AM,=zu+  : 


;   +&C. 


=  ^^A+;,,A'+&c. 


1-  .^+ftj 
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MQ^^JM-A  (2=  «  -  /«_  ^  A  +  &c.)  COS  A. 

#  ■ 

From  similar  triangleSj  we  also  get 

or  U^V       ,    - 

=  I^ +r.  A+r^^A'-f  &c. 
au 

1 

iif(2  Aiq- 


=«(.-^A+8cc.)(A,^3.8cc..) 


<  - 


^"A+jaA^+kc.   ■ 


J     • 


=;^  f^  +  /^  A  + /2  «•+ Sec 
a  u 

By  the  general  principle,  of  which  we  have  made  such 
extensive  use  in  the  preceding  Note,  we  may  conclude, 
that 

an 

The  trigonometrical  tangent  of  the  angle  JiMTi%  evi- 

.    ,,         AT    _  udB 
dently  =    ,■  >  =  ----  •  «  . 

The  same  principle  may  be  very  easily  applied  to  the 
determination  of  the  differentials  of  those  functions  of  dy 
which  are  severally  equal  to  the  length  of  the  spiral  arc 
and  its  area,  both  being  estimated  from  die  givten  p<)S(tioa 

4  p 


\ 


r 
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1 

of  the  radiufl  TCCtor.    If  /  and  v  be  taken  to  represent 
them,  we  shall  find 

i. 

d,  =  ^(u'Jf+J.'),  andiv.i!^. 

1 

If  we   suppose   another   curve   to   pass   through  the 
point  At,  and  to  W  referred  to  the  same  focus  A,  we  thail 
hare 

■ 

and                                                                                              1 

1 

„,=„.+  ..,=„,.^-^.+fe.iL+,.c. 

n 

where  Ki  =  >i  (ff),  is  the  polar  equation  to  the  woond  cnrw. 

Now,  letM=v,:  thc^  must  have,  therefore,  a  common 
point  At. 
Again,  let 

■1- 

/i'  =  >" ,  and  therefore  1^  =    1^  : 

they  must  consequentljr  haveu  common  tangent  at  M. 

If,  likewise,  -^  ^  w^>  **  '"'T  easily^provej  that  m 

spiral,  curve  canbe  dNwiii^rofigh  jtf  bctwf«a  tii«mt  in 
which  this  condition,  does  not  hold. 

The  aame  theory  of  contents  which  has  been  demon- 
strated of  curves,   rpfened  to  rectangular  co-ordinates  in 
the  preceding  Note,  is  likewise  applicable  to  spiral  curvet, 
in  whicfi  any  namber  <4  the  diSierential.  cofsf^fieats  of  those 
functions  of  6,  which  are  equal  to  tihe  polar  distances  ia 
each,  are  respectively  equal  to  eadt  odier. 
,'     ..  Letthp  curve  of  contact  be  a  ciFcle>  and  sni^ote 
__      dm        dill    _,^^u    _  4'** 
.     .  "d6         de  49"      .    d(^ 

let  ^In  tibs  center  of  the  ctrclc,  mi  avp^ow  M  />» 


NOTES.  667 

A  F^m,  and  the  angle  ^A  MFzz 0.    The  triangle  J  FM 
furnishes  the  following  equation : 

•*-«i*+y*~2  y  u^  .  COS  0.  (1) 

By  the  hypothesis,  ij  =  —U,  and  since  «,  =  u,  we 

^^^  ZTTa    **   — 7~»  ^^^  tangent  at  ilf  is  therefore  com* 
mon  to  the  circle  and  the  curve  :  but 

cot0r:tan  .w4Jlfr  =  fi^^: 

dui 
we  hence  get  '     . 

cos  0  ^     — r: * 


Differentiating  the  equation  (1),  we  get 

0  =  ttii/«,~y  {uid.cos  0+CO8  ^  .rf»i}     (2)  ; 

and  therefore  y=  -_ ^^^^' 

i/i  a  .  cos  ^  -f  cos  9  .  dui 


^  ^du^de-^u^ded'u^+ui^de^* 

But  «.=«,  -J.  =   -,  and  ^-  =  _  . 

By  substituting  these  values,  we  get 

(d  u'+t^  d  a»)T 


7  = 


^du*de'-uded*u  +  u*de^ 

l£  FEhe  drawn  perpendicular  to  A  M,  We  shail  iind 
£  M  =  y  cos  ibzz —  • 

which  is  the  expression  for  half  the  chord  of  the  circle  of 
curvature,  which  passes  through  the  pole  of  the  spiral. 

English  mathematicians  very  often  define  spiral  curves^ 
by  an  equation  between  the  polar  distance  and  the  per- 
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pendicular   upon  the    tangent.      Assuming  p   to   repre- 
sent the  perpendicuUr,  wc  shall  be  able  to  assign  the  reU- 
tion  of  p  and  u,   by  eltmliiatlng  &  between  the  two  eqiu- 
*  tions. 

The  reader  will  find  no  difficulty  in  verifying  the  fol- 
lowing expressions : 


dp 


Note  (I).   Page  230. 


Our  author  has  explained  the  method  of  integrating : 
differential  functions  of   one  variable,  which  are  compre. 
Pdx 


hended  in  the  formula 


v^C»+S-f+y-^')' 


where  P  is  any 


n 

rating  all 


rational  function  of  x ;  the  integrals  in  all  cases  being 
either  algebraic  functions,  or  involving  with  an  algebnical 
part,  cither  logarithmic  or  circular  transcendents. 

The  term  tranucndent  is  applied  to  all  differential  ex- 
pressions which  do  not  admit  of  complete  integration  ;  but 
in  the  case  of  the  formula  just  mentioned,  this  difficulty  is 
nearly  overcome,  since  approximate  values  of  the  transcend* 
ents  to  which  its  integral  is  reducible,  may  be  obtained  o 
any  degree  of  accuracy  from  the  logarithmic  and  trigono* 
metrical  tables.  It  is  upon  this  principle,  that  we  con&ider 
1  differential  function  as  susccpi.ble  of  integration,  when 
it  can  be  made  to  depend  upon  transcendents  whoes  values 
arc  tabulated,  or  aie  otherwise  determinable  by  appioii* 
■nation. 


lie  integral  of  the  very  comprehensive  formula  —s-'-i 

where  R=x^{a+8  x+y  2fl+i  K* +>  3*),  \s  reilucible  to  am 
algebraical  part,  and  to  transcendents  of  the  forms 

where  Rl^'/lt^■S  x^+y  I*:  our  principal  attention  ought, 
therefore,  to  be  paid  to  the  consideration  of  the  propertiei 
of  these  transcendental  functions,  and  to  the  investigation 
of  methods  of  approximating  to  their  values  and  of  com- 
paring them  nith  each  other. 

Legendre,  in  a  Memoir  presented  to  the  AradimU  dei 
Sciences,  in  179"^,  which  he  subsequently  embodied  and  ex- 
panded in  his  lixercices  de  Caleul  Integral,  has  shewn  that 
this  integral  may  be  always  reduced  to  an  algebraical  part, 


Jl 


—5 where  A=»/'(l— c'  slti^0\  c beincli 

(i+nsm-fl.)  A  ^  YJ>  b 


than  unity.  The  first  of  these  is  always  expressible  by 
means  of  elliptic  arcs,  and  the  second  bears  such  analogy 
to  the  former,  that  it  may  be  considered  as  a  transcendent 
of  the  same  order  and  species.  It  is  on  this  account  that 
he  has  given  them  the  name  of  Elliptic  Transcendents. 

We  shall  not  attempt  to  give  an  abstract  of  the  admira- 
ble work  of  this  illustrious  Geometer,  which  would  involve 
discussions  in  some  degree  inconsistent  with  the  nature  of 
an  elementary  Treatise  Irke  that  of  our  author's.  The 
English  reader  will  find  a  translation  of  the  Memoir,  in 
the  New  Series  of  the  Malhemaltcal  Rrpojileiy. 

Little  is  known  concerning  the  integration  of  diffe- 
rential formuU,  more  complicated  than  the  preceding. 
Lacrois,  in  his  great  work,  has  given  some  few  instances 


an 
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which  are  reducible  to  it ;  but  they  are  neither  rery  gene- 
ral nor  very  important.  Farticuldr  formulie  have  been  in- 
tegrated by  ingenious  transformations,  or  reduced  to  other* 
■which  are  cap.ible  of  integration.  We  shall  give  two  or 
diree  of  these  from  the  same  work,  as  examples  of  the  ar- 
tifices employed  to  effect  these  reductioBs. 

.  The  differential  function  Pdx  (r +  ^  (|+r»))«,  ia 
which  P  is  a  function  of  i  and  Vl  -f-jc%  may  he  ratiooal- 
ized.     For  this  purpose,  make 

this  gives 

2u'  2(.'  +  '        • 


/ 1 -!-«■' =«»- J  = 


''+1  . 

2j(» 


,  the  formulLP 

dt  .  iT-'dx 


may  ba  rationalized,  by  making  in  the  first, 

u  atV  '-JJ^ *-  *j  and  in  the  second^  «=?/ax"-  l- 

the  one  will  become  " -^  and  the  other  ^^       ,_  " . 

Mr.  Bromhead,  in  a  very  original  and  ingenious  paper, 
published  in  the  Philosoplucal  Tramaetiant,  for  I8I6,  on  the 
Ftuenti  af  irrational  Fwtctiont,  has  given  general  method* 
of  mtionalizing  differential  functions  of  this  nature,  which 
comprehend  an  immense  variety  of  forms,'  which  have  hi- 
'thsrto.been  considered  as  incapable  of  reduction.  We 
shall  not  attempt  to  enumerate^  the  very  curiou*  Teaoki 
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which  he  has  obtained,  nor  to  explain  the  principle  upon 
which  he  has  deduced  themi  since  the  original  paper  itself 
is  accessible  to  all  our  readers. 


Note  (K). 

Our  author  has  shewn  the  •  method  of  integrating  the 
general  formula  dz  sin  :s~  cos  z*i  where  m  and  n  are  any 
whole  numbers  whatever^  whether  positive  or  negative.  -We 
will  mention  a  few  other  circular  functions,  some  of  which 
are  of  considerable  importance,  whose  integrals  are  assign- 
able either  completely,  or  at  least  by  means  of  converging 
series. 

dx 

1.    Let  the  differential  function  be  - — :  if  we 

a-^b  cos  X 

make  cos  x  = ,  the  differential  will  be  transformed 

l+«^ 

into 

r-  ,  ,  i.ij     '. .    'A :   we  consequently  have,  when  a  -<  i, 

.     ,/    '     w I s/(t+a\/(  1  +cosx)+v/(^ . a)s/. \^cosX) 

=  -~-  log  5^cosx+HBinV(^^-.-)> 

If  ii  >  *, 

,'  \  L  ■  . rr~i  ^  —5 — : — r—  are  (  tan  =  ^i- —  u  I  +  const. 

—     y,  4     .w  *^fc  (tan  =21- J31J — ; )  + const. 

v/(fl*-^')         V         v^vtf+^V^l+cosx;  / 

•"   "  j:^\    uz  ^rc(tan= — -^^ A+ const., 

s/Kfr-r)        \  i^aco$x    ^  ^ 


I 


lince  tan  '2  .*  = 
unc,  we  shall  get 

^^    The  differential 


I 


by  making  «=cos  r ;  and  the  ilif- 
ft-srential  — n—. may  be  p«t  under  the  form 

rfj adx 

T        tia  +  icoi  i)  ' 

The  integrals  of  both  of   these  forms  arc  verj  easily  as- 
signed- 

■  (fli+^i  co»  i) , 
'-■J  ^^'"■■— •"■— 

assume,  as  in  No.  154, 

/»dx[ai  +  tiCOix)_      A  e]ax      -  ,  f*dx (g-t=C  coi  ipr' 
Ca  +  *co8jr)"  ""  «+Jco82y-'   fc/   (a  +  fco(i)'— '  ' 

irhere  ^j  £,    C  are  coostetit  and  iodeteninhate  cO^- 
cients.    By  differentiating,  we  shall  get  the  eqiutioQ 

«l  +  ^t  C0*f  a/4  COST  ia  +  h  C08X)  +  (»-  1)  ^^  sii^f 

+  (B  +  CcoexXa+icosjrXi     ■ 
from  which  we  shall  be  able  to  determine  '  _. 


flij- 


A  continuation  of  this  process  will  conduct  us,  when 
n  is  a  whole  number,  to  an  ultimate  integral  of  the  fona 
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/' — ^  i"       '9  the  method  of  assisnine  whose  value 

has  been  explained  in  the  preceding  article.  - 

If  we  suppose  ^^  =  1 ,  and  *i  c=  o,  we  shall  have 


/ 


(a+  b  COS.*)*  («- 1)  (fl*— **)  (fl  +  *  cos  X)  "~  ^ 


This  method,  however,  fails  in  effecting  the  integration 
of  this  formula,  when  /i  is  a  fractional  or  negative  num* 
ber,  in  which  case  we  must  have  recourse  to  series.  The 
following  method,  which  depends  upon  the  deVelopement 
of  (tf  +  *cosj:)*,  will  enable  us  to  integrate  the  diffe- 
rential expression  dx  {a+b  cos x)"^,  for.  all  values  of  n 
whatever. 

The  function  (tf+^  cos  xY  t^^Jj  in  the  first  place,  be 
put  under  the  form  a*  (1  +  ^  cos  x)  ",  where 

^s  -  .     Assume  ^=  1  +^  cos  x,  and  suppose 
a 

\^«  — (1  4.^  cos  xy  zzoq  +  flj  cos  x+a^  cos  2  X 4-  tf3  cos  3  X+&C. 

Taking  the  logarithms  of  each  member  of  this  equation^ 
and  then  difierentiating,  we  shkll  get 

ft  e  cos  X    _  ii,  sin  *  +  2  ^2  sin  2  j:+3  a^  sin  S  x  +  &c. 

1  +  ^  cos  X        ^o^^l  cos  X+flg  COS  2  X+II3  COS  3  X  -|-  &c. 

Exterminating  the  denominators,  transposing  all  the  terms 
to  one  hide  of  the  equation,  and  substituting  for  all  pro- 
ducts of  the  form  sin  x  cos  m  x,  and  cos  x  sin  m  x,  the  equi- 
valent expressions  \  sin  (w+l)x  -^sin  (iw— l)x,  and 
^  sin  (JW+  l;;»  +  i  sin  (m  -  l)x,  we  shall  get 


48 


mi 


sin  X-f  2a; 
1 


i 


^Ve  hence  deduce 


sia 

3»+to. 

+?«. 

+^».' 

"a"'' 

+i'.- 

In 


')• 


.  ^  _(.-2)^,>-6., 


The  dfcermination  of  the  coctHcicnts  of  this  scries  is 
consequently  dependent  upon  that  of  the  two  first  of  them, 
On  and  o„  to  which  our  attention  must  now  be  directed. 

Since 


>/."^ 


I  +  n  ^  cos  V 

4.     «f« 


1  .« 


f'cos  '.r 


i;*COS^j  +  8cc. 


If  we  develope  cos'*,  cosV,  cosV,  &c.  into  series,  in- 
yolring  the  cosines  of  the  multiples  of  x,  by  means  of  the 
formulae  given  in  No.  199,  we  shall  readily  discoTer  that 


wfw-  II  , 
2.2     '"^ 

».-<{  = 


n(n 

-iHn 

-2 

)(« 

-■■5) 

2.2 

4 

.  4 

«(«- 

1) 

(«- 

2) 

**  +  &c. 


- 1)  (n-i)  (n-3)  («-*>  1 

2.2.4.4.6.6  T*'^-; 


If  do  and  a,  can  be  detenntned  from  these  series,  die 
developement  of  v/i-'  will  be  very  easily  eftected,  as  well  as 
the  integration  of  the  formula  y!/''di. 


NOIBff  T  fiT9 

Euler,  \a\a.i  Iristituliones Calculi  InUgralii,  Vol.1,  Cap.  6, 
has  given  several  methods  of  approximating  to  the  value  of 
Oo  for  different  values  of  n  and  e  ;  and  also  of  determining 
from  it  the  other  coefficients  of  the  series.  He  has  alsO 
given  a  method  of  deducing,  by  means  of  the  Differential 
Calculus,  the  coefficients  of  ij' —  "  ~ '  from  those  of  V/^', 
a  proposition  of  the  greatest  importance,  since  it  allows  US 
to  chuse  that  value  of  n  which  furnishes  the  readiest  deter- 
mination of  fln,  a!  least  amongst  those  values  of  it  which 
differ  from  the  one  which  is  the  immediate  subject  of  con- 
sideration by  whole  numbers.  V\'e  feel  I«sb  regret  at 
being  compelled  to  omit  these  investigations,  since  it  givek 
us  an  opportuniiy  of  referring  our  readers  to  a  work  whicli 
first  reduced  the  principles  and  results  of  the  Integral  Cal- 
culus to  system  and  order,  and  which  is  invaluable  to  4 
Student,  not  less  from  the  profundity  and  variety  of  iti 
researches,  than  from  the  singular  simplicity  and  elegance 
with  which  the  most  difficult  theories  are  illustrated  and 
explained. 

The  form  in  which  (0+*  cos  r)"  generally  presents  itself 
la  Physical.  Astronomy,  is  that  of 


I 


rof 


1 


^(r'  +  r,'  — 2  n-i  cos  t)  (r'  +  r,'*— 2  rr,  cos*;) ' 

where  r  and  r,  denote  the  distances  of  two  planets  fnah  \ 
the  sun,  and  ;v  the  angle  between  them;    at  least  this  is 
the  case  in  which  e  is  little  diiferem  from  unity,  and  is 
consequently  the  only  one  which  presents  any  considerable 
difficulty. 

Lagrange,  in  the  Memnires  de  tAcadimh  de  Sfrlin,   forj 


1761,  by  substituting 


C^-'  +<• 


3 


-  for  cos  Xt  ani  ' 


by  multiplying  together  the  developements  of 

(r-  rif-v^T;.  and  {r^r^t—  v~", 
or  the  factors  of 


L 
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(f »  -  rr,  [^  •^'~~'  +  t~'  *'  -')  +  r,*)  •,  has  dednoe^  Bene* 
ibrthe  determiaation  of  d^and  01,  whiili  are  rapidly  con- 

Ycrgent  when  n=i  —  -  ;  and  the  theorem  of  Euler,  which 

We  have  mentioned  above,  will  enable  us  easily  to  deter- 
mine the  values  of  these  coefiicieots  in  the  common  caie> 


Mr.  Ivory,  in  a  very  ingenious  paper,  in  (he  Ediniurgk 
Trtmtactioru  {6t  i7Sii,  has  improved  upon  the  process  of 
Jiagrange,  and  hat  deduced  series  for  fig  and  a,,   when 

n= ,  which  converge  ^litb  very  great  rapidity,  even  in 

the  most  unfavourable  case  that  can  he  supposed. 

Mr.  Wallace,  in  a  paper  in  the  same  Transactions  (at 
I805j  ius  a|so  considered  thissubjecti   and  has  given  a 

method  of  determining  a^  and  j„  when  n  =  —    -  ,  which 

depends  upon  the  rectification  of  the  ellipse.  We  particn- 
larly  recommend  both  these  papers  to  the  attention  of  out 
readers,  which  are  remarkable  for  their  elegance,  -and  not 
less  so  for  the  discovery  of  very  important  series  for  »•- 
signing  the  lengths  of  the  perimeters  of  ellipces  of  all 
eccentricities, 

♦.  The  following  method  of  integrating  dj-Iog(I+*  cost) 
is  taken  from  the  same  work  of  Euler,  which  we  have 
mentioned  above :   since 


g  ^=e  eo&x~ 


-  &c. 


*'cos*j       f 

we  may  also  assume 

logi//=  -Og+Oi  co4  x  —  a^  cos  2  x+aj  cos  S  jr— &c. 
we  readily  see,  that 
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^      2     a      .    8.4    4         ft.4.6    ;6~;         .  , 

»  f 

considering^  ^  as  a  variable  quantUy^  and  difierentiatiaj|,  we 
sbkll  get  .1 

«c  2 .  2.4  2u  4  . 6 

=_L_  -1- 

U  be  readily  seea«  if  we 


.  <■'» 


■'»  •  I 


.  <  '  J .    < ) 


make  ^lao,  and  the? efere^  tfo=aoi 

Again^  since 

«i  1       .    1  .  S     f»   .     1  .  3  .  5      ^•i    fc,^ 

2  2  2.4    «         4.4.6      5  ^ 

and  therefore 

2d^         2         2  .4  2.4T0 

1 


i/(l-^^ 


-^lyweget 


I    < 


rf^-=  y^ ^ —, ,  iOM  by  integsatingi  we  obtain 

the  constant  disappearing,  when  e=o. 

The  other  coefficients  are  determined  in  dieiMme  man- 


ner  as  those  of  (l+fcosj)",  which  we  have  considered 
above:  for,  by  difierentiating  log  >^,  we  shall  get 

^^ =  -a,  sin  ,r+2  a.  sin  2  t  -3  a,  sin  3  J  +  Btc, 

1  +  «  cos  .r 

from  which  we  shall  casUy  discover,  that 
and  substituting  for  d,,&.c.  its  value,  we  £nd 

making,  for  greater  brevity,    ■  ~  ^ — — li  —  m,  we  shall 

have  ,     .     , 

log  (1+*  corf  i)>=-lbg^4;'|«coa.r-?  m'  cos  2j 

+  -  wi'  cos  S  J  —  7  m*  cos  4  x+  Stc 
and  consequently 


+-  ft)  sin  j: m'sin  2x+  -m'sinSr m*Binix+&e. 

1  .  ,    4,  :      .     9  16 

Ut~i,  ani  therefore  m=;l',  we  have 
log  (l+C0Bx)=— ]og2+ Y*^o8  3r— -C08  2*  +  -cotST-Jte. 

■    '     ""   '    '*log'(2c08'|)=log  3  +  2  log,cos5  . 
'  log  (1— coax)  =  — logli— -cosi— -  cosSjt — cos  S  x 
_,  ^=log(2ein'  ^.je  log  2+2  log  sin|.. 


FB8.  679 

We  hence  get,  by  taking  the  dlfTerence  of  these  series, 

log  tan -  =  —2  cos  r-- cos  3  j—  -  cos  5  x-8cc. 

5.  The  integration  of  the  diffeTentials  ^'  dx  sin  i*,  and 
t"  d  X  cos  i",  may  be  obtained  without  the  aid  of  the  ex- 
ponential formulas  for  the  sine  and  cosine,  by  a  process 
similar  to  that  made  use  of  in  Nos.  170  and  S03 :  we  thus 
obtain  the  following  equations  of  reduction : 

j"~'  (b  sin  r—  «  COST) 


a)/<'"(/j:sinr'^ 


wf«-l) 


.*  +  «< 
f^dx  sin  j^- 


(9)  fe^'dx  cos  x": 


COS  x"  ~ '  (a  cos  x  +  n  sin  x) 


'    /*"Jl  COSX'- 


NOTE  (L). 

The  same  principle  which  was  applied  in  Note  (G),  to  the 

determination  of  the  differentials  of  the  arcs  and  areas  of 

curves,    may  also  be  applied  to   find  the  differentials  of 

the  volumes  and  curve  surfaces  of  solids  of  revolution. 

Letu=/(j')  be  the  volume  generated  by  the  revolu. 
tion  AMP,  Fig.  46,  round  the  axis  A  P.  li  h==  PP', 
then  A  u  is  the  volume  generated  by  the  revolution  of  the 
area  PM  M'P",  which  is  intermediate  in  value  to  the  vo- 
lomes  generated  by  the  areas  PS  MF  and  PM  RP'.  Re- 
presenting one  of  these  quantities  by  D,  and  the  other  by 
D„  we  shall  have 

D  =  txP'M"xPP=«  h  (i,+  i^  h-\-  8tc.)' 

=  »j,=  A+^-j  /'*4-;'i  A'+8tc. 
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consequently,   from  tite  rehtion  subsisting   between   the 
■quantities  D,  Jiu,  and  D^,  we  maj  conclude  that 

—  .  A=x  «' A,  and  therefore  rfH  =  «B*  J  x. 

Again,  let  Ui=/i  (x)  represent  the  curve  surface  of  Ae 
solid  body  generated  by  the  revolution  oi  A  M  P:  then 
Atti  the  surface  generated  by  the  revolution  of  the  arc 
MOM,,  will  be  greater  than  the  surface  generated  by 
the  revolution  of  the  chord  MM",  and  less  than  that  gene- 
rated by  the  revolution  of  the  tangent  M N,  and  the 
line  NM'  %  the  lines  M  'S,  and  Jtf  M,  which  are  not  tn  the 
figure  referred  to,  may  be  very  easily  supplied.  Denoting 
these  quantities  by  D  and  D,,  we  shall  have 

D  =  ^.MM'.iPM-\-FM') 

=v((*vi$*.+^c.)(,.,.g»-) 

'      dx  di*     1.2 

'  ,V\  lKllf-MN  .  iPM+PX)  +  ^  .  (PN' -  F-M^i 
consequently,  as  before. 


mad 


IT 
I  therefore 


Note   ;Mj. 


The  proposition  which  is  here  made  use  of  by  our 
author,  being  tiitle  known  to  English  readers,  we  shall  en- 
deavour to  esplain  the  method  by  which  it  is  demonstrated. 
If  A  be  the  area  of  any  figure  traced  out  upon  a  given 
plane,  then  the  atea  of  its  orthographical  projection  upon 
any  other  plane,  making  with  the  former  an  angle  fl,  will 
be  equal  to  ^  cos  H.  This  theorem,  which  in  all  cases  ad- 
mits of  a  very  simple  demonstration,  can  present  no  diffi- 
culty when  the  figure  is  a  parallelogram,  one  of  whose 
sides  is  coincident  with  the  line  of  the  common  intersection 
(^  the  planes. 

Again,  from  J,  the  common  point  of  intersection  of 
three  plaiies,  each  of  which  is  perpendicular  to  the  other 
two,  draw  AM  perpendicular  to  a  plane  which  intersects 
them  in  the  lines  QQ, ,  <^[Q..,  Qj, Q :  from  M  draw  M  A', 
M  N, ,  MN^,  perpendiculars  upon  QQi,  {2iQ;i  Q.Q.  and 
MP,  MP^,  AiP..,  perpendictUars  upon  tlie  planes  ^IQQi, 
^  2i Sii  ^QsQ.'  »"<!  join  ^^>  ^^u  ^i^:*  w^'ch  I'lw- 
wiae  pass  through  P,  F,,  P^:  then  AP,  JP,,  Al't,  or 
their  equals,  MP^,- MFi,  MP,  wiH  form  the  adjacent 
edges  of  a  rectangular  parallelepiped,  whose  diagonal  is 
AM,  and  therefore  ^M'^M P'+M  P,''+M/\\  Let 
0,  e,,  0^,  be  the  angles  ^JV^/,  AA\M,  jIS^M,  or  tha 
angles  which  the  intersecting  plane  makes  with  the  co- 
ordinate planes.  The  angles  AMP,  AMP,,  A }\U\,  are 
re^ectively  equal  to  ^,  (',,  *s,  and  therefore  MP:= 
4  R 


AM.  cos  0,  Mi\  =  AM  .COS*),,  M  P^-=  AM .  cw  9^\ 
'  and  consequently  KP' +  MP^^+MP^=AM^  (cos' 6* 
+008"  e,'+cos'  (i^  =  AM-i  or  co3'H+coa*fl, +  co8*eg=1. 
Now  if  A  be  the  area  of  the  parallelogram  MXTZy 
fig.  49,  and  P,  C, ,  A;  i  be  the  angles,  which  it  forms  re- 
spectively with  the  three  co-ordinate  planes  ;  then  A  cos  0, 
A  cos  f  1 ,  ,-/  cos  fl;  will  be  the  areas  of  its  respective  pro- 
jections upon  them,  and  consequently -4  =^  L-J' cos'^ 
+,icos'C,+.l  COS**!.),  since  cos^  0  +  cos' (l,  +  cos^fls=  I. 
It  ia  hardly  necessary  to  inform  the  reader,  that  when 
we  speak  of  the  square  of  an  area  as  equal  to  the  son)  of 
the  squares  of  its  projections  upou  the  three  co-ordina(C 
planes,  we  have  reference,  in  all  cases,  to  the  relation  sub- 
sisting between  the  squares  of  lines  or  numbers,  by  which 
these  areas  are  supposed  to  be  rspresented. 


Note  (N;. 

The  classification  of  differential  equations  by  their  order, 
IS  founded  on  the  most  important  of  their  properties,  those 
relating  to  the  arbitrary  constants  which  complete  their  in- 
tegrals. The  number  of  these  constants  being  equal  to 
the  exponent  of  the  order  (272),  affords  a  natural  and 
strongly  marked  line  of  separation  between  equations  of 
different  orders.  The  subdivision  of  equations  of  the  same 
order  into  classes,  according  to  the  degree  to  which  the 
dependent  variable,  or  its  differential  coefficients  rise,  pos- 
sesses no  such  advantage ;  but,  on  the  contrary,  is  pro- 
ductive of  the  utmost  confusion.  Our  author  has  noticed 
this  circumstance  i!i  the  preface  to  his  great  work  on  the 
Differential  and  Integral  Calculus;  and  takes,  as  an  in- 
stance, the  equation  of  Clairaut  (C/O);  y-  p  x  =/(p], 
which  is  integvable  by  the  same  process,  whatever  be  the 
form  of  the  function  /.     The  distribution  of  equation*  of 
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the  same  order  into  classes,  is  a  point  of  very  considerable 
importance,  as  well  as  obscurityi  since  it  would  furnish  us 
with  a  general  mode  of  classing  transcendents,  whose  pro- 
perties are  almost  universally  expressible  by  means  of  such 
equations,  in  a  simple  manner  (46).  An  example  will 
illustrate  our  meaning.    The  transcendent 

£  _  ^   +  f!  _  8cc. 
1*       2»        S* 

\rfuch  we  will  denote  by  ^  (I-4-')>  gives,  by  differentiation^ 

dd)  (1+  x)         'X  ^    .    o  1       /*         V 

JC  '     ^  ^ ,  ^         =   7    •"  — +  &c.5=log(l+x). 
ax  12 

whence 

<p  (1  +j:)=y*^  .  log  (1+jp). 

This  equation,  therefore,  includes  all  the  properties  of 
the  above  transcendent,  and  they  may  all  be  derived  from 

it.    Thus,  if  for  x  we  write  - ,  we  have 

X 

^  (l  +  i)  -f^  (log  (l+a:)-log  x)  ; 
whence 

«(i+x)+0(i+i)  =y*^-iog^ 

=  i(logx)*  +  C. 
Uow,  when  x=  1,  this  becomes 

«,(«)=e=.(L-i,^.i-sc.)=i', 

80  that 


^(l+x)  +  «(l+])  =  i(log*)»+| 


1 
9 


which  is  one  of  the  principal  properties  of  the  function  in 
questioa.    Again,  if  for  x  we  write  j;—!,  we  get 


t>i^')=  fj^^<^Z' 


and  in  this,  for  x  writing  - 


K0=/^ 


log  J 


=  |(logx)»+Ci 
and  malting jt=l,  we  find  Cs=o;  sotliat 


0+v.(^)=;aog, 


V- 


Unfortunately,  however,  such  is  the  difiiculty  o1 
lubjfct,  no  syatciTi  of  classification  has  been  proposed, 
which  wiil  enable  us  to  include  in  one  class  all  tT»ific«id- 
ents  essentially  of  the  same  nature,  or  reducible  lo  one  an- 
other, to  the  exclusion  of  alt  such  as  are  fundamentally 
dltferent.  Meanwhile  the  manner  in  which  the  arbitrary 
constants  enter  into  the  integral,  affords  a  convenient  me- 
thod of  arranging  such  equations  as  are  integrable.  Tlie 
equation  of  the  first  degree,  for  instance, 


J^+i-- 


(^-1 


\  +  ...  +Mj  +  JV=o, 

;  functions  of  j,  has  its  imegnl 


where  P,  Q,  ...  ^/,  Jtf,  are 
always  of  the  form  (284) , 

To  confine  ourselves,  however,  to  the  first  order,  we  will 
first  consider  the  manner  in  which  the  arbitrary  constant  il 
combined  with  the  variable  x,  in  the  integral  of  any  homo- 
geneous equation.  The  general  form  of  all  equstions  of 
this  class  is 


^=^. -/(!)• 
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Thus,  the  equation  xdy-y dx^sdx  •  Vk^+y^y  '^  ^® 
text  (page  323),  is  the  same  with 


j^-fV'+er- 


|f  we  take  ^  rzii,  we  have 

X 

dy  du   , 

dx  dx 

idiich,  substituted  In  the  proposed,  gives 

whence 

dx  du 

X         f{u)-u ' 
and  log  r  j:  r:  /  -r — ?!! —  . 

Now  this,  when  the  integration  is  performed}  being 
a  certain  function  of  u,  if  we  find  u  from  this  equation^ 
in  terms  of  log  c  Xj  we  shall  have 

»  =:^  =5  F  (log^  X)  , 

X 

and  instead  of  log  c,  writing  simply  o  since  the  constant  is 
arbitrary, 

y=x  .F(c+logx), 

which  is  the  general  form  of  the  integral  of  every  homo- 
genous equation. 

This  process  extends  of  course  to  every  conceivable 

form  of  the  function^  although  in  the  text  no  examples 

are  given  of  other  than  algebraic  ones.  Suppose,  for  in- 
stance, we  had 

xdy-ydx=y  (logy -log  x)dx. 
This,  reduced  to  die  above  form,  gives 


I 


^3^  =  !(•+■<)' 

and  consequently 
whence 

'+'°s"/.-nsr"°"'^' 

whence 

If  the  equation  proposed  were 

we  should  have 

consequently 

whence 

0+«)(^+log  !)»=*", 
or. 

In  this  instance,  the  fona  of  the  function  we  hare  de- 
noted by  ^  is  transcendental.     It  is  the  inverte  fiaKtimt  of 

TTi-      <'»'>• 

If  we  eliminate  c  between  tlie  equatioo. 

and  its  differenttal>  ■-^,  otp=Cf  we  find  the  equation 

of  (270), 

SZ=xp+/(p). 
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Had  we  assumed,  for  the  form  of  the  integral, 

P,  Qf  and  R  being  functions  of  x,  we  should  have  obtained 
the  equation 

_(PR'^RF)+(i/P'''PP),  f/  (QR'-R(t)+(!/Q-pQ)^ 
-  PQ^QP"  J  \  P<i-Q,P'  r 

Py  Qj  and  K  denoting  the  diflTerential  coeiEcients  of  Pj 
Q^  R.  The  nature  ot  the  solution  is  not  altered  by  using 
instead  of  c  any  function  of  r,  as  for  instance}  by  supposing  f 

for,  since  c  is  arbitrary,  r*+f*  may  be  conceived  equiva- 
lent to  one  arbitrary  constant  c^  and  hence,  finding  c  in 
terms  of  c,  and  substituting  in  f{c\  it  becomes  a  function 
of  Cf  such  as  F{c\  and  the  form  of  the  integral 

diflfers  from  the  former  only  in  the  nature  of  the  function 
represented  by  i^,  and  therefore  comes  under  the  same  class, 
which  we  suppose  to  include  all  possible  forms  of  the 
function  /. 

The  next  general  form  of  the  integral  in  the  order  of 
its  simplicity,  is  < 

^=P+Qr+^r^+S./W, 

which,  however,  leads  to  a  very  complicated  class  of  dif- 
ferential equations,  unless  certain  relations  subsist  between 
P,  Q,  iij  S.     One  of  these  is,  when  iS=  J,  and 

P+Qr+7?-f*=^f±fI'; 

for,  in  this  case,  we  have 

dy  x^-c         ^ 
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and  consequently 

Let  the  equation 

o  =  I +«  Cy  ±/;^) +i3  ( x  i: 2;;)+ y  (y  ±jE,»)  (r  db« /^) 
be  proposed,  and  we  find 

which  is  of  the  above  fornix  taking  « «  7  I,  and  assuming 
for  the  form  of  the  function/ 

/(.)=- Lzif. 

Its  integral  is  therefore 

The  equation 

treated  in  the  same  way,  by  the  elimination  of  c,  leads  to 
the  differential  equation 

P'and  Q' denoting  the  difFerential  coefficients  of  Pand  Q. 

This  is  an  equation  of  considerable  generality.     If  Q  =  - 

ti 

ffi-4- 1 
we  have  n  Q'  =  1 ,  and  taking  n  = » 

the  integral  being 

*w-H 

^  mi  / 

If,  in  this,  we  still  farther  suppose  P=o,  Mre  shall  get 
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«n  equation  generally  integt^ble. 

The  equation  y^  p  x-^-f^p)  is  remarkable,  as  we  hafe 
before  seen  (270),  for  the  facility  with  which  its  particular 
solutions  present  themselves  by  differentiation  :  those  of 
various  other  equations  may  be^taintd  in  the  same  man- 
ner.   Taking,  for  instance,  the  equation 

If  we  make  2  ap  —ts^u,  we  find  ^  =  ^ /?'  +  /(«)>   and  dif- 
ferentiating, 

-pl   ^p=2ap.^-¥f(u).  -—, 
ax  ax  ax 

in  which,  if  for  2  a  -^  we  write  1  +  ,    ,  its  equal,  we  get 

dx  aw  ^ 

ax  dx 

or, 

^(/'+/'(«))=o. 

tc  d  u  r-t-'T  ■     w 

it  we  put  --—  =ro«  we  get  »a=r,  «=r  — ^  ,   and  of 

dx  ^  ^        2a 

course  ^=:  ^  ■  +/(^)>  Ae  complete  integral ;  but  if  we 
make  the  other  factor  vanish,  we  have 

y=ap^+/{u) 

td=:2ap^X, 

from  which,  eliminating  p  and  i/,  an  equation  will  result 
between^  and  x,  differing  essentially  from  the  former,  and 
involving  no  arbitrary  constant,  and  therefore  a  particular 
solution.     In  fact;  these  equations  are  equivalent  to 

4s 


I 
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from  which  p\s  to  be  eliminated.  Now,  if  we  difiiren- 
tijte  the  complete  integral,  regarding  c  as  variable,  we 
get 

and  making 

we  have  also 

Eliminating  c  ffom  these,  we  get 

o^p+filap-x), 

which  is  the  same  with  the  second  of  the  above  equations, 
and  thus  it  appears,  that  the  particular  solution  obtained  bf 
difl«rentiation,  as  above  explained,  is  identical  with  that 
resulting  from  the  general  theory  cf  such  sohitions  deli- 
vered in  the  text. 


Note    (O). 


In  a  subject  so  absti'use  as  the  theoryof  partial  diife- 
rential  equations,  the  beginner  will  find  great  advantage 
from  the  actual  solution  of  panlcular  cases,  for  which  rea- 
son we  subjoin  the  following : 


£x.  1. 


,  or;>=y. 


Since dz=pdx-i-qdjf,  2nip=qf  we  have 
dz=pdx+pdy=p  ,d{x+3/), 
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and  consequently /;=0'  (^+^)9  <^  denoting  the  differential 
coefficient  of  0,  or  its  derived  Jiinction ;  whence 

and  z^4>  (j^+;fi* 

Ex.  2.  a  .  -—+*.  — -=:r,  or  ap  +  tq^Cf 

dx        dy  .    t        ^ 

If  we  eliminate  j  by  means  of  the  equation 

dz=:pdx+qdy, 
we  get 

dz=:idy+  p(dx'-'^dy^  , 

and  we  must  therefore  have 
and 

which,  since  the  form  of  the  function  denoted  by  0  is 
arfaitFaryi  may  also  be  written  thus : 

Ex.  S.  px  —  qzzx^^  or 

d  z       dz 
dx       Jy 


J  —  —   ,-—  =  x^ 


Smce  »=:x+  ^  j  and  also  »  =  — r-*— ^# 

or  »-P 


r 


\_ 
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we  hare 

rdi+q.  —^dz-qdif' 

whence 

rf(i-i)  =  j(J.log.,  +  rf,), 

hence 

?=?■'  (y  +  log  *).  «n'l 

i{'-"^)=d-*^3*^'y 

t 


dx  Ha  J/      dt/ 

Eliminating,  as  before,  p  from  the  equation* 


•  pt 


1 


hence  - —  a  must  be  a  function  of  °.~.  ■■ .  or  of  the  fran 
^'f? 1,  and  consequently 

Ya.  5. 

If  we  eUminate  — ,  or  a,  as  before,  by  Ae  eqoalioB 
ds 


MorEik.  ^3 

dZ'-pdx 

■  ^ 5^-' 

w^  have 

dz^-^  Vj^+y'+p.^ ^. 

Now  if  we  take  a  new  rariable  5=  ^  t  we  have 

5^, Z V  sstjj  S  and  x==yS,  which^  being  subetitutedf 

If 
give 

Now  ;r  being  a  function  of  ^  and  x,  is  also  a  function  of  y 
and  S,  and  the  second  member  of  this  equation  must  there- 
fore be  the  complete  differential  of  such  a  function ;  this 
function  will  therefore  be  by  (26i)» 

The  value  of  S  being  substituted  in.  this>  givesj  for  the  in* 
tegral  required^ 

Z=v^(-c«+/)+*(-)- 

This  method  of  solution  applies  equally  to  all  the  fore- 
going examples,  and  in  general^  to  the  equation 

As  another  example^  we  may  take 

£x.  6. 

^.%d z    I     md z  

dy         dx 

dz 
Eliminating  — -  >  or  ;,  we  get 


9  ^-i-      r-^ 


If  now  we  take^-  ^=</S.  or  5= 


"]  -ifS* 


and  substituting 


T.-'S. 


which  must  he  a  complete  diflerential  of  some  function  of 
y  and  S.    This  function  will  therefore  be 

and 


Assume  z  =  ^,  r  Wing  the  number  whose  hyperbolic  or 
natural  logarithm,  is  unity,  and  we  have 

dy  dp     4x  "     ' dx'  , 

by  substituting  which,  the  whole  becomes  divisible  by^*, 
snd  we  get,  for  determining  u>  the  equation 

du    ,     du 

which  is  integrahle  by  the  method  pursued  in  the  last  two 
examples ;  thus,  eliminating  — ,  by  means  of  the  equa- 


d.-^d. 
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we  find 

X        dx     x^  ^    ^' 

IC  now  we  take.xi/x  -^  ifdy:sdSf  and  <$=  ■   ■  ^.^  we 
haTe  o^s^  (^  5  +  y}t  and 

writing]^ (2  S)  instead  of  ^(5),  «ince  the  form  offis^xhW 
trary.    Thus,  since  z^^,  we  obtain 

or  changing  again  the  form  of  ^  (x^  — y*)  to  log  f  (i^— ^}f 
which  is  allowed^  for  the  reason  before  noticed. 

The  reader  may  apply  the  same  piocess  to  the  equation 
Ex.  8- 

{mx+Bx)p.Hyx+^y)  p.^,z, 

ay  axt 

which  leads  to  the  following  Talne  of  z : 

where 


io»  r./_ 


+(«.„  m  -K(A 


and  the  same  method  will  suffice  for  the  integration  of 
the  more  general  equation. 
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Ex.  9. 

dx        X     dg 

1 

L«  z  be  regarded  as  a  function  of  x,  and  a  new  Tirl- 
able  tf,  H  being  a  function  of  x  and  y,  to  be  found,  and  iM 

^  ^  )  represent  the  differential  coefficient  of  z. 

relative  to 

X,  on  this  supposition.     (This  will  not  be   the 

same  ■web 

» 

-1.  foT}  M  being  a  function  d  both  x  and  y,  the  conip<»i- 

tion  of  2,  when  expressed  in  terms  of  u  and  t,  will  diS;t 
from  that  of  the  same  function  expressed  in  terms  of  g  and 
X,  and  X  will  be  involved  in  a  different  manner  in  tfae  two 
expressions;.     We  have  then 

dz        dz    rf« 

«/j         du    J^ 

d2       /dz\.dzdH 

rx~\j^)-^d^r;^ 

wlucb  being  substituted,  we  find 

4 

\l  J      clu  \dx      X-  di/  J 
Suppose  now  u  so  determined,  that 

ax     "da 
which,  treated  in  the  same  manner  as  the  equMion  of  ExA 
gives 

The  equation  Is  now  reduced  to  the  more  simple  fotro 
(-)=r-.-, 
in  which  it  must  be  recollected,   that  z  is  considered  as  a 


1 
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funcdon,  of  u  and  x ;  and  since  -^ —  does  not  enter  into  it, 

du 

u  must  be  regarded  as  constant,  and  we  have 

/Z''*dZsa/^JXp 
Oh 


—  »+l     m+l 


2-  +  1 


but  .i^  and  f  denoting  arbitrary  functions^  their  combination 
is  equally  so,  and  may  therefore  be  represented  by  one 
character,  f ,  so  that 


+  1     ^Vjt/     (I-i»)z»-» 


m 


This  very  elegant  process,  delivered  by  Laplace,  in  the 
Memoirs  of  the  Academy  of  Sciences^  iat  1773,  is  equally  ap- 
plicable to  th^  equation 

When  the  t^rm,  independent  of  the  differential  coeffi- 
cients, contains  y  as  well  as  x,  the  operation  will  require 
one  additional  step,  which  was  not  necessary  in  the  above 
example :  it  consists  in  substituting  for^  its  value,  in  terms 
of  u  and  x,  derived  from  the  general  expression  of  i/,  so 
as  to  arrive  at  a  final  equation  between  z,  Uf  and  x  alone. 
Thus,  suppose  we  have 

Ex.  10. 

^dz     ,        dz  y— -• 

If  this  equation  be  treated  in  the  same  way  as  the  last,  we 
shall  arrive  at  the  same  form  of  u. 


"HO 


4  T 
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Suppose  this  equation  resolved,  and  a  value  of  "  de- 
duced from  it,  in  terms  of  u,  wo  may  denote  this  bj-  ^l/  fUS 
and  we  have 

and  it  is  evident,  that  the  form  of  the  function  >^  is  equinj 
arbitrary  with  that  of  ^ ;  we  shall  then  get 


(ii)  =  „^F+7: 


.  ^iu) 


which,  since  d  u  docs  not  enter  into  it,  may  be  treated  ai 
an  equation  of  total  differentials,  between  z  and  i,  of  the 
first  order  and  degree  lU57),  and  gives 

since  the  constant  may  be  any  function  of  u,  which  is  re- 
garded as  constant  In  ,the  integration.  Hence  performiiig 
dte  iDtegrations  indicated,  we  get 

1+2  ^{w) 
in  which,  if  we  replace  >//  (u]  by  its  equal^  ,  and  insteatl 

of  the  arbitrary  function  F  (m),  or  i'  ^  (  -  J  ,  write  simplj 
f  /  ■- J ,  we  find  at  length 

.-=,-■;.  ^(*)  +  ££»Li^£a. 
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Ex    II. 

d  z     (1  z      , 

ax     Utf  '^'^      ' 

we  have 

dz=pdx\qdy—d{px'\'qy)  —  (fcdp-^r^dg), 
and  therefore  . 

d(px+qi/~x)  =  xdp+ydq 


since  ^  =  -,  and  d ^s  — P  ^*   . 

Now,  the  first  member  being  an  exact  differential,  the 
second  must  be  so  likewise ;  so  that  we  must  have 

J-  'L  =  c/)'  (y;),       - 

and  px+qy-^z^fpip), 

tliat  IS,  OX+ -i^— z=0  (  o); 

P 

by  the  help  of  these  two  equations,  assigning  any  form 
we  please  to  f,  we  may  eliminate  p,  «and  an  equation  will 
result,  expressing  the  relation  between  z,  at,  and  y :  -thus, 
if  we  take  f  (je>)=o,  4>'(/?)a=o^ 


whence, 


Ex.  12.       . 

dz    dz  I  ,  /</ -  \* 

«/x    rf^  \(i  X  / 
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or,  ^=a-+bp; 

P 
whence      dz  =  pdx-\-gdy=d{pi)—xdp-^qdy 

=  dipj)-tlrJ£dp^-qd3, 

ind 

The  first  member  is  the  complete  difTerential  of 


•o  that  we  must  have 
and 

'-'"-^-£ '*{"-¥:)' 

but  the  proposed  equation  gives 

J.    orv.'(y-|l)=^  +  »,. 

eliminating  p  from  these  two  equations,  we  obtain  one  ex- 
pressing the  relation  between  z,  x,  aniy. 

Ex.  13.     Let  us  take  the  equation  of  the  second  order, 
d^z        /'dz\^  ,      i       rf'z        dz  dz  t 

If  we  assume,  as  in  £x.  7,   x=e',  we  shall  have 
dz  _  ^du     dz  _j,d_u 
d X        d  x'  J^        dy 


'(^y-^ 


so  that  by  tliis  substitution  our  e<juacion  becomes 

which,  divided  by  «'",  takes  the  same  form  as  that  of  No. 
319,  where  ..J=l,  B=a,  C^i,  f^^o;  and  gives,  by  the 
application  of  the  process  there  «Kplained, 

«=log  <p(»x  -1,)  +  log  >KS  .1-  -  y), 
a  and  S  being  the  two  roots  of 

«'-aa+i=o, 
provided  these  be  unequal.     Thus  we  find 


Note  (P). 

The  process  delivered  in  the  text  is  manifestly  appli- 
cable to  die  determination  of  the  arbitrary  functions]  what- 
ever be  their  number,  provided  chey  enter  under  the  same 
form  as  in  the  c(]uation 

in  wliich  M,  N,  O, ...  y,  represent  any  functions  of  x,  y, 
X,  the  conditions  being  similar  to  those  in  the  text.  Instances, 
however,  arc  frequent  where  the  arbitrary  functions  enter 
into  the  integrals  of  equations  under  different  forms,  or 
combined  with  their  differential  coefficients,  in  which  cases 
the  task  of  determining  them  is  of  much  greater  difficulty. 
The  case  where  one  function  only  is  to  be  determined,  but 
which  enters  into  the  equations  for  determining  it,  under 


I 


iwo  formi!,  shouM  sucTi  occur,  must  be  treated  in  the  n 
ner  explained  in  ffflS',  but  most  frcfjuently  we  have  to  de- 
termine more  ihan  one  arbiuary  function,  by  eltmiuatioti 
from  equations  into  wiiicJi  each  euters,  inider  its  own  pe- 
culiar form  i  and  in  this  enquiry  great  and  unexpected 
difficulties  are  found  to  occur.  The  following  cases, 
however,  are  sufficiently  easy. 

I .  To  determine  the  arbitrary  functions  (p  and  \'',  whi-n 

r^and  F'being  functioir.  of  .t,_y,  ;,  the  conditions  being 
that 

F{',  !/,  ;i=tf,  giveB/(«,_y,  s)=o, 

and  ^'J>  Jj  x;  =  o,  gintf  •.Vfg,  :)  =  o. 

Make  U=t,  and  fiom  the  three  equations 

V=l,    7--(i,j,  £)=o,    f(M,s,z,^o, 
derive  the  values  of  j",  y,  ;,  in  functions  of  /.     If  these  be 
subsiituted  in  F,  it  will  become  a  function  of  t,  whi<^  m 
will  call  F',  and  denoting  by  Z'  the  value  of  z  in  terms  of 
t,  we  have 

Z'=?.(0  +  >f'{n- 
In  like  manner,  if  we  combine  the  equation  U=t  with  the 
other  conditions, 

F(j:,tf,  -)=o,    /' {r,  y,  :)=.o, 
we  shall  get 

:=z",    y=y'\ 

Z"  and  y  being  certain  other  functiona  of  /,  and 

Ssbtracting  this  fiom  the  foimer,  we  get 

in  which  there  is  but  one  unlnovm  function  entering  un- 
d«r  two  forms,  and  which  may  therefore  be  treated  by 
Laplace's  method  (398). 
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Ex,    Let         z^fft  («  M  — ^)  +  \K5  ^ —5^). 
Required  the  forms  of  (p  and  yJAy  so  that  when 
y=:Axy    z=^Bxf    and  when  y=tfAfy    x&bx. 

1.    Put  ax-yznty    y^A  r,     z=Jff  z,  and  we  have 

/  'At  _  >/ 

»  —  A   .  «  — -4  «  — .i 

In  like  manner,  from  the  other  condition  we  get 

OL   —  a  a  — fl 

whence,  subtracting 


If  now  we  take 

B-A  ^  B-a. 

a  —  A  oc^a 

we  have 

J-— ^      ^   .   -;;; ^, 

and  integrating  (381), 
but,  the  equation  {a)  gives 


whence,  integrating, 


.e*-; 


m  (x  —  a)       C  k* 


{8 -A)(»-a)-{g'-a)\»~ A)  ""^    ' 


TM  H0TE8. 

which  expresses  the  form  of  ^,  and  in  like   manner  miy 
that  of  0  be  determined. 
t,    Tlie  equation 

where  P,  Q,  U,  V,  are  any  given  functions  of  x,  t/,  s,  and 
^,  i/-  are  to  be  determined  by  conditions  similar  to  the  fore- 
going, presents  no  dilliculties  of  a  different  kind  from  those 
of  the  more  simple  case  just  treated.  We  have  oalj  to 
make 

U=t,    F{j,  If,  :i=o,   /(r,  y,  i)  =  o, 

and  P,  Q,  T,  become  functions  of  t,  which  we  will  call 
P",  (2'»  '^.  a"*l  thus  we  have 

In  like  manner,  the  other  conditions  afford  a  similar  equa- 
tion 

and  if  ip  (/)  be  eliminated  from  these,  the  resulting  equation 
suffices  to  determvie  the  form  of  ^. 

3.    hit  a=^  {I/+V'C^)), 

die  conditions  bung  as  before.  This  case,  in  reality,  differs 
only  in  appearance  from  the  last ;  for  if  we  conceire  the 
inverse  operation  of  ^  (or  that  which  esacdy  counteracts 
the  operation  denoted  by  ^)  to  be  represented  by  0„  we 
shall  hare 

taking; therefore  the  functional  of  'x'th  members  of  the 
proposed  equation,  we  have 

and 

which  is  of  th«  form  before  treated.    I.et  the  functions  ti 
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and  ^  he  determined,  and  ^  becomes  known  bjr  resolving 
the  equation  > 

*•!  f  *  CO !  ='- 

Tlie  reader  may  apply  tlus  general  reaiiaol^  jtp'l^  |W-. 
dcular  equation, 

tbeiconditions being,  that  vflKay^sA^ti—Bti  and  when 

The  above  is  the  iiltegral  of  the  following  partial  dif- 
ferential equation,  ■   -    - 

rf*  I    4S-^      J*;     ,  ,  ydx       rf'v    _^     '''^?=o 
d  X*     dy       dx     dxdi/         ^djf  '  Ji-  dy       d  x     dy^  ' 
into  whicU  it  is  wortlky  of  remark,  tttat  the  consuat  a  d«e8 
not  ente^i  and  therefore  its  integral,  besides  the  two  arbi- 
trary functions  <^  and  <p,  contains  an  arbitrary  constant  a* 
<Krbich  can  only  be  determined  by  assigning  some  particular 
raliie  of  :,  corresponding  to  certain  gifen  values  of  x  and  y. 
In  other  words,  determining  some  point  through  which  the 
curve  surface,  expressed  by  the  equation,  must  pass. 
\"'-ii  there  be  more  than  two  functions,  as  in  the  equation 
"^.''       I=Af  .^(U)+A'.  '^',f)-{- O  .  x{f^), 
We  must;  have  as  maay  conditions  as  there  are  functionSf, 
and  from  th6se,  in  the  same  manner  as  above,  we  obtain 
the  equations 

1:=JW  .*(/)  + JV-V^tr  l+ff  .x(»") 

l=fAr-.<pit)  +  N"'  .^{P^)+  0" .  X  (»""J. 
'  fimi^  which  it  does  not  appear  practicable  to  «liminat«  M' 
once  ip  [t\,  and  the  three  forms  of  x>  viz.  x(^'>'  X  (^')» 
and  X  i.^"')i  w  as  to  arrive  at  a  Bnal  equntion,  coniaitiing 
no  other  unknown  function  than  i^,  and  accordingly  the, 
extent  of  the  process  seems  limited  at  this  point,  by  an  in- 
aunnountable  obstacle. 

4u 


r 
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KOTB    (Q). 

The  proposition  cont-ained  in  thU  article  is  too  impMw 
taut  to  be  pissed  over  without  demonstration,  as  it  is  ex- 
tremely easy  of  proof,  and  not  only  the  whole  theory  of 
relative  maxima  and  minima  depends  on  it,  but  the  reader 
will  find  the  same  principle  employed  in  almost  erery  otba 
application  of  the  Calculus  of  Variations,  and  hi  none  toon. 
fretjuently  than  in  >tb«  investigation  of  the  £enQ:)U  lam  of 
mechanical  action  and  etiuilibriuro.  ,  „  \ 

In  any  equation  "y 

if  die  quantities'!),  h,  e,,..  be  supposed  abSohiteFy  mdetRnR 
nato  and  arbitrary,  having  no  necessary  dependence' what- 
evei  upon  any  quantities,  guchas«,y,  z,p,y.  Sec.  of  whicK 
Py  Q,  Rf  &c.  may  happen  to  be  composed,  then  tfiis  eqtn* 
tion  f*  la  (act  eijuivaleot  to  the  sereral  equations,  ' 

P=o,     (2=0,     je=:o,  &c. 

for,  since  a,  h,  e.  Sec.  are  independent  of  r,  y»  Sec.  any 
change  we  may  make  in  the  former  can  produce  no  alttra* 
tion  in  the  values  of  the  latter,  or  the  relations  lubsisiing 
between  them  j  consequently  any  number  of  equations, 

P+Qfl  +Jei  +  &c.=  o, 

P-i-Q,  i"  +R  i"+  8tc-  =  o,  8ic. 

must  hold  good  at  once,  a,  d,  a",  f,  \i ,  i",  &c.  being  Iiul» 
terminate  and  independent.  Suppose  the  number  of  that 
equations  equal  to  that  of  the  quantities  P,  ^  &c.  and  faf 
eliminating  all  but  one  of  them  (suppose  P),  we  utik  tt  ifl 
equation  of  tlte  form 


r 
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in  which,  since  the  factor  /(a,  &c.)  may  have  any  indeter- 
minate value  depending  od  those  of  a,  b,  &,g.  we  must  havft 
P=0  ;  and  in  like  manner  it  may  be  shewn^  that  Q^=0)  &C. 
The  93Rie  conclusion  may  be  at  once  obtained  by  coBBider- 
iDg,  that  if  the  equation 

be  not  identically  true,  by  the  vanishing  of  each  separate 
coefficient  P,  Q^,  &c.  it  is  in  fact  the  expression  of  a  relation 
subsisting  between  a,  b,  &c.  and  P,  Q,  R,  Sic.  that  is,  u, 
b,  &c.  are  not,  as  was  supposed,  independent  of  x,i),  z,  &c. 

Hence  it  appears,  that  if  any  equations 
P^o,    (2=0,     je=o.   Sic. 

be  proposed,  we  may  include  them  all  in  one,  by  adding  tb'l 
any  one  of  them  the  sum  of  the  rest,  each  multiplied  by*  1 
an  indeterminate  quantity  independent  on  i,  y,  z,  fcc.  Supi-J 
pose  now,  ' 

P=/i  U,     Q=/'tU„  '  R=/i  l\,  &c. 
0ga  w^'the  equation 

c    ::.    U;L-..        o=/i{U+aV,-\-hU,+  SiC.) 
be  equivalent  to  all  the  separate  equations, 
fl  f/=o,   /S(/j=o,  Btc. 

provided  o,  b,  8tc,  be  perfectly  arbitrary  and  independent 
on  I,  y,  z,  that  is,  provided  these  quantities  do  not  vary  by 
the  variation  of  j,  y,  z  ;  whence  it  follows,  that  dazzo, 
0/1=0,  or  a,  i,  &C.  are  to  be  regarded  as  arbitrary  constants 
in  the  final  result.  Now,  M  f  U  is  to  be  a  maximum  or 
mnimum,  we  haveyS  [/=o;  and  if  at  the  same  timey  (/^ 
taken  between  the  same  limits,  is  restricted  to  a  given  tb- 
lue,  its  variation  is  zero,  ory^  (/,  =o,  and  bo  on;  and  from 
what  has  been  said,  it  appears  that 
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is  equivalent  to  all  thea?  equations,  and  therefore 
all  the  conditions  of  the  problem. 

Suppose  flB=  r^ ,  4=  _^  ,  8tc.  the  variations  tx,  J|»  I 

iz.  Sec.  being  arbitrary  and  iadependent,  then  will  the 
equation 

Pix+QSy+R  0  Z+&C.SO 

be  equivalent  to  all  the  separate  equations 

P=o,     Q=o,     R=o,    6cc. 

but  if  any  relations  subsist  between  !  x,  py,  i  z,  &c.  Mid, 
by  means  of  these  relations,  and  the  above  equation,  to 
many  of  the  variations  ^  i,  &c.  be  eliminated,  those  wbrch 
remain  may  be  regarded  as  arbitrary  and  independent,  and 
dieir  coefficients  in  the  resulting  equation  must  vanish.  The 
proposition  in  this  form,  simple  as  it  appears,  is  the  foun- 
dation of  the  whole  analytical  part  of  the  theory  of  Stadci 
and  Dynamics. 

We  have  considered  if  necessary  to  explain  this  point 
at  some  length,  because  we  have  known  it  regarded  as  a 
difficulty  in  principle,  while  in  reality  it  is  nothing  more 
than  an  artifice  of  analysis,  enabling  us  to  dispense  with  the 
consideration  of  relative,  and  confine  our  views  solely  to 
questions  of  absolute  maxima  and  mimmfl.* 

For  examples  of  ihe  application  of  the  pietfaod  of  varia- 
tions to  the  solution  of  problems  of  maxima  and  minitat, 


*  This  demonstration  of  the  theory  of  relative  mamia  Mid 
minivia  is  the  some  in  spint  with  that  given  by  Ltup-ange,  io 
the  22d  Lesson  of  the  Calcul  dts  Fonciion-i,  and  seems  inoft 
Riraple,  as  well  as  more  natural  than  the  proof  previously  deli^ 
vered  by  Eulcr,  by  lesolviflg  cadi  integral  into  its  comnoutiit 
infinitely  small  elements. 


M 


r 


VOTES. 


ibe  KiAex  is  referred  to  Mr.  Woodhouse'e  Trtatiie  m  hope- 
rimttrkal  Probltms,  in  which  he  will  meet  with  a  great 
variety  of  very  select  and  interesting  cases,  as  well  as  a 
more  extended  account  of  the  method  itself,  than  the  ne- 
cessary limits  of  this  work  will  admit. 

That  the  equation 

<ii"+fdz"-\-{dy"-'rq"d%")n"-=o, 

of  (387))  expresses  the  condition  of  the  two  curves  inter- 
secting each  other  at  right  angles,  may  be  shewn  as  follows. 
TM,  fig.  33,  being  a  tangent  to  any  curve  of  double  cur- 
vature  M  Xy    the  trigonometrical  tangent  of  the   angle 


TMM  will  be  ^^  =  "^dx^^df  ^   or  if  we  represen^ 


byilz  =fdx-\-qdyt  the  diflerential  equation  of, lln 
surface,  in  which  both  curves  lie,   and  by  d^=n  d  x,  the 

equation  of  the  projection  M'^,  ^r^-rj;   =       '  '^''■!  ■  rfje 
MM  p+f" 

sine  and  cosine  of  the  angle  TMP  will  also  be  lespKtiTely 
represented  by 

d  I I^  dy  _         n 

\^dx'+dy*~  vT+v'  ^"       v't/a'+dy    ~   Vl+«*' 

Xf  we  now  conceive  another  curve  lying  on  the  same  sur- 
face, having  MTi  for  its  tangent,*  and  represented  by  two 
equations  between  x,  t/^,  and  :, ;  one  of  these  will  be  the 
equation  of  the  surface 

pi  and  f ,  being  the  same  functions  of  x  and^i  that^^iDd  f 


*  The  lines  A/Ti',&c,  relative  to  this  secoud  curve,  are 
repreteated  in  the  figure,  a;  they  are  eaiy  of  cooceptioH, 


\ 
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ar«  (^  r  and  ^,  ani  therefore  at  the  point  M,  cooinea  it 

both  curves,  ^i=_y,  2^=  z,  p^^p,  q^—q-  Letffidx=i^ 
be  the  equation  of  the  projection  MXt  of  this  cum  on 
die  plane  of  the  x  and  if,  and  we  shall  harC}   tn  Gke 


•i+. 


co«7','iiri'=- 


iitiT;M'P  = 


eoi¥'ji'T,'kci>.  iTWP-T;MP)  = 


nn,+  \ 


n 


JTo^,  if  we  conceive  a  sphere,  whose  center  is  ^,  an<I 
radius  unity,  the  intersections  of  its  surface  w  ith  the  three 
plmes  TMM',  T;MM',  TMT^,  will  form  a  spherical 
triangle,  of  which  if  we  call  the  sides  (in  the  above  order) 
a,,bt  Cf  and  the  opposite  angles  yf,  S,  C,  we  have 

^Iso  the  an^le  C  measures  the  inclination  of  the  planes 
TMAT  and  T^MM'  to  each  other,  and  is  therefore  equal 
to  the  angle  T'M'T^.  Now  CWoodhouse's  Trigonometry, 
Ist-edk.  p.  lOOV 

„        cos  c  -  COS  a  .  cos  b 
CQS  C  =!    1 : : — -, > 

""    ■  -     ^  ■  sinrf.  sin  k 

O.I  (J  t;  '),!■'  .;.■.;  ■■;■': 

^^!4h\W9^m  «*rO,  gives ,.,     . 

o  =  J  +tan  a  .  tan  ft  .  cos  C, 
and  substituting  fbr  these  quantities  their  values,  above 
found, 


'.i'+?''iM/  +  ?'') 


or,  writing  for /j+jff,  its  value,  -7^  ,  and  for  n^— 
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.    ,    dz  /     dx      dy\ 

whence 

dx-hpd  z  +  {d  jf+q d  z)  .  Hi^zo, 


uck  (making  the  requisite  change  in  the  notation)  b  ma- 
mfestly  the  equation  in  question. 


^ 

^^M 

■ 

_ 

■  f?^;-r:o-+v#5 

\ 

r^Cw 

,tK=-,«.    :i.^*Vt  +  lfcx+»^ 

.KM  ir^ooluwo  ikU  id  ^arutdj  ^.ri'iupn  aifa  a"L' 

-«-.:.  w 

an'Jraup  ni  aotlUipv  . 

A 

« 

M 

^ 
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